Chapter 3

Local Regression

Local regressions usedto modela relationbetweera predictorvariableandre-
sponsevariable. To keepthingssimplewe will considerthe fixed designmodel.
We assume modelof theform

Yi=f(z:) + &

wheref(z) is anunknowvn functionande; is anerrorterm, representingandom
errorsin theobsenrationsor variability from sourcesiotincludedin the z;.

We assumeheerrorsg; arellD with mean0 andfinite variancevar(e;) = 0.

We malke no global assumptiongboutthe function f but assumehatlocally it
canbewell approximatedvith amemberof asimpleclassof parametridunction,
e.g.aconstanbr straightline. Taylor'stheorensaysthatany continuoudunction
canbeapproximatedvith polynomial.

3.1 Taylor stheorem

We aregoingto shav threeformsof Taylor'stheorem.
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3.2. FITTING LOCAL POLYNOMIALS 17

e Thisis theoriginal. Supposef is arealfunctionon [a, b], f5-1 is contin-
uouson [a, b], £ (t) is boundedor ¢ € (a, b) thenfor ary distinctpoints
xo < z1 in [a, b] thereexist a pointz betweenry < z < z; suchthat

K=1 (k) Zo
fle) = flao) + 3 e,

k=1

fH (@)
Kl

— l‘())k + (331 — xo)K.

Notice: if we view S5 ' f(k;f,””‘)) (zy — mo)* asfunctionof x4, it's a poly-

nomialin thefamily of polynomials

P ={f(@) =ao + a1z + ... +axz™, (ag,...,ax) € RETL

e Statisticiansometimesisewhatis called Young's form of Taylor’'s Theo-
rem:

Let f besuchthat ) (z,) is boundedor z, then

- F®) (o) K
f(@) = flwo) + Y= (@ = m0)" + of|z — o), @S|z — | = 0.
k=1 )

Notice: againthefirst termof theright handsideis in Py 1.

¢ In someof theasymptotidheorypresentedh this classwe aregoingto use
anotherefinemenof Taylor's theoremcalledJacksors Inequality:

Suppose is arealfunctionon [a, b] with K is continuouderivativesthen

min sup |g(z) — f(z)| < C (b 7 a>K

9E€Px z€[a,b] 2k

with Py, thelinearspaceof polynomialsof degreek.

3.2 Fitting local polynomials

We will now definetherecipeto obtainaloesssmoothfor atargetcovariatez,.
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Thefirst stepin loessis to definea weightfunction (similar to the kernel K we
definedfor kernel smoothers). For computationaland theoreticalpurposesve
will definethis weight function so that only valueswithin a smoothingwindow
[0 + h(z0), 0 — h(zo)] Will beconsideredn theestimateof f(z).

Notice: In local regressioni(z,) is calledthe spanor bandwidth. It is like the
kernelsmootheiscaleparameteh. As will beseerabit later, in local regression,
thespanmaydependn thetargetcovariatez,.

This is easily achieved by consideringweight functionsthat are 0 outside of
[—1, 1]. For exampleTukey’stri-weight function

_J A=) Jul<1
Wiu) = { 0 lu| > 1.

Theweightsequencés theneasilydefinedby

v = (%5°)

We definea window by a proceduresimilar to the £ nearespoints. We wantto
includea: x 100% of thedata.

Within thesmoothingwindow, f(z) is approximatedy a polynomial. For exam-
ple,aquadraticapproximation

f(z) = Bo+ Pi(x — zo) + %ﬂg(l‘ — ) for x € [z9 — (o), T0 + h(x0)]-

For continuoudunction, Taylor’s theoremtells us somethingabouthow goodan
approximatiorthisis.

To obtainthelocal regressiorestimatef(xo) we simplyfindthe 8 = (5o, 41, B2)’
thatminimizes

n

B=argmin > wi(m)[Yi — {0 + 1 (x — 70) + 56l — o)}

Bers i
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anddefinef(zo) = f.

Noticethatthe Kernelsmootheis a specialcaseof local regression Proving this
is aHomework problem.

3.3 Defining the span

In practicejt is quitecommonto havethex; irregularly spacedIf we have afixed
spanh thenonemayhave local estimatedasecdn mary pointsandothersis very
few. For thisreasorwe maywantto consideranearesheighborstratey to define
aspanfor eachtargetcovariatez,.

DefineA;(zo) = |zo — i, let Ay)(zo) bethe orderedvaluesof suchdistances.
Oneof theargumentdn thelocal regressiorfunctionl oess() (availablein the
modre library) is thespan. A spanof o meanghatfor eachlocal fit we wantto
usea x 100% of thedata.

Let ¢ be equalto an truncatedto aninteger Thenwe definethe spanh(z,) =
A(g)(wo). As o increaseshe estimatebecomesmoother

In Figures3.1— 3.3we seeloesssmoothdor the CD4 cell countdatausingspans
of 0.05,0.25,0.75,and0.95. The smoothpresentedn the Figuresarefitting a
constantline, andparabolaespectiely.
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Figure3.1: CD4 cell countsinceserocorersionfor HIV infectedmen.
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Figure3.2: CD4 cell countsinceserocorersionfor HIV infectedmen.
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Figure3.3: CD4 cell countsinceserocorersionfor HIV infectedmen.
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3.4 Symmetric errors and Robust fitting

If the errorshave a symmetricdistribution (with longtails), or if thereappeargo
beoutlierswe canuserobustloess.

We begin with the estimatedescribedabove f(z). Theresiduals

~

€ = yi—f(fvz’)

arecomputed.

Let .-
Busb) :{ 1= (/2 Jul <b

0 u>|ul>b

bethebisquareneightfunction. Let m = median(g;|). Therobustweightsare
r; = B(&;;6m)

Thelocalregressiornis repeatedbut with new weightsr;w;(z). Therobustestimate
is theresultof repeatinghe procedureseveraltimes.

If we believe the variancevar(s;) = a;0% we could alsousethis double-weight
procedurewith r; = 1/a;.

3.4.1 Example

Radiolabelingpasedyeneexpressiormeasurementsreusefulfor canceresearch
becausehey canbe carriedout usingsmallamountsof biologicalmaterials.Sta-

tisticalissuesaredifferentfrom fluorescencexpressiordata,becauseadiolabel-
ing givesabsolutentensitiesthatreflectgeneexpressiorandthereis no internal

control.

Thedata-setlescribecherewasobtainedo identify geneghatmaybe associated
with lung cancer Lung cancettissuewasobtainedrom varioussubjectsNormal
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tissuedrom the sametype of cellswasobtainedirom thosesamesubjects.From
eachof thesetissues2 samplesverepreparedising2 differentisotopicbatches.
Eachof these4 sampleswere hybridizedwith a filter spottedwith cDNA from
mary genedn a48 x 24 grid. We referto thesespottedfilters asarrays.Eachof
thesearrayswerescannedo produceanimagefile whichwasthenanalyzedwith
specializedoftwarethatproducedanintensitylevel for eachgrid pointor spoton
thearray

Not all thevaluesreadfrom thearraysareassociateavith genes-Therewere207
spotswhereno cDNA wasspotted.They wereleft empty Becausehereis non-
specifichinding betweernthe samplesandthefilters, positive valuesareobtained
fromtheseemptyspots.Theintensitiegeadfrom theseemptyspotsprovide direct
evidenceaboutmeasuremergrror associateavith the system. Spotsassociated
with genesthat are not expressedwill also have intensitiesdue to non-specific
binding.

Canwe rank genedby differentialexpressiorbetweencancerandnormaltissues
in eachsubject?

If we denotewith x andy thelog intensitiesof eachspotwe could saya geneis
differentiallyexpressedf y — x is significantlybiggerthanO for the spotrelated
to that gene. One problemwith this is that thereis a filter effect, soy canbe
systematicallysmallerthanx.

A commonproceduren microarraydataanalysidgs to simply normalizethefilters
by subtractinghemeanof eachfilter from eachvalue,i.e. considetjyg"“’"m“”zed) =
y; — 1y andsimilarly for thexs. Thedangemith doingthisis thatmary of thegenes
spottedonthearraysareusuallyselectedecauseesearchersonsidethemlik ely
to beover-expressedThis meanghatthemeanof theys shouldbelargerthanthe
zsandthisdifferencan means confoundedvith thedifferencan filter effect. By
subtractingneansve would besubtractingputsomeof thedifferentialexpression
betweercancerandnormaltissues.

In Figure3.4we plot theratio of theintensitiesvs. the productof theintensitiesn
alogscalej.e.y — x vs. z + y, for thetwo replicatesof subjectl. Noticethatthe
filter efectseemdo changewith the total intensityof a particularspot. For this
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reasorusingmediansor trimmedmeango remove thefilter effectis nota good
solution.If we modelx andy asrandomvariableghenwe have thatthe expected
filter effect dependwn the total intensity i.e. E(y — z|z + y) iS not constant.
This arisesbecausespecificbinding and non-specifichinding are two different
naturalprocessesBecauseave have no way of knowing which pointsrepresent
non-specifichinding and which represenspecificbinding we cannotnormalize
by just estimatingtwo means.Rather we estimateE(y — x|y + ) usingloess.
It is critical to usearobustloess,sothatlarge differencesio not affect thefit too
much.Noticein Figure?? thedifferencen therobustandnon-rolustestimates.

Figure3.4: Totalintensityplottedagainstatiowith aloesspredictionusingGaus-
sianandsymmetrickernel.
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3.5 Multi variate Local Regression

BecauseTaylor’s theoremsalsoappliesto multidimensionafunctionsit is rela-
tively straightforward to extendlocal regressionto caseswherewe have more
thanonecovariate.For exampleif we have aregressiormodelfor two covariates

Yi = f(@i1, zi2) + €
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with f(z,y) unknavn. Around atamget pointx, = (o1, %o2) @ local quadratic
approximationis now

f(@1,22) = Bo+5 ($1—$01)+ﬁ2($2—$02)+53(331—I01)($2—~T02)+%ﬂ4($1—$01)2+%ﬁ5($2—$02)2

Oncewe definea distancepetweera pointx andx,, anda spanh we candefine
definewaitsasin the previoussections:

ooy = (ol

It makessensdo re-scaler; andz, sowe smooththesamewayin bothdirections.
Thiscanbedonethroughthedistancdunction,for exampleby definingadistance
for thespaceR? with

d
1x[[> =) (w/v;)
j=1
with v; a scalefor dimension;j. A naturalchoicefor thesev; arethe standard
deviation of the covariates.

Notice: We have not talked aboutk-nearesnheighbors As we will seein Chapter
VII thecurseof dimensionalitywill make this hard.

3.5.1 Example

We look at part of the dataobtainedfrom a study by Soclet et. al. (1987)on
the factorsaffecting patternsof insulin-dependendiabetesnellitusin children.
The objectve wasto investigatethe dependencef the level of serumC-peptide
on variousotherfactorsin orderto understandhe patternsof residualinsulin
secretionTheresponseneasuremens thelogarithmof C-peptideconcentration
(pmol/ml) at diagnosisandthe predictorsareageandbasedeficit, a measureof
acidity. In Figure3.5we showv aloesstwo dimensionasmooth. Notice thatthe
effectof ageis clearlynon-linear
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Figure3.5: Loessfit for predictingC.Peptiddrom Base.deficiandAge.
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