LECTURE S

Exponential Survival Probability Distribution

The product-limit estimate of a suvel probability is nonparametricThe result-
ing estimates do not depend on assumptions axlieclge about the distniftion that pro-
duced the sampled datAn entirely diferent approach requires that a speciCEc parametric
distribution describe the sampled dafehe exponential survival time distritionis such
a dstribution. Itis a simple bt theoretical distribtion and completely de(Enes a satvi
probability with a single parameter (denot®d In symbols, this frequently used descrip-

tion of the sampled population is

survival probability= P(T >t) = S(t) = e *..

For example, when timé = 20 years, the surval probability isP(T = 20) = S(20 =

e 0% = 0.449. Thusfor individuals sampled from thiscponential surwial distribu-
tion, the probability of surving beyond timet = 20 years is 0.449Any other surwal
probability is similarly calculatedThe entire surwia distribution is deEned by the

parameter &lue A = 0.04. Like dl survival distributions, the gponential surwal distri-

bution is bounded between zer§ ¢o] = 1) and one §0] = 1.0). Figurel.0 displays the



geometry of threexponential surwia functions ¢ = 0.04, 0.15 and 1.0).

Figure 1.0 Examples of survival functionsfrom three exponential distributions (1 =
0.04,0.15and 1.0)
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Survival times with an gponential distribtion have a ©nstant hazard rate and a
constant hazard rate occurs only when the gariimes hae an exponential distribtion.

The constant hazard function associated wiffoaentially distrilnted surwal times is

hazard function= h(t) = A.

Remarkablythe same parameter that de®nes the gariuinctionS(t) is dso the hazard
rateh(t), namelyA. Figure 2.0 displays the three clearly constant hazard functions corre-
sponding to the threexponential surwal distributions displayed in Figure 1.0Che

property that the hazard function is constant fedlairectly from the de®nition of a



hazard rate where

d d
— S(t — oMt _
h(t) = - )@t _aet
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Figure 2.0 Examples of hazard rates from three exponential distributions (1 = 0.04,
0.15and 1.0)

N
o h(t)=1.0
@ |
o
)
=
©
>
T S
@®©
N
@®©
e
<
o
N
© h(t) = 0.15
h(t) = 0.04
e
o

T T T T T T T T
0 10 20 30 40 50 60 70

time
Application of the de®nition of an instantaneous re&tate shwvs that the hazard
rate is constant (the samalwe rgardless of the alue oft). Thisfact is mathematically
uneguvocal kut not particularly intuitte. Two justi®cations of the relationship between

S(t) and h(t) follow, based on less abstracgaments.



Justi®cation 1

The \alue of the gpressionX + 1/n)" is approximately equal to 2.714 for moder
ately lage \alues ofn (n in the neighborhood of 200)//henn becomes in®nite, the
value of this @pression is gien the symbok ("€" for exponential and in honor of the
important contrilations of mathematician Leonhard Eulefhe \alue ofe s less than
3.0 for all values ofn and has been calculated to maon-repeating decimal places,

2.71828182846 -. Furthermore, the more generalpeession

-0
ntJ

is approximate for lgre n and eact for in®nitely lage n.

Suppose the inteaV (0,t) is dvided inton equal subintemds of lengths (ns =)
and the probability of surving each subintenl is the same (representedvpogsly by
p; and for this special cagg = p for all n subintenals), then the surval probability is

approximately

SO=PT20=[1p=p"=0-q"=1- T =en=e

because the hazard rette- /6 is constantd = 1 - p is constant) for all subintemls and
on=t. The walue forS(t) becomes xact whem is in®nitely laige, which is another ay

of saying that the suml distribution isS(t) = € *' when timet is a continuousariable.

Justi®cation 2



The probability of surwiing from time 0 to time, divides into tvo obvious inter

vals, 0 tot; andt; tot,. Thus, the probability of suving beyond timet, is

Sit) =P(T2t)=P(T2t) Pt < T <ty).

For exponentially distrilnted surwal times, this probability becomes
S(tz) = e_MZ = e_ltl P(tl <T< tz)
and for the interal t; to t, the surwal probability is

P(t]_ <T< tz) = e_/l(tz - tl).

This not so impresge relationship indicates an impreasigoperty of &ponen-
tially distributed surwal times. Theprobability of surwing fromt,; to t, depends only
on the magnitude of the &Bfencet, — t; and not the actuaklues oft; andt,. For
example, when, — t; = 20 years, the surval probability P(t; = T > t,) = € %@ =
0.449 fort, =100 andt; =80 or fort, =25 andt; = 5. Thus, surwing 20 additional
years has the same probability for&®yearolds as for 100-yeaslds. Theprobability is
0.449 for ag 20 year period.In short, @ponential surwia describes the risk for indid-

uals who do not age or objects that do natenout. That is, the hazard rate is constant.

This "no memory" property ofiously does not apply across the 100-year spectrum
of the human lifetime Clearly, the risk of death diérs considerably between 100-year
olds and 5-yeaolds. Havever, ome kinds of accidents appear todna@nstant risk

(constant hazard ratelComputer chips do notave out and, therefore, theailire times



are accurately described by aqpenential distribntion. Ower short time inte@ls, human
mortality sometimes has an approximately constant hazard rate and, occaSoecity
populations gperience essentially a constant hazard rate.example, an approximately
constant hazard rate can usefully describe the mortality riskrefneely ill or extremely

old individuals.

A classic a situation accurately described byygoaential probability model
(constant hazard rate model) is the stahvof a wine glass.The probability a wine glass
is broken does not depend onvintbong a wine glass has lasted omftoary times it has
been used (wine glasses do nargvout). Glasses are brek at random gardless of the
amount of useUnlike nost things, wine glasses sustain the same risk whethearthe
new or old. Thus,wine glasses & a onstant hazard rate (loss) for all glasses, at all
times. Anexponential distrilation, therefore, accurately predicts the probability that a
wine glass will last a speci®ed amount of tinfehypothetical description of the

expected lifetime of a wine glass (in monthgj)uld look like:

present age additional lifetime
0 20
10 20
20 20
30 20
40 20

A unique and gluable property of surva times with an eponential distrilation

(a constant hazard rate) is that all uidiials at a speci®c timig have the same



additional mean surval time. Whena hazard rate is constant, ingiuals who hee ur-
vived 50 weeks or 20 weeks or one weekédhe samexpected additional sunval time
(denotedu). Thesurvival probabilities at timé, continue to bexponentially dis-
tributed, namelyS(t) = e *¢ 9 Risk is, therefore, the sameggedless of past sunval
experience putting all ingliduals on anen footing in terms of the amount of future sur

vival time (such as wine glasses).

The preiously analyzed 10 AIDS sumal times (denoted agnt; wheren = 10, d

=7 complete andh — d = 3 censored obseations) are:
survival times (in days): 2, 72, 51, 60, 33, 27, 14, 24, 4 and 21

As before, unbiased estimates based on these data must account for the incomplete sur
vival times. Ifthese AIDS surwvial times are sampled from a population that is at least
approximately described by amonential surwial distribution, accounting for the ineu-

ence of censored obsations is relatiely simple. To begn, the three censoredbes

are made "complete.The three censored AIDS obsations become 51 #, 33 + z and

21 +u whereu is the mean surva time of the underlying>@onential surwial distribu-

tion. Becaus¢he hazard rate is constant, alifig individuals hae te identical

expected mean sumal timesu regardless of preious surwal experience. lis u

regardless of the praously obsered surwal timet;. The estimated mean swai time,

calculated from the 10 "complete” switimes, is

P 2+72+(Bl+ AN +60+ 33+ N +27+14+24+4+(2A+ A
B 10




or
~  308B+3A
G 10

and solving for A& gives an estimated mean sumal time of A& = 308/7 = 44 dayslIf the
ineuence of censored obsetions is ignored, the biased (too small) meaneist =

> ti/n=308/10 = 30.8 days.

. . . -1 .
From another point of we the directly calculated meamiuet = - >t is likely

too small because the sum of all obsergurwal times _t;) includes censored indd-
uals who vould add more surval time if the obseration period vas ectended. There-

fore, including an estimate of the total "missing" susMime gies

where @ - d) A estimates the total amount of unobsersurwal time experienced by
the censored indiduals. Eactof then — d individuals are not obsesed for, on average,

u days. Addinghis "missing"” time to the numerator of the estimate of the maiae v
produces an unbiased estimate of the total galrivme (obsered + estimated times)
making the estimate of the underlying meafue z unbiased as long as the hazard rate
of the sampled population is constaBblving for & gives the estimated mean suvsi

time as

~ f . .
A :;dl i =1, 2,---, d = number ofcomplete observations



where the total obsesd surwal time (complete plus censoredlwues) is diided by the
number of complete obsetionsd and not the total number of obsatiensn. Dividing
by the smaller alued (not n) increases the estimated mean sahtime compensating

for the unobsemd surwal time. Themean AIDS surwial is agan & = 308/7 = 44 days.

When all sampled obseations are complete (no censoredies --n = d), the

mean alue and its &riance are estimated as usual by

t==3t where and §=——5( -0>2

n-1

Sk

o S 1
n

An estimated ariance of the distriltion of the estimated mean swalitime Ais also

A2
variance /) :—A;;

and praides an estimate for both complete or censoredwalidata. Noticethat the pre-
cision of the estimated suvd time is unaflected by the number of censored obaerv
tions (0 — d). Thus,accounting for the ineuence of the censored oletBons is an issue
of bias and not precisiorincidentally the estimate is the maximum liklihood esti-

mate of the mean surd time u (Lecture 4). That is, maximizing the li&ihood func-

tion produces the same estimated mesdnesand ariance.

As noted preiously (Lecture 2), the accunaof an goproximate con®dence inter
val can be improed by constructing the intead using a transformedalue of the esti-
mate. Thids the case for the estimaf where the transformediue islog( ). Ingen-

eral, the accurgoof the caverage probability of an approximate con®dence irdkbased
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on a normal distrilition improves when the ariance does not depend on the estimated
vaue (estimatedalue and estimatedaviance are unrelated).he logarithm of the esti-
mated mean sunl time log( &) has this property The estimatedariance of the distri-

bution of the logrithm of estimated mean sursi time is

A2
variancglog[ 4] :—']élyariance( M) _ 1A

g

N

o
o|r

and depends only on the number of complete obtiens () making it independent of
the estimate/. Therefore, for thexponential probability distrilition, the con®dence

interval bounds based on the estimlaig( &) and the normal distriltion

~ —/1
A =lower bound=log( &) — 1. %O-\/—d

and

B = upper bound= log( A) +1. %0'\/_3

lead to an approximate 95% con®dence irgkfor the underlying mean based on the
estimated meanaue A given by (e*, €B).
The San Francisco MenHealth Study (SFMHS) as established in 1983 to con-

duct a population based study of the epidemiology and natural history ofitye ne

emeqging disease, Acquired Immunode®cigi@yndrome (AIDS). The study design &s

a prospectve investigation based on a random sample of single men 25-54 years of age

living in a highly aflected San Francisco neighborhoodwnas the "Castro.The
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group studied ultimately contained 1,034 men which resulted from a roughly 70%
response rate from 19 selected San Francisco census 8aday. participants were
examined and questionedeey six months from July 1984 through June 19%#4e data
explored here are a small subset consisting ©fL74 indviduals (Tble A.2 in appendix)
who entered the study in 1988urvial time is the number of months from diagnosis of

AIDS to death.

For these 174 white mem (= 155 deaths and — d = 19 censored indiiduals), the
estimated mean suxa time is & = 3578/155 = 23.083 months based on the assumption
that surwal times were sampled from at least an approximegpemential distrilation.

The approximate 95% con®dence intdrisounds for the transformed estimiatg( &) =

log(23. B3)=3.139 are

1
A= =3. -1. ; 7 — =2.8B2
ower bound=3.139 X0 155 *B

and

1
B = upper bound=3.139 +1. %071—55 =3.297.

The approximate 95% con®dence in@rfor the mean survél time u becomesd”, e®)
= (%2 e32%) = (19.721, 27.084).

Higher risk clearly dictates\eer mean survel time and vice grsa, as already
noted (Lecture 3)Expressed formally for thexponential surwial case, the relationship

between a mean suva time and a hazard rate is
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Because the area enclosed by the salrfunctionS(t) is the mean surval time,

0 (o]

4 = mean survivatime = area= ! S(u)du = J e*du=

PN

The consequences of this reciprocal relationship between risk anebsar@idisplayed
geometrically in Figure 3.0 for three swaifunctions with hazard rate)(0.04, 0.1 and
0.5. Asrequired, lager \alues of the hazard rate (risk) produce s@hgurves with

smaller enclosed areas (mean staivime) and cowersely.

The natural estimate of the constant hazard rate is the number of deikid oy
the total person-time o =d/ > t;. For the &ponential case, the reciprocal of the esti-
mated meanalue is, therefore, an estimate of this ratedor 1/ A. For the SFMHS data,
the estimated constant hazard ratdyis 1/23.083 = 155/3578 = 0.04Because (As a
maximum likelihood estimate, the estimafe (a function of /) is dso a maximum likli-
hood estimateThe estimatedariance of the approximate normal distitibn of the esti-
mate A is

A2

variancg 9&) = g

Thus, the estimated standardiidéion associated with the distution of the estimate% =
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0.04, 0.1 and 0.5)

Figure 3.0 Three examples of exponential survival functions (1
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and can be used to construct a con®dence witerv



-14-

Becauseh = 1/ A, con®dence interal bounds based on the estimated rAtare also
the same reciprocal function of the yimsly calculated lver and upper bounds desi
from the estimated mean swrditime A. Speci®cally thelower bound= 1/B = 1/27.084
=0.037 andupper bound= /A = 1/19.721 = 0.051 produce the approximate 95% con®-
dence interal (0.037, 0.051) for the mortality rate based on the estimatediratd/ A=

1/23.083 = 0.043.

The &ponential distribtion of surwal times is a theoretical justi®cation of the
widely used estimate of anexage mortality rate (Lecture 1) hat is, an werage mortal-

ity rate is commonly estimated by

deaths d _ /’7~’b:—1~

average rate= — =
g total - person-time 3 t; v

where3 t; is the total obserd person-time (ajn censored plus complete swali

times). Thisestimate accurately resects mortality risk when the underlying hazard rate is
constant. Asingle constant estimate implicitly requires that thlei@ estimated is a sin-

gle constantalue. Thisproperty of an estimated rate is the primary reason for collecting
mortality and disease data from groups that are as homogeneous as possiden(ite, e
age-, sg-, race-speci®c groups)hese groups of sampled iniiuals are then each

more likely to have & least an approximately constant risk of death or disease (constant

hazard), resected more accurately by the single estimatecrate

Under the assumption that the data are sampled from a population with a constant

hazard rate, an estimate of the median salrtime (denoted,,) is draight-forward.
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Speci®cally the exponential surwial function requires the mediaalue to be

St)y=3=¢€*n or t,=

N

log(2) = u10g(2).

The natural estimated mediaalweﬁtm is log(2)/ A or Alog(2). These estimates of the
median are maximum ltihood estimates becauseytizee a function of & which is a
maximum likelihood estimateThe importance of thisatt is that the estimated median
then has the properties of a maximunelikood estimate, namely an approximate normal

distribution with minimum \ariance when the sample size igtar

From the SFMHS data, the estimated median galrtime is A, = log(2)/0. 043 =
23.083l0g(2) = 16.001 months.The construction of a con®dence intarfollows the pat-
tern described for the mean swalitime. Somerhat surprisinglythe \ariance of the
logarithm of the estimated median and mealuss is the same making the width of the
con®dence inte for both estimates (precision) the sarfer normally distrituted
data, the estimated meaalwe is alvays a more precise estimate than the medadinev
(smaller con®dence inteal). Speci®callythe estimatedariance of the distrildion of

the estimated mediaf,, is

variance[log(ﬁtm)] = variance(log[ Alog(2)]) = variance(log( &) + log[log(2)])

= variance[log( A)] :—i

because adding a constant tcagiable does not change itgriance (details aregn a

the end of this lecture)The approximate 95% con®dence intdror the lo@rithm of
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the median surval time of the population that produced the SFMHS data is then
log(16 001) £+ 1. BOVIAS5 = 2773+ 0.157 yielding the con®dence intah(2.615,

2.930). Theon®dence inte based on the lagithm of the estimated median produces
the approximate 95% con®dence intdrfior the median surval time of €95, &% =

(13.670, 18.729).

A question that must be addressed as part of the application of parametxid survi
distribution is: Does the postulated probability distrtton accurately represent the rela-
tionship between the passage of time and tlediti@od of surwal? An investigation of
this issue (goodness-of-®t) starts with the comparison of the product-limit estimated sur
vival probabilities (no parametric assumption) to the corresponding estimgiedential
survival probabilities (parametric assumptiorl)sing the San Francisco MertHealth
Study data, Figure 4.0 displays this comparisbhe parametrically estimatedponen-

tial surviva function is

é%t)::e_&t::e4”n&.

The comparison of nonlinear relationships is not as simple or wet@gicompar
ing straight-lines.For the exponential surwal function, a transformation produces a

straight line. Speci®cally the line is

s(t) = log (-log[S(t)]) = log (~log[e™"]) = log(4t) = log(4) + log(t).

Therefore, "log-log" transformed estimated swualvprobabilities from an>gonential
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Figure4.0 Estimated product-limit survival probabilities (step function) and expo-
nential survival function for the SFMHS data (solid line)
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survival distribution randomly deiate from a straight line with intercelaig(4) and slope

1.0.

Figure 5.0 illustrates the log-log transformation applied wasts of surwal time
data. Theplot labeled "gponential” is a random sample from aqenential distrilation
and the other is nofThe surwal probabilities transformed into straight lines clearly
indicate the correspondence (top ®gure) and the lack of correspondence (bottom ®gure)

between theory and data.
For the San Francisco AIDS data, the estimated straight line based »poaee-
tial distribution is At;) = log(-log[ ﬁf(ti)]) =-3.139 Hog(t;) (intercept 4og(0.043) =

-3.319 and slope = 1.0 -- solid line in Figure 6.@pplying the same transformation to



-18-

Figure 5.0 Examples of the fit of transformed exponential and non-exponential dis-
tributed observations
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the product-limit estimated suwa probabilities /§7i produces independenalues

log(-log[P;]) and a least squares estimated straight line based on depealdestog(t;)
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(intercept = 3.697 and estimated slope = 1.195 -- dashed lift&. linelog(-log[ 79%]) =
3.697 + 1.1930g(t;) provides a second linear measure of goodness-of-®t that does not
depend on a postulating an underlying disttidn (nonparametric) or other kinds of
assumptions. Thiack of correspondence between tkpanential model and the prod-
uct-limit is a function of the diérence between thesedwtraight lines (Figure 6.0).

Figure 6.0 Comparison of transformed survival curves (goodness-of-fit)
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That is, both lines randomly & from a "45 dgree line" by chance alone when the data
are sampled from arxponential distribtion (constant hazard ratel substantial difer-
ence proides visual @eidence that the sunal times are not adequately described by a
single parameterxponential distrilation. Inaddition, the transformed product-limit sur
vival probabilitieslog(—log[ @?i]) are directly plotted (Figure 6.0) for thaeslog(t;)

forming an assumption-free "step-function” description of the transformedaurvi
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probabilities.

The transformedalues(t) for a speci®edalue of surwal timet (denoted,) has
a particularly simple ariance (or con®dence intety. Similarto the preiously trans-
formed bounds, the con®dence bounds for the @lrfinction S(t,) = e * can be con-
structed from the con®dence bounds from transfornaékbg ofs(t). Theestimated ari-

ance of the distriltion of Ato) is,

variance(A[ty]) = variance Sog(—log[ %(to)])g: variance Sog( é) + Iog(to)g

= variance[log( A)] =—$

sincety is a selectedalue (constantariance = 0).For example, suppose interest is
focused on a timg = 20, then the estimated suvai probability E%(to) = 7‘;5(20) =

e 00320 5 0.420 andi(t,) = A(0.420) = 0.143. Theapproximate lover and upper 95%
con®dence inteal normal distriltion derived bounds based o (0. 420) are

Ato) + 1. B60VI/d = -0.143 + 1. BOVII55 a ( 0.301, 0.014). The approximate 95%

con®dence intead bounds based on the swaliprobability estimated be(ZO) become

lower bound = e®P039 =0.353 ad upper bound = e PO = o 477

and necessarily20) = e 9019 = 0,420

One last point:the linear relationship(t) = log(-log[ S(t)]) = log(4) + log(t) sug-

gests a more general smalimodel created by postulating a slope other than [h.0.
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symbols,

s(t) = log(-log[S(t)]) = log(2) + ylog(t) (slope= ).

Solving this &pression forS(t) yields the surwial functionS(t) = e*'". This two-
parameter 4 andy) survival function called th&\&ibull distribution is the ne&t topic

(Lecture 6).

Summarizing mortality and disease rates

Occasionally adantages arises from combining a series of mortality rates into a
single summary statisticThe analysis of te or more sets of mortality rates shouldyie
with a direct comparison of age-speci®c rate to age-speci®c\\dten the number of
age-speci®c rates is g or seeral populations are compared, a direct comparison of
rates remains importantiblacks the simplicity achwed by the comparison of summary
vaues. fr example, eerall mortality risk is frequently described by combining a
sequence of age-speci®c mortality rates into a single summary "age-adjusted” mortality
rate. Directand indirect age-adjustment techniques are popular methods to calculate such

summary "rates" from age-speci®c mortality or disease data.

An overall estimated probability of death from a speci®c cause alsesas/a
summary and is more easily calculated and interprefedlustrate, Bble 1.0 contains
the number of deaths from lung cancer for males and females in the United States (2000)
and the populations at-rislAlso included are the ge age-speci®c\@rage mortality

rates per 100,000 person-years calculated in the uayaadﬂnotedgbx). Implicit is the
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Table 1.0 Age-specific rates of lung cancer deaths for US males and females (source:
National Center for Health Statistics, 2000)

MALES FEMALES

age death&d,)  at-risk (I,) raté (1,) | deathsd,) at-risk (,) raté (1)
50 - 60 9,915 15,819,696 62.68 6,919 16,616,620 41.64
60 - 70 21,218 9,821,436  216.04 14,239 11,012,221 129.30
70 - 80 29,280 7,280,991  402.14 21,069 9,559,703 220.39
80 - 90 13,754 3,110,375  442.20 11,808 5,529,059 213.56
90 - 100 1,394 454,171 306.93 1,783 1,346,803 132.39

total 75,561 36,486,669 207.0¢ 55,818 44,064,406  126.67

* = age-speci®c mortality rate per 100,000 person-years,ages +10 years
(x 2 50).

assumption that these rates (hazard rates) are at least approximately constant within the
relatively short ten-year age inteals. Thisassumption alls the direct calculation of
the age-speci®c sumal probabilities. Theage-speci®c rates, are conerted into an

age-speci®c conditional suwa probabilities B for each age inteal x to x + § where

B, = P(surviving from x to x + §) = & *<,

For example, the male lung cancer rate 62.68/100,000 for ages 50 to 59 translates into the
conditional surwial probability P(surviving from50to 59)= A, = e *062110 = 09938
(6 = 10).

From Table 1.0, the age-speci®c male rates are combined as the product of the age-

speci®c probabilities and
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P(dying of lung cancer beyond age 50) =1~ [ Abso x Ao  Hrox Hag X Aod
-1 _[e—ém& N e—éeo(s % e—/%ma % e—/%goa % e—f’?’zgoa] :1_[e—5z &x] =55 Ax_

The approximation tha ™ =1 — x is effective whenx is small (0.2< x< 0.2 -- Figure

7.0). Inshort, the probability of death from a speci®c cause a period of time (a
sequence of inteals) is approximately the sum of the age-speci®c rates multiplied by the
corresponding lengths of the age in&@su_ J; gbi).

Figure 7.0 The geometry of the approximation e with 1 — x
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For the male lung cancer dat& € 10 years), a summary probability of dying of lung

cancer after age 50 is approximately

P(male death) = 10[62 68/L0Q 000 + 216 04/10Q 000 + - - - + 306. %3/10Q 000] = 0.143

The corresponding summary probability from the female data is

P(female death) = 0. 074. The straight-fonard interpretation of these probabilities is
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that 14.3% of the males and 7.4% of the females will die from lung cavedhe net
50-years. Botlprobabilities are "age-adjusted” in the sense thédrdifices in age distri-

butions hae o impact on the comparison.

Although it is not usually an issue with national data becausestgjdage num-
bers of persons at-risk medkthe ariance inconsequentially small, the estimataiiawnce

of the estimated summary suraiprobability @k =1-3 4 '§bi is approximately

. % . = 6di . .
variance( #,) = variance(1 - #,) = Z—iz' i =1, 2,---, k = number agéntervals
i

whered; represents the number of deaths inithage interal of lengths; amongl; indi-

viduals at risk.For the US lung cancer data, the standard errorg/aagiance( &, ) =

0.00030 and/variance( #° (4q0) = 0.00013 shwing the essentially mgigible in‘uence
(huge sample sizes) from samplirgyiation on these estimated summary probabilities.
Unlike the estimate of the summary swaliprobability %’k, the variance of the estimate

@’k is in uenced by diérences in the age distutions of the groups being compared.

These surwia probabilities are approximate for dweasons besides thact that
1-> 6 % is used instead of thexact \aluee™ 2%, They do not account for other
causes of deathThey are calculated as if lung cancer is the only possible cause of death.
Ignoring competing causes of death typically has a snfatitedn this kind of summary
estimate. Iraddition, cross-sectional data (the year 2000) are used to project the esti-
mated probabilities\er a 0 year period which wuld be strictly correct only when mor

tality rates remained perfectly constant.
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Statistical Tools: propertiesof variance

The following reviews three releant properties of ariance (both populatioravi-
ance and estimated sampéiance). Rigorouproofs of these properties are readily
found in elementary statisticalkts. Herethe properties are de®ned and smadraples
illustrate the described the properties.

1. Thevariance ofX + ais the same as th@rance ofX whenais a constant or
variance(X + a) = variance(X).
example: X: {2, 4,6, 8, 10land X +5: {7, 9, 11, 13, 15}when a=5

variance(X +5) = 10 andvariance(X) = 10.

2. Thevariance ofaX equals the ariance ofX multiplied bya? or
variance(aX) = a?variance(X).
example: X: {2, 4,6, 8, 10} and aX: {1, 2, 3, 4, 5} where a=1/2

. . 10
variance(aX) = 2.5 and a’variance(X) = (3)* 10 =7 =25

3. Thevariance ofX +Y equals thevariance( X) plus thevariance(Y) when X andY are
uncorrelated or

variance(X +Y) = variance(X) + variance(Y) whencorrelation(X, Y) =0.
example: X: {2,4,6,8,10} and Y: {1,7,14,7, 1}

variance(X) = 10 and variance(Y) = 29 making variance(X +Y) =39
because theorrelation(X, Y) = 0.
In general, for @luesxy, X,,- -+, X, the \ariance of a sum is the sum of treiances,
variance(i X)) = ivariance(xi),

i=1 i=1

whencorrelation(x;, x;) =0 for alli # j.




