LECTURE 3

Lifetables

A life table is perhaps the (Erst statistical tool used to study human magaiiyy
scientists Edmund Halg1693) and John Graunt (1662) independentield@ed life
tables from populations in Poland and England, resgictiA life table is essentially a
highly organized description of age-speciEc mortality ratssmportance, hoever, has
been reduced by modern methods mevertheless remains fundamental to the study of
survival. In addition, a life table illustrates a number of important statistical issues, par
ticularly the application of the wvprincipal summaries of sunal data, the surval

probability and the hazard rate.

Two kinds of life tablesast calledcohort and current life tables. Each kind of
life table has tw gyles,abridged andcomplete. A cohort life table is constructed from
data accumulated by recording sualtimes from the birth of the (Erst member of the
population until the death of the last memb@ollecting such cohort data is clearly
impracticable in human population€ohort life tables primarily describe from animal
and insect study dataAn abridged life table is based on a sequence of ageafgerl/

ary chosen length, typically @years. Acurrent and complete life table is the subject of



the folloving description.The life table components are ded from obsered mortality

rates (current) applied to one year age irdsrfcomplete) A life table describes a theo-
retical cohort that does not represent the mortakpegence of past or future popula-

tions. Neertheless, this theoretical cohort frequentlyyides \aluable summaries of
mortality patterns that are usefully compared among similarly constructed life tables from
other populationsFor example, life tables dered from US national mortality rates col-

lect in 1900 shw that the aerage lifetime for males as 46.6 years and for femaleasv

48.7 years.Today, the same life table estimates are 74.2 (males) and 79.3 (females)

years.

Complete, current life tableconstruction

A complete, current life table is deed from one-year age-speci®c current mortal-

ity rates. Seven essential elements in this process are:

Ageinterval (x to x +1): The symbolx represents the age of the miduals described
by the life table summarie€ach age inteal is one yearept the last, which is left

open ended (fonr@mple, 9" years).

Number alive (1,): The symbol, represents the number of indiuals alve (@t-risk) at
exactly agex. The number alie & agex =0 (Ip) is =t at some arbitraryalue, such as

100,000, and occasionally called ttaelix.

Deaths(d,): The symbold, represents the number of deaths betweenagesix + 1

(one year).



Probability of death (q,): The symbolg, represents the conditional probability that an

individual who is alve & age x dies before ag& + 1. In symbols,

P(death before age x +1 | alive at age x) = qy

andqg, = d,/l,. The complementary probabilify, =1 - g, represents the conditional
probability that an indidual who is alte & age x survives beyond agex + 1. An impor
tant distinction is that the probabiliy, is a conditional probability (conditional on a
speci®c interal) and a surwval probability P, is an unconditional probabilitthe proba-

bility of surviving beyond a speci®c age. In symbols, p, =1,/l,4 andP, =1,/l,.

Yearslived (Ly): The symbolL, represents cumulat ime lived by the entire cohort
between the agesandx + 1. Each indvidual alve & age x contrikutes to the total time
lived; either one year if an inddual lives the entire year or the proportion of the year
lived if the indvidual dies in the intemd. Thevaue of L, is the life table total person-

years-at-risk accumulated by thepersons during the age intalw to x + 1.

Total timelived (T,): The symbolT, represents total timevigd beyond agex by all
individuals alve & age x. The walueT, is the sum of the total person-yeavdi in each
age interal starting at age&. In symbols, T, =L, + L,y; + Lyy» +---. The total time

lived T, is primarily a computational step in the life table construction.

Expectation of life (e,): The symbole, represents the mean number of additional years

lived by those life table indiduals alve & age x. In a survival analysis contet, this



summary statistic is calladean residual lifetime. Computationallye, is T, /I.

The total time Wed by | ,-persons in a speci®c one year age irgkfperson-years)

I—x :(Ix _dx) +axdx-

The quantity(l, — d,) is the number of indiduals who survied the entire interal (from

x to x + 1). Anothersymbol for the same quantitylis;. These indriduals contrilte

(I, — dy) person-years to the tothl (one year for each persoripdividuals who died
within the intenal each contribte a part of a year to the total swelitime. Typically the
exact times of death are notadable for these indiduals, particularly when the age-spe-
ci®c mortality rates come from Ige public databasesiowever, for all but two age inter
vals, the aerage time contribted by those who died (denotag is essentially one-half
year @, = 0.5). Thevaue 0.5 years is a dependable estimate because, for most popula-
tions, indviduals who are not@emely young die randomly or close to randomly
throughout a single yeatn general, no reasorxists for indviduals to die at a particular
time during the ne year of their life. Therefore, the total person-years conitéd to the
total surwal time by those persons who died is accurately estimatégdy= 0.5d,

person-years (one-half year for each death).

Two values ofa, are not 0.5.They are the ®rst alue §,) and the lastg,:). The
value g, is usually set at 0.1During the ®rst year of life, most deaths occur withinva fe

days after birth.That is, deaths do not occur randomly throughout the ®rst year of life.



Empirically it has been obsesd that for this ®rst yeathe mean time Vied by those
infants who died is about one monthagr= 0.1 years.Therefore, the total person-years
contributed to the total surval time L by thed, infants who died before tievere one

year old is estimated by @d person-years.

Mortality rates for thexdremely old are rarely gén in detail. Afterage 80 or so,
ages are reported so unreliably that the associated age-speci®c mortality rates are equally
unreliable. Br this reason and the lack of data, the lagtratlife table age interls are
combined into one open-ended inedrvFor the US complete life table describing the
male mortality pattern @ble 1.0 found at the end of this section based on US 2000 age-
speci®c rates), the last age intris not one yearut consists of all indiduals who
lived beyond age 90.The calculation of thevarage time Wed beyond age 90 by all indi-

viduals who reached the age of 90 (denaigd is a bt tricky.
For the last age inteal (denotedk™), the life table mortality rate (denoteg) is

Ay ye
life table mortality rate (age x*) =r,. = — = =
Lx+ LX+

because all indiduals alve & age x* ultimately die (- = d+). Substitutinghe

obsered current mortality rateR:) for the life table mortality rate {.), yields

andL,. estimates the total person-yeavedi beyond agex” by thel,. individuals who

reached ag&™. Then, the mean sumal time becomeg,. = L./~ = /R, and, to



repeatR,: represents the current mortality rate for vidiuals at-risk during the last
interval. For example, ifRyg- = 0.2, thenagy: = 1/Ry- = 1/0.2 = 5.0 yearsOnce agin,
the reciprocal of a rate equals the mean salrtime (Lecture 1).Thus, the mean sur
vival time a,+ and the total person yedrs- = a,«l,+ for the last life table inteal can be

directly estimated from current mortality data.

To summarize: foreach age intenl, the total person-yearsdd by those indvidu-

als at risk are:

Lo=(lg—dgy) +0.1d, for thely individuals age= 0,

L,=(,-d,)+0.5d, forthel, individuals agex =1, 2,---, (X" —1)

and

(N e
Ly = = for thel . individuals agex”.

Current mortality rates also pride estimates of the probability of death for each
age interal, namely estimates of eagh. Agan substituting the current age-speci®c
mortality rate R,) for the life table mortality rate (), the life table conditional probabil-

ities of deathy, can be estimatedSpeci®cally

O = A O _ R, since ¢y = %
X

r,=—- - = = =
X I—x Ix - axdx 1- axx

Solving forqy gives the estimated conditional probability of death in the irgtkexwo

X+1as



— RX
Ox = m
based on the current age-speci®c mortality Ryte For example, the US male mortality
rate in the year 2000 §ble 1.0 -- end of the section) for the ®rst year of lifRjs
15,718/1,949,017 = 0.00801 making the probability of dgath0.008. Asnoted ear
lier, an average mortality rate and the probability of death are essentially the same for a

one-year interal (R = g/J).

The estimation of is the ®rst step in the construction of a life tablée number
of life table deaths occurring in the ®rst year then becaigped g, = 100,000(0.00801)
= 801 deaths whely is set at some arbitraralie such as 100,000 persons-at-risk.
Then, the number of life table swwers who enter the second yeak;is 100,000 - 801
=99,199. Theotal person-yearsved by the 100,000 indiduals (y) during the ®rst
year isLy = (100,000 - 801) + 0.1(801) = 99,279 he same calculation yieldaesq,,
d; andL; for the second year of life based on the olbsgage-speci®c mortality rag.
The current US male mortality rate for the second year oRJife 1090/1,953,105 =
0.0006 translates into the conditional probability of degth 0.0006. Thusthe number
of life table deaths ig; = 1;q; = 99,199(0.0006) = 55 becaukéds 99,199 indriduals at-
risk. Thenumber of life table survors isl, = 99,199 - 55 = 99,144 and the total person-
years lved from year 1 to 2 i4; = (99,199 - 55) + 0.5(55) = 99,168This same calcula-
tion is repeated for each one year age ialenp to age 89 @ble 1.0).For the last inter

val (age @), the US mortality rate iRyy = 85,856/350,497 = 0.248)g5- = 1.0 andlgy:



=lgg dgg=15,163 2,529 =12,634.These 12,634 indiduals will die during the ®nal
open ended inteal (g = dgor = 12,634). Furthermoreggy = 1/0.245 = 4.082 making
Lgor = 12,634/0.245 = 12,634(4.082) = 51,572 person-yeaed tiuring the ®nal age
interval 90" by the 12,634 indiduals 90 or more years ol@hus, a life table describes
the mortality &perience of aypothetical cohort of, individuals as if the will have
exactly the same 2000 US mortality rates for thet 490 years or so that were used to
construct the life tableR, = current cross-sectional rates became life table longitu-

dinal rates oR, =r,).

Two remaining life table summarie$,(ande,) are constructed from thie, and
thel, values. Theotal lifetime lived beyond agexis T, =3 L, fori = x, x+1,---, x".
For example, total person-yearséd by thel, = 100,000 members of the life table cohort
from birth isTy = 99,279 + 99,168 + - + 51,572 = 7,420,473x(= 0 to 90" years) or
from age 60 years iy = 84,539 + 82,898 + -+ 51,572 = 1,676,665 person-yearsH

60 to90" years).

The ey -values summarize life table suvsiiin terms of mean additional years of

lifetime from agex. This mean &lue is calculated just asyamean \alue. Itis

total person — years lived beyond age x _ Ty

= dditional = -
& = mean additional years number of persons who lived it [

The most fundamental single measure of the mortatppgrence summarized by a life
table is the ¥pected years of life for a wdorn child €, =Ty/lg = 7,420,473/100,000 =

74.205 from &ble 1.0 -- end of the sectiorffor males age 60 @ble 1.0, agin), the



mean years of lifetime remaining is calculated in the saaye Speci®cally e5o = Teo/lgo
=1,676,665/84,539 = 19.8 year®r, the typical 60-yeaold male lves to age 79.8 years.
Table 2.0 displays the mearpected yeas of lifegf) of a male child for seen slected
countries based on current life tables.

Table 2.0 Selected counties and thelife table expected mean survival timefor new-
born males

country €
China 66.9
Congo 48.5
India 63.3
Japan 77.6
Mexico 63.8
Norway 76.0
United States| 74.2

The life table crude mortality rate apglare related where

total deaths _do _lo _1

total person—-vyears To To &

crude mortality rate =

100000 1

= = =0.A35
7,420473 74205

or 1350 deaths per 100,000 person-yeaist unexpectedly this crude mortality rate
equals 1e, or 1/74.205 = 0.0135The risk of death (crude mortality rate) is reciprocal of
the mean lifetime of a meborn infant () -- as before, the higher the risk, the less

remaining lifetime.

The life table surwial function from BRble 1.0 (actually a series of 92 connected

survival probabilities) is displayed in Figure 1.0he life table surwial probabilities are
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directly calculated from thi-values and, parallel to the product-limit estimates,

life table probability of surviving beyond age x=P, =10 -q)=[1 p
R e
fori=1, 2, -, x because; = |;/l;;. The probabilityP, is the product of a series of con-
ditional probabilities and estimates the life table siahprobability. The surwal curve
for US males (Figure 1.0) displays the typical pattern for human mortality across the
entire life span.A small dip in the ®rst months of life due to highant mortality is fol-
lowed by a slight decreasgep the net 60 years; then, at about age sititye surwal
probabilities bgin to decline rapidly

Figure 1.0 Survival curve (P-values) -- US males (year 2000)
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The hazard function is related the conditional probability of deatrg(tvalues).
An approximate hazard rate is calculated directly from the life table age-speci®c proba-

bilities q,. For a one-year inteal x (6 = 1), because the approximateseage rate is
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P, P
average rate = R, = 1PX—X+1
§[ x T I:’x+l]

then, an approximate hazard rate becomes

Py — Pys I /lg = Tyl d d
h(x):l X X+1 :lxo x+1/10 — _>l< :l_x:qx
Z[Px+Px+1] 2[|x/|0+|x+1/|0] Ix 2dx X

because for most ages, is much less thah, (d, < <1, makingl, - % d, =1,). The
approximate hazard cw\{g,-probabilities) from the 2000 US life tableafdle 1.0) is

displayed in Figure 3.0.

Figure 3.0 Hazard curve (approximate) -- US males (year 2000)
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As noted, the area under the life table stahdurve equals the mean sumd time.
For a momplete life table where each of théntenals ¢, —t,4) =1 andPy=1, P, P,

SRR Pk—11 Pk =0, then
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Figure 3.0 shas the life table surval curve in detail between ages 60 and 65 illustrating
the typical geometric pattern (triangle + rectangle) associated with each one-year age
intenval. Themean lifetime calculated from the area enclosed by the life tableraurvi
curwve is ot exactly equal to thealueg, in Table 1.0 because the ®rgt£ 0) and last age
(x = 90%) intenals hae a dfferent geometry

Figure 3.0 Detail of the survival curve -- US males (year 2000)
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Figure 4.0 displays the suva curves for both males and females based on the
2000 US mortality ratesThe area under both suvei curves resects the mean lifetime
for each se (area = ;). For US males, the mean lifetimedgs= 74.2 years and for US

females, the mean lifetime &5 = 79.3 years (US mortalify2000). Thedifference in
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mean lifetimes is 79.31 74.20 = 5.11 years and is geometrically equal to the area
between the surval curves (marlked on the plot).

Figure 4.0 Difference between male and female survival curves
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The '™ century data collected by John Graunt to construct his original life table is

still available and can be used to construct a modern life tableourse, in Graurg'day

there were no central statistical agencies and mortality data were not collect rodtinely

fact, collecting mortality data at allag a ne& and innovative idea. Usingorimarily

church records in the London area, he accumulated mortality data consisting of dates of

birth and death-These data are subject to a number of biases and do not reprgsent an

thing near 100% of the populatiofiaken & face-walue, the original age-speci®c rates

produce the life table estimates aimoin Table 2.0. The surwal curve (solid line) esti-

mated from these data and the seaivturve from the 2000 US population (dotted line)

are displayed in Figure 5.@Both the Graunt and US the swaiprobabilitiesP, are

connected with a straight lines representing the underlying continuous nature\a survi
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Table3.0 A modern lifetable constructed from John Graunt’s 17" century mortal-
ity data

age interal ) [ Py Ly Ty ey

0-10 100 100 1.00 770 1890 18.9
10-20 10 54 054 440 1120 20.7
20-30 10 34 034 275 680 20.0
30-40 10 21 021 175 405 193

40 - 50 10 14 0.14 110 230 164
50 - 60 10 8 0.08 65 120 15.0
60 - 70 10 5 0.05 35 55 110
70 - 80 10 2 0.02 15 20 10.0
80 -90 10 1 0.01 5 5 5.0
90 - 100 10 0 0.00 0 0 -

time. Considerabldifferences are cleaiThe striking impact of 7" century infint and
childhood mortality is seen by comparing the summary mean lifetirgg=018.9 years
to the modern USalue of 76.9 yearsThe diference of 58 years is aig geometrically

the area between thedwsurvival curves.

The Graunt data life table &ible 3.0) illustrates once aig that the mean lifetime
from birth (&) is estimated by the area enclosed by the estimatedvslicurve. For
each age intenl x, the length ig, —t, 4 =& = 10 years and area is

areay, =6 % (P, + P,) making the total area
€ = area= Zareax = Z % 6(Px—1 + Px)
= %1(11.540+O.880+0. %0+---+0.8B0+0.A0) =18 9 years.

It is notable that a mean of 10 additional years of life at age,30lculated from

Graunts data is similarly to the 7.5 years found in the modern US population (year
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Figure 5.0 Survival curve from John Graunt’'s 17" century data

Survival curve

0.8 1.0
|

0.6
|

probability of survival
0.4

o
—~
0
0—o

0.0
|

T T T T T T
0 20 40 60 80 100

age

2000). Theexpected years of remaining life among tike@emely old is similar in man
populations. Alew egs-values from a ariety of male populations ar€hina 3.9 years,
Congo 4.5 years, India 4.1 years, Japan 5.7 yearsct14.9 years, Noray 5.7 years

and US 5.9 years.

A life table translates cross-sectional age-speci®c mortality rates into a theoretical
and longitudinal description of a cohort of mdiuals as if thg were obsered for more
than 90 yearsFor a life table cohort, a meborn infant will have the exact same mortality
risk in 60 yearsygerienced by a person 60 years-old on the day thatimas born.Of
course, mortality patterns changesiotime because completely stable populations do not
exist. However, changes in mortality risk are generallywlmaking life table summaries
useful for short-term predictions and, as mentioneckléent for comparing mortality

patterns among dérent populations.
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Life table methods applied to follow-up data

Life table methods applied to survival data classified into tables produce estimated
survival probabilities in much the same way as product-limit estimates. The difference
lies in the construction of the time intervals. Such data are sometimes referred to as fol-
low-up data. and the the analysis of these data is sometimes referred to as a clinical life
table analysis. Product-limit time intervals are dictated by the times of death of the sam-
pled individuals. Life table time intervals are chosen in advance of collecting the data
and the survival times are sorted into these predetermined categories. The number of
intervals used to classify survival times matters and typically influences the analytic
results. Too few intervals provide insufficient detail to characterize the distribution of the
data. Too many intervals reduce the number of observations in each interval so that esti-
mated values frequently become unstable (large variances). Therefore, construction of a
table (not just a table of survival data) involves a trade-off between detail and precision

requiring a bit of care to get the correct balance to produce a useful table.

Consider again the n = 40 hypothetical survival times introduced previously (Lec-
ture 2). These data (Table 4.0 and Figure 6.0) are classified into a sequence of eight one-
month intervals (dotted lines). In each time interval, three kinds of individuals are impor-
tant: those who began the interval alive (l;), those who died during the interval (d;) and
those who were censored (w;). For example, consider the interval 3 - 4 months: of the 16
individuals who survived three months (began interval i = 4), ten individuals survived the
entire interval (beyond four months), three died and three were censored (denoted: I, =

16, d, = 3 and w, = 3 making Is =1, — d; — w, = 10). The individuals who completed an
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Table 4.0 Follow-up data: hypothetical survival times (n = 40)

A

intervals dl W, di + W, li I; qi f)i Pk
0-1 2 9 11 40 355 0.056 0944 0.944
1-2 2 6 8 29 26.0 0.077 0923 0.871
2-3 4 1 5 21 205 0195 0805 0.701
3-4 3 3 6 16 145 0.207 0.793 0.556
4-5 2 1 3 10 95 0211 0.789 0.439
5-6 2 1 3 7 6.5 0308 0.692 0.304
6-7 0 0 0 4 40 0.000 1.000 0.304
7-8 1 3 4 4 25 0400 0.600 0.182

Figure 6.0 Follow-up data: survival timesof 40 hypothetical individuals
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interval are observed for a time equal to the length of the interval. The censored individu-
als are observed for only part of the interval. It is reasonable (as with a life table) to

attribute a survival time to each censored individual equal to one-half the interval length.
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Consequently, censored individuals contribute to the total survival time (on average) half
the survival time of the individuals who survive the entire interval. Based on this
assumption, the number of persons alive at the beginning of the interval (I,) is adjusted
and called the effective number of persons-at-risk. The effective number of persons-at-

risk (denoted I.) is

effective number of personsat risk =1; =1; = 1w,

for the i"-interval where |, represents the number of individuals who began the interval
and w; represents the number of individuals censored during the interval. Using the
effective number of persons at risk, the estimated conditional probability of death

becomes G = d;/I; (Table 4.0). As previously, the estimated survival probabilities are Py
=[] P where p,=1- 7, fori=1,2,-- k.

Another view of the effective number of individuals at-risk shows explicitly the
underlying assumption that censored individuals have the same probability of death as the
noncensored individuals. That is, the censoring is noninformative. The observed number
of deaths d; is likely too small since it does not account for the unobserved deaths among
the censored individuals. The number of unobserved individuals is effectively 0. 5w;
because observing w; individuals for one-half the interval is the equivalent to observing
0.5w; for the whole interval. An estimated number of unobserved deaths among these
censored individuals (died after being censored and, therefore, not observed) becomes
0.5w; G;. Increasing the number of deaths by the amount 0. 5w; G; produces the expression

for the i-interval
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q = di + 0-|§Wi Aqi
|

Solving this expression for the conditional probability of death “g; gives the same result as
before, g, = di/(l; — 0.5w;) = di/l;.

Perhaps the simplest view of the number of effective-persons-at-risk (I, — 0.5w;) is
the following: If all censoring occurred immediate at the start of the interval, then the
number of at-risk individuals would be l; — w; and if all censoring occurred at just before
the end of the interval, then the number of at-risk individuals would bel;. The value

l; — 0.5w; then represents the average of these two extremes.

A common summary calculated from follow-up datais the "fi ve-year survival rate."
The "rate" is actualy the probability of survival beyond fi ve years. For the hypothetical
data, the estimated fi ve year survival probability is Ps = 0.439 (Table 4.0). The Green-
wood variance formula (Lecture 2) produces an estimated variance of Ps. Specifi cally,
the variance is variance( Ps) = 0.011. The associated 95% confi dence interval is approxi-

mately (0.231, 0.630) based on the estimate Px.

A hazard rate is an instantaneous quantity but is often accurately approximated by

an estimated average rate over a short interval. In symbols,

number of deaths d;

hazard rate = h(t;) = : : — = -
(t) effective number of person—time—at —risk I;(t; — ti4)

for thei' interval in atable such as Table 5.0. For example, theinterval 4 to 5 months

yields the estimated hazard rate Ah(t5) = 2/9.5=0.211. Infact, for the specia case
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t; — ti4 =1, again 'ﬁ(ti) = g;. A hazard rate can be estimated for each time interval and

together these estimates reflect the hazard function over the complete range of the data.

The hazard function for the hypothetical data is displayed in Figure 7.0 based on the val-

ues in Table 5.0 along with a smoothed estimate (dotted line).

Table 5.0 Follow-up data: estimated hazard function based on the hypothetical sur-

vival times
intervals | d. I hi(t)  std. error
0-1 2 355 0.056 0.040
1-2 2 26.0 0.077 0.054
2-3 4 205 0.195 0.098
3-4 3 145 0.207 0.119
4-5 2 95 0.211 0.149
5-6 2 6.5 0.308 0.218
6-7 0 4.0 0.000 0.000
7-8 1 25 0400 0.400

Figure 7.0 Estimated hazard function for the hypothetical 40 survival times (Table 5.0)
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These estimates are the interval specific probability of death divided by the length of the
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associated time interval. In symbols, for thei™ interval, h(t;) = "o /(t; — tiy).

A sightly biased (likely a bit small for g; < 0.1) estimate of variance of the esti-

mated hazard rate is

[ h(t)*

variance| h(t;)] = 4

Clearly, the interval specifi ¢ estimates of the hazard function are usually based on small
numbers of observations (large standard errors -- Table 5.0) and, at best, are only rough

approximations of the underlying hazard function.

Frequently survival data are reported in tables and, like most survival data, the
exact survival times of the censored individuals are not known. In these situations, the
effective numbers at-risk must be estimated. A similar situation arises when observations
arelost from the study sample. Typicaly it isknown in which interval individuals were
lost but the exact time they were lost is not known. In this case, the effective "missing"
number of deaths among the lost individuals is estimated as 0. 5u; g, where u; represents
the number of lost individuasin thei™-interval. For example, if six individuals are lost
(u; = 6), the "missing” number of deathsis effectively estimated by 3qg;. Animproved
estimate of the total number of deaths becomes d; + 0.5w;q; + 0.5u;q; and the effective
number at-risk becomes|; = 1; — 0.5(w; + u;). Aswith the censored individuals, the
effective number at-risk is calculated asif the lost individuals have the same probability

of death as the observed individuals, namely q;. Asbefore, lost individuals are treated as
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noninformative right censored observations.

Occasionadly, individuals are lost from the study for reasons related to the outcome
(nonrandom "censoring"). For example, extremely sick individuals may no longer be
able to continue to participate in the study or relatively well individuals may move avay
from the study area. Thus, assuming that the probability of death for these individualsis
the same as those who remain in the study potentially biases the estimate of the survival
probability Py. To get an ideaof the extent of this bias, the estimates P, can be calcu-

lated asif all lost individuals died. The estimated probability of death becomes

N di +0.5Ui
Gi = li —O.5Wi.

These estimated conditional probabilities yield the minimum survival probabilities AP'k or

the maximum bias that could possibly occur from individuals lost-to-follow-up. The

comparison of P to AP'k indicates the largest possible impact that could occur by wrongly
assuming that the lost and the observed individual s have the same mortality experience.
When all lost individuals survive, the individuals are effectively not "lost” and the estima-

tion of g; does not need to be modifi ed.
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Table1.0 Lifetable: USmales (year 2000)

interval || population  deaths di d; l; L; T; €
0-1 1,949,017 15,612 | 0.0080 801 100,000 99,279 7,420,473 74.2
1-2 1,953,105 1,090 | 0.0006 55 99,199 99,168 7,321,194 73.8
2-3 1,938,990 746 | 0.0004 38 99,144 99,123 7,222,026 72.8
34 1,958,963 558 | 0.0003 28 99,106 99,092 7,122,903 71.9
4-5 2,010,658 430 | 0.0002 21 99,078 99,067 7,023,811 70.9
5-6 2,031,072 430 | 0.0002 21 99,056 99,046 6,924,744 69.9
6-7 2,058,217 380 | 0.0002 18 99,035 99,026 6,825,698 68.9
7-8 2,109,868 347 | 0.0002 16 99,017 99,009 6,726,672 67.9
8-9 2,137,829 349 | 0.0002 16 99,001 98,993 6,627,663 66.9
9-10 2,186,291 344 | 0.0002 16 98,985 98,977 6,528,670 65.0
10-11 2,191,244 390 | 0.0002 18 98,969 98,960 6,429,693 64.0
11-12 2,108,157 441 | 0.0002 21 098,952 98,941 6,330,733 63.0
12-13 2,087,228 462 | 0.0002 22 98,931 98,920 6,231,791 62.0
13-14 2,054,008 533 | 0.0003 26 98,909 98,896 6,132,871 62.0
14-15 2,078,560 725 | 0.0003 34 98,883 98,866 6,033,975 61.0
15-16 2,065,127 1,019 | 0.0005 49 98,849 98,824 5,935,109 60.0
16-17 2,048,582 1,493 | 0.0007 72 98,800 98,764 5,836,285 59.0
17-18 2,091,280 1,952 | 0.0009 92 098,728 98,682 5,737,521 58.1
18-19 2,087,853 2,440 | 0.0012 115 98,636 98,578 5,638,839 57.1
19-20 2,107,162 2,793 | 0.0013 131 98,521 98,456 5,540,260 56.2
20-21 2,071,220 2,812 | 0.0014 133 98,390 98,324 5,441,805 55.3
21-22 1,965,673 2,855 | 0.0015 143 98,257 98,185 5343481 544
22-23 1,921,549 2,649 | 0.0014 135 98,114 98,047 5,245,296 535
23-24 1,875,400 2,546 | 0.0014 133 97,979 97913 5,147,249 525
24-25 1,853,972 2512 | 0.0014 132 97,846 97,780 5,049,336 51.6
25-26 1,905,899 2,405 | 0.0013 123 97,714 97,652 4,951,557 50.7
26-27 1,832,383 2,349 | 0.0013 125 97,590 97,528 4,853,905 49.7
27-28 1,914,947 2,483 | 0.0013 126 97,465 97,402 4,756,377 48.8
28-29 2,010,807 2,561 | 0.0013 124 97,339 97,277 4,658,975 47.9
29-30 2,134,724 2,821 | 0.0013 128 97,215 97,151 4,561,697 46.0
30-31 2,174,238 2,765 | 0.0013 123 97,087 97,025 4,464546 45.0
31-32 2,019,782 2,889 | 0.0014 139 96,963 96,894 4,367,521 45.0
32-33 2,008,877 2,918 | 0.0015 141 96,825 96,755 4,270,627 44.1
33-34 2,018,017 3,166 | 0.0016 152 96,684 96,608 4,173,873 43.8
34-35 2,100,855 3,533 | 0.0017 162 96,533 96,452 4,077,264 42.2
35-36 2,265,621 3,861 | 0.0017 164 96,370 96,288 3,980,813 41.3
36-37 2,247,529 4247 | 0.0019 182 96,206 96,116 3,884,524 40.4
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Lifetablee USmales (year 2000)

interval || population  deaths di d; l; L, T; €
37-38 2,250,122 4,624 | 0.0021 197 96,025 95926 3,783,409 39.4
38-39 2,268,083 5,099 | 0.0022 215 95828 95720 3,692,482 385
39-40 2,287,341 5,393 | 0.0024 225 95612 95500 3,596,762 37.6
40-41 2,352,606 6,003 | 0.0025 243 95387 95266 3,501,262 36.7
41-42 2,213,034 6,292 | 0.0028 270 95,144 95,009 3,405,997 35.8
42-43 2,256,543 6,731 | 0.0030 283 94874 94,733 3,310,988 34.9
43-44 2,178,451 7,339 | 0.0034 318 94592 94432 3,216,255 34.0
44-45 2,128,468 7,680 | 0.0036 340 94,273 94,104 3,121,822 33.1
45-46 2,151,115 8,170 | 0.0038 356 93934 93,756 3,027,719 32.2
46-47 2,009,570 8,579 | 0.0043 399 93578 93378 2,933,963 31.3
47-48 1,976,128 9,016 | 0.0046 424 93,179 92,967 2,840,584 305
48-49 1,909,672 9,531 | 0.0050 462 92,755 92,524 2,747,617 29.6
49-50 1,843,021 9,825 | 0.0053 491 92,293 92,048 2,655,093 28.8
50-51 1,871,638 10,256 | 0.0055 502 91,802 91,552 2,563,046 27.9
51-52 1,769,463 10,614 | 0.0060 546 91,301 91,028 2,471,494 27.1
52-53 1,815,785 11,488 | 0.0063 572 90,755 90,469 2,380,466 26.2
53-54 1,778,423 12,364 | 0.0069 625 90,182 89,870 2,289,998 25.5
54-55 1,372,415 10,555 | 0.0077 686 89,558 89,215 2,200,128 24.6
55-56 1,386,859 11,498 | 0.0083 734 88871 88505 2,110,913 237
56-57 1,375,187 12,334 | 0.0089 787 88,138 87,744 2,022,408 22.0
57-58 1,384,196 13,597 | 0.0098 854 87,351 86,924 1,934,664 22.1
58-59 1,222,709 13,356 | 0.0109 940 86,497 86,027 1,847,740 214
59-60 1,139,778 13,640 | 0.0119 1,018 85557 85048 1,761,713 20.6
60-61 1,111,560 14,152 | 0.0127 1,070 84,539 84,005 1,676,665 19.8
61-62 1,061,679 14,657 | 0.0137 1,144 83470 82,898 1592661 19.1
62-63 1,033,865 15,832 | 0.0152 1,251 82,325 81,700 1,509,763 18.3
63-64 971,203 16,511 | 0.0169 1,367 81,074 80,391 1,428,063 17.6
64-65 958,320 17,744 | 0.0183 1,462 79,708 78,976 1,347,672 16.9
65-66 950,651 18,614 | 0.0194 1517 78,245 77,487 1,268,696 16.2
66-67 864,156 18,960 | 0.0217 1,665 76,728 75,896 1,191,209 155
67-68 874,079 20,658 | 0.0234 1,753 75,063 74,186 1,115313 14.7
68-69 856,145 22,082 | 0.0255 1,867 73,310 72,376 1,041,127 14.2
69-70 855,331 23,621 | 0.0272 1,946 71,443 70,470 968,751 13.6
70-71 844517 25,690 | 0.0300 2,082 69,497 68,456 898,281 129
71-72 798,517 27,007 | 0.0333 2,242 67,414 66,293 829,826 12.3
72-73 791,164 29,167 | 0.0362 2,359 65,172 63,993 763,532 11.7
73-74 751,433 30,297 | 0.0395 2,483 62,813 61,572 699,540 11.1
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Lifetablee USmales (year 2000)

interval || population  deaths di d; l; L, T; €
74-75 717,281 31,312 | 0.0427 2577 60,331 59,042 637,968 10.6
75-76 695,865 32,971 | 0.0463 2,673 57,753 56,417 578,926 10.1
76-77 647,773 33,727 | 0.0507 2,795 55,080 53,683 522,509 9.5
77-78 599,742 34,530 | 0.0560 2926 52285 50,822 468,827 8.0
78-79 579,368 35,746 | 0.0599 2,954 49,359 47,882 418,005 8.5
79-80 512,708 36,353 | 0.0685 3,178 46,405 44,816 370,123 7.0
80-81 467,013 35,604 | 0.0734 3,175 43227 41,640 325,307 75
81-82 406,546 33,516 | 0.0792 3,171 40,053 38,467 283,667 71
82-83 364,815 34,053 | 0.0892 3,289 36,881 35,237 245,200 6.6
83-84 317,289 32,350 | 0.0970 3,259 33592 31,963 209,964 6.3
84-85 279,234 31,369 | 0.1064 3,226 30,333 28,720 178,001 5.9
85-86 244,874 30,401 | 0.1169 3,169 27,107 25,523 149,281 55
86-87 204,981 28,512 | 0.1301 3,113 23,938 22,382 123,758 5.2
87-88 173,520 26,109 | 0.1399 2914 20,825 19,368 101,376 4.9
88-89 139,395 23,161 | 0.1534 2,748 17911 16,537 82,008 4.6
89-90 113,731 20,694 | 0.1668 2529 15163 13,899 65,471 4.3
90" 350,497 85,865 | 1.0000 12,634 12,634 51,572 51,572 4.1
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Statistical Tools: a smoothing technique

Most smoothing techniques are variations on a single principle. A sequence of n
values {X;, Xy, -*+, X} is made smooth by increasing the similarity of neighboring val-
ues. There are many ways of making values similar and many of ways of defining neigh-
borhood. The following describes one smoothing technique among a large number of
choices that is a simple and effective approach.

The first step (called median moving average) consists of choosing a value, the next
smallest and the next largest neighbors; then, replacing the chosen value with the median
of these three values. In symbols,

stepl: x; = median(Xi_y, Xi, Xi+1) fori=23,--,n-1

This median moving average removes extreme values replacing them with locally similar
values. However, the process tends to produce sequences of identical values (level spots
on a plot) and has no impact when the sequence is strictly increasing.

A second step consists of a mean moving average. In this case, the moving average
is a weighted sum of three consecutive values. Each already smoothed value (x;) is
replaced by a moving average of the three consecutive values (X;_;, X;, X,;). In symbols,

step 2 x; =0.25x_, +0.50x; +0.25x;,, fori=23--,n-1

The moving average removes "flat" sequences and smooths sequences of increasing val-
ues. The first and last values are not changed by these two moving averages. Using the
twice smoothed sequence to predict these two end values yields

X =2%X — %3 and X, =2X;q — Xp.

The following table shows this two step smoothing technique applied to the eight
hazard rates in Table 5.0 and Figure 7.0.

t | 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0

X = h(t;) 0.056 0.077 0.195 0.207 0.211 0.308 0.000 0.400
step1(x;) | 0.058 0.077 0195 0207 0211 0211 0211 0.400
step2 (x)) | 0.040 0.101 0.163 0.192 0.204 0220 0.260 0.300




