E f r o n’ s b o o t s t r a p

The bootstrap was introduced by Brad Efron in the late 1970s. It is a computer-intensive method for approximating
the sampling distribution of any statistic derived from a random sample. Here Dennis Boos and Leonard Stefanski
give simple examples to show how the bootstrap is used and help to explain its enormous success as a tool of
statistical inference.

Bootstrap basics
A fundamental problem in statistics is assessing the variability of an estimate derived from
sample data. Consider, for example, a simple
survey in which a newspaper with a circulation
of 300 000 (the population) randomly samples
100 of its subscribers (the sample) and asks
their preference as to whether front-page stories should continue on the second page or on
the back page of the section. Suppose that in
the sample of 100 readers 64% favoured the
back page. If this study were repeated with a
new random sample of 100 readers, then the
results would be unlikely to be 64% again, but
would probably be something else, say 59%.
And if the study were repeated over and over,
the results would be a large set of percentages,
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say {64, 59, 65, 70, 52, …}. This hypothetical set of possible study results represents the
sampling distribution of the sample proportion
statistic. With it one can assess the variability in the real-sample estimate (e.g., attach
a margin of error to it, say 64% ± 9%), and
rigorously address questions such as whether
more than half the readers prefer stories to
continue on the back page.
The catch is, of course, that it is impractical
to repeat studies, and thus the set of possible
percentages described above is never more than
hypothetical. The solution to this dilemma,
before the widespread availability of fast computing, was to derive the sampling distribution
mathematically. This is easy to do for simple estimates such as the sample proportion, but not
so easy for more complicated statistics.
Fast computing opened a new door to the
problem of determining the sampling distribution
of a statistic. On the other side of that door was
Efron’s bootstrap, or what is now known simply
as the bootstrap. In broad strokes, the bootstrap
substitutes computing power for mathematical
prowess in determining the sampling distribution of a statistic.
In practice, the bootstrap is a computerbased technique that mimics the core concept

of random sampling from a set of numbers and
thereby estimates the sampling distribution of
virtually any statistic computed from the sample.
The only way it differs from the hypothetical resampling described above is that the repeated
samples are not drawn from the population, but
rather from the sample itself because the population is not accessible.

Examples
To illustrate these ideas we use two simple examples where the statistics are the sample mean
and median. Consider the data set in Table 1 of
n = 25 adult male yearly incomes (in thousands
of dollars) collected from a fictitious county in
North Carolina.

The sample mean
The sample mean of the Table 1 data is Y = 47.76.
Statistical theory tells us that if these values
were independently drawn from a population of
incomes having mean µ and variance s2, then the
sampling distribution of Y has mean µ, variance
s2/n (here n = 25), and standard deviation s/√n.

Table 1. Random sample of 25 yearly incomes in thousands of dollars
(ordered from lowest to highest)

1 4 6 12 13 14 18 19 20 22 23 24 26
31 34 37 46 47 56 61 63 65 70 97 385
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samples in the same manner, and then computing Y for each one. We did this for 1000
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random samples and plotted a histogram of the Y values in the left panel of Figure 1.
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Figure 1. (Left) Histogram of 1000 sample means from repeated sampling of a theoretical lognormal population. (Right) Histogram of 1000 bootstrap sample means from
randomly sampling with replacement from Table 1 data
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lognormal population. (Right) Histogram of 1000 bootstrap sample means from randomly
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Table 2. Bootstrap resamples from Table 1
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Sample 2

1
26
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A histogram of the Table 1 data (not displayed)
reveals that it is quite skewed to the right.
This skewness is also clear from the fact that
the sample mean 47.8 is much larger than the
sample median, 26. In situations with such
skewness it is typical to use the median to measure central tendency instead of the mean. Not
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Figure 2. (Left) Histogram of 1000 sample medians from repeated sampling of a theoretical lognormal population. (Right) Histogram of 1000 bootstrap sample medians
from Table 1 data
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