
BST 140.778 Assignment 6

March 7, 2005

Fine print All computing assignments must be completed in the R statistical programming language.
For non-computing assignments please appropriately typeset using LATEX. Bundle your R functions and
LATEX files for each assignment in a zip or tar.gz file and email them to bcarvalh@jhsph.edu.
Include specific instructions on how to run the code to answer the assignments in a README file. All
code should be readable, formatted well, commented and clearly indicate the author and date. The
general rule is: the more thought that has to go into understanding how to implement your code, the
worse your grade will be. Please feel free to give each other small hints, but otherwise students must
complete assignments individually.

1. This sequence of problems illustrates a case where we can break up a Markov chain into i.i.d.
components and use those components to analyze the chain. In a perfect world, we would be
able to use these sorts of techniques (called regenerative simulation) on every problem involving
MCMC. A second point of the excercise is to show one way to implement a rejection sampler
without knowing the exact supremum.

(a) Prove that if f is a target density and g is a candidate density and the supremum of f/g,
say C, is finite (but unknown), then implementing rejection sampling with any positive
constant C yields i.i.d variates from a density f̃(x) ∝ min{f(x), Cg(X)}. If C happens to
be greater than or equal to the exact supremum, sup f/g, then f̃ = f .

Tierney (1994 Annals of Statistics) proposed the use of f̃ as the candidate for an indepen-
dence Metropolis algorithm. That is, a C is chosen, candidates are drawn from f̃ and then
these candidates are used in a independence Metropolis algorithm with invariant density f .
Tierney calls this chain “a rejection sampling (independence Metropolis) chain”. In this
homework, we will consider this chain.

(b) Let S = {x : f(x) ≤ Cg(x)}. Let y be a candidate generated from f̃ and let x be the
current state of our Markov chain. Show the Metropolis acceptance probability for the
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rejection sampling Metropolis chain is

α(x, y) =


1 for x ∈ S,
cg(x)
f(x) for x /∈ S, y ∈ S,

min
{

f(y)g(x)
f(x)g(y) , 1

}
for x /∈ S, y /∈ S

(c) A Markov chain is said to have “an atom”, say A, if the transition kernel for the Markov
chain satisfies

k(x, y) = ν(y)

for any x ∈ A. Argue that the S from the previous question is, in fact an atom.

The next couple of questions do not depend on our chain, instead they apply to chains
that have an atom1. We let h be some function, and we are interested in θ = Ef [h(X)].
Assume our chain is started at stationarity.

(d) Let Ti be the indices where the chain enters S. That is, XT1 is the first point in S, XT2

is the second, and so on. Let Bi =
∑Ti

j=Ti−1+1 h(Xj) and Ni = Ti − Ti−1. Here the Bi

are sums between returns to S and the Ni is the length of time until the next return to S.
Argue (I’m not requiring formal proof) that the pairs (Bi, Ni) are i.i.d. From here on out,
we assume the Bi and Ni have finite second moments.

(e) If i = 1, . . . , n argue that θ̂n =
∑n

i=1 Bi/
∑n

i=1 Ni converges to Ef [h(x)] = θ as n → ∞.
You can assume “Wald’s Equation” which you might find useful. That is

E[Bi] = E[Ni]E[h(X)]

(f) Argue that √
n(θ̂ − θ)

converges to a N(0, σ2) distribution and that a consistent estimate of σ2 is

n
∑n

i=1(Bi − θ̂nNi)2

(
∑n

i=1 Ni)2

Notice the significance of what you proved. In parts 3 - 5 you showed that Markov chains that
have an atom (and satisfy other regularity conditions we have swept under the rug) have an easy
estimate of the Monte Carlo variance. In parts 1-2 you exhibited a specific chain that has an
atom. In other words, we know how to estimate Monte Carlo error for this particular chain.

1More generally, they apply to chains where you can locate “regeneration times”. See Mykland Tierney and
Yu (JASA 1995)
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