LECTURE 9

General Survival Model: nonparametric

Introduction

When the underlying statistical structure of a sampled population is not accurately
described by a postulated probability digttibn or is simply unknen, a parametric
model is not a feasible analytic approa@&tatistician Daid Cox has preided an alterna-
tive gpproach to an analysis of surdidata based on a fully deEned parametric model.
He developed a method to estimate the ineuence of tki@anatory ariables that does

not require a parametric baseline hazard function to be speciEed.

The surwa model remains the same as the parametric case where

hi(t) = ho(t) X ¢; = hg(t)eZ "™

Again the hazard functions are required to be proportiddalvever, the components of
the constant; are estimated without further assumptions about the baseline hazard func-
tion hy(t). TheCox approach is said to be "ti" because it arks well in a wide ari-

ety of situations.



As noted, the estimation process is not assumption-fteemains required that
the compared hazard functions be proportioda.will be described, the application of a
the Cox semiparametric approacheldd model based analyses, requires an assessment
of the goodness-of-®tln other words, a ky mwmponent to the analysis remains the
answer to the questiorAre the relationships within the sampled data accurately repre-

sent by proportional hazard functions?

Obviously, not all survial data produce hazard functions that are proportional.
Two commonly encountered situations that are neflyjikko produce proportional hazard

functions are displayed in Figures 1.0 and 2.0.

For critically ill patients such as those who need agaotransplant tw choices
frequently arise, a high risk gjical procedure or usual theyapThe hazard function for
the transplant patientsould increase initially because of the high risk of thgeryr fol-
lowed by relatrely constant risk.The usual-care patientowld likely be described by a
steadily increasing riskver time (continually increasing hazard rat@e ratio of these

two hazard functions is not Ity to be constant (Figure 1.0).

To evaluate a ne/ treatment, a clinical trial starts with randomly assigning patients
to two groups. Oneayroup recaies a teatment and the other sesvas a controlAt the
beginning of the trial both groups Y& smilar risks because of the original randomiza-
tion. However, as the nev treatment becomesfettive, the group receing the treatment
will experience a hazard rate that increases ateslate. Again, a direct application of

a proportional hazards modelowld not describe accurately the risk/suarrelationship



Figure 1.0 Hypothetical example of two nonproportional hazard functions -- differ-
ent rates of increasing risk
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(Figure 2.0).

Figure 2.0 Hypothetical example of two nonproportional hazard functionswith the
samerisk at the beginning of atrial (time=0)
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Cox estimation for proportional hazards moddiso-sample case

The two-sample survial model pravides a simple illustration of the estimation and

interpretation of a Cox semiparametric proceduree surwa model is

he(t) = ho(t) x ¢ = ho(t) x €.

where, as before, the symidolrepresents a binanaxiable (coded 0 or 1) indicting tw
sources of survel data. Animportant diference from a parametric analysisvient in
this version of a hazard moderhe preiously included intercept ternig) is not present
(Lecture 7). The lack of an intercept term is a property of the Cox approach to propor
tional hazard models in generdJsing a process callgghrtial likelihood estimationthe
single coe®cientb and its \ariance is estimated forwtwo proportional hazard func-

tions.

The AIDS surwal data classi®ed into nonsmeis and smakrs 1 = 23 African-
Americans -- Lecture 2) and analyzed under the assumption that the baseline hazard rate
ho(t) is a Weibull function gives an estimate of the model parameteof 6= 0.759 (esti-
mated standard error = 0.559he same parameter can be estimated without specifying
the baseline hazard functioithe Cox partial liklihood estimate df is 5 = 0.823 (esti-
mated standard error = 0.59Ithough the partial liklihood estimation is nonparamet-
ric, it is maximum lilkelihood. Themechanics of estimation and theleation of infer
ences are essentially the same as otlgeession models (forxample, linearlogistic

and Poisson modelsps before, the estimat&has an approximate normal distriton



as long as the sample size is moderatetyelanaking it possible to assess directly the
impact of sampling ariation with the usual statistical tools (tests and con®dence inter

vals). Thusthe Wald test statistic

0h-of .e3-00
XGad = O s:.0° 0o 0 =(1.390% =1. 83
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has an approximate chi-square disttibn with one dgree of freedom whehy(t) = hy(t)
or b =0. The associateg-value P(X? = 1. B3|b = 0) = 0164 yields no persuas evi-
dence of an important dgrence in survia times between nonsmekand smoérs. This
result is similar to the pvious parametric basedaMull analysis £ = (1. £5¥ = 2.030.

and p-value = 0.154) bt does not require the form of the hazard function to be speci®ed.

Again, entirely parallel to the prmus likelihood approach, the égrence in partial
log-likelihood \alues calculated from each ofdwested models (multiplied by -2) pro-
duces a test statistic with an approximate chi-square distnbwhen only random dif-
ferences ®st between the models compared (LectureMy.the two-sample comparison

of the nonsmodrs and the smeks, the diierence in partial log-liglihood \alues

X elinood = = 2 (109[ Lp=o] — 10g[Lo]) = —2(-37.517 — [-38 422)) =1. 809

has an approximate chi-square digttibn with one dgree of freedomThe probability
that this diference arose by chance along+galue = 0.179.As previously noted, these
two gpproaches (\Ald and lilkelihood statistics) almostvadys yield similar results, par

ticularly for laige samples of data from both groups.



A log-rank test (Lecture 7) addresses the same quefiothe surwal times of
nonsmolers difer from smolers? Thidest also does not require assumptions about the
exact nature of the underlying hazard functiomfe statistical summaries from the

African-American AIDS data are (repeated from Lecture 7):
(1) 2 a =5 - the total deaths among sneog,

2 > 61\, = 2.894 -- the total deaths among srakestimated as if smoking is entirely

unrelated to surval and
(3) > v; =2.166 -- the ariance of the summary statishca;.

The chi-square test statistic is

_(Ta-3 AP_(G-2847 _
Xiog-rank = variancdY a;)  2.166 =208

All three approaches g smilar results gz = 1.93, Xfieiinood = 1.81 andXfg-rank =

2.05).

The log-rank test is a special case of comparing part&iHikod \alues calculated
from the twp-sample proportional hazards mod&hat is, these tavseemly diferent
approaches are algebraically identical when all sampledvaliivnes difer ("no ties").
Rigorous demonstration of thgaet equality of these twprocedures imolves a slightly

different likelihood procedure anxists elsahere.



The fact that the log-rank test is a special case of thesmample Cox approach
gives a hnt of the underlying process that produces the estifiatéthout specifying the
form of the hazard functionThe log-rank test produces a measure of association
between a riskaictor and surval within each of a sequence of strata where each stratum
is based on a completed swalitime, namelya;, — é\, The test statistiX? combines
these stratum-speci®c measures producingvaralh single summary reeecting the
risk/survival association. Nassumptions are made about the sampled populatioapte
that the censoring is randonihe estimation of the ca@tientb is the same in principle
for the Cox approach to the proportional hazards mdéaleach stratum, agn based
on completed survél times, an estimate the paramdies made. These stratum-speci®c
estimates of the risk/suma association are also combined producing eerall sum-
mary, namely 'Y And, like the log-rank procedure, theavall estimate is not ineuenced
by survva time and is not biased by incomplete information from randomly censored

obsenations.
The estimateb resects the same hazard ratio at all swahiimes as long as the

compared hazard functions are proportiondius, for the estimatd = 0.823, the

hazard ratio= A=eP =" =2 78 o 12 278=0.489

estimates this constant ratio.

A property of the Cox estimation processvalent from the tw-sample smoking

data. Théhazard ratio is readily estimatedtpunlike the Weibull and exponential



models, estimates of the components of the ratio arevatdalde. For example, under

the assumption of a sampleceMuill distribution, the estimated scale and shape parame-
ters from the smoking data are nonsersk 6~\0 =0.00678, smoérs: 5\1 =0.0145 anddy =
1.421. Furthermorehe estimated hazard ratiotis = €™ = 2.136 whereA/ A, =
0.0145/0.00678 = 2.136The lack of similar estimates of the components of the hazard

ratio is clearly a cost incurred by the Cox partiatliilkood approach.

As with the preiously estimated model ca@tients, an approximate 95% con®-

dence interal is

A +1.%60Sj, = 0. 823+ 1. %60(0.592)

yielding the con®dence inteal/(-0.337, 1.984). The approximate 95% con®dence inter
val for the hazard ratiois, as beforge ®3¥, %4 = (0.714, 7.273) where the estimdke
is 283 = 2.278. Asexpected, the con®dence intahis consistent with the prisus
assessments of the in uence of randariation on the estimated c@fient A. The
valueb =0 (c = 1) is contained in the 95% con®dence in@tvFor the estimated hazard

ratio 1/& = 0.439, the approximate 95% con®dence iraeis (1/7.273, 1/0.714) = (0.137,

1.401).

The two-sample model is readilkeended. Theddition of a secondkplanatory

variable (denoteck) produces a beriate hazard model where

hi(t]F, %;) = ho(t)ehF * P = %),



Continuing the SFMHS AIDS analysis of smoking risk, for the white study participants
(n =72, age< 35), a binaryCD4-variable is de®ned as "normal " whé4 > 700 F =
0) and "lav" whenCD4 < 700 (F = 1). In addition, the study subjestage is included in

the model as reported;(= age). Thespeci®c proportional hazards model becomes

hl(tl F1 ag@ = ho(t)eblF + b2(agq _@.

The "centered" ariable @ge — age produces a useful interpretation of the baseline haz-
ard function. The baseline hazard functibig(t) re ects risk for "normalCD4-level
individuals F = 0) who are serage agedge= 28.583). Insymbols,

h,(t|F = 0,age = age = hy(t). Occasionall}computational acantagesast to center

ing the \ariables in a proportional hazards sua/model. Usingcentered &riables in an
additive nodel changes the estimatemlues it does not &éct the statistical analysis
(tests orp-values or inferencesHowever, for nonadditre nodels, “"centered"ariables

affect the statistical inferences introducing an element of suajgadnto the analysis.

Three hazard models important kpéoring the relationships @D4-counts and

age to surwial are:

interaction model: hi(t|F, age) = hy(t)e™ * b(39¢ ~ag9 + bsF x (age ~ag9

additve nodel: hi(t|F, age) = h(t)e™F * 308 ~309  gng

two-sample model: hy(t| F, age) = ho(t)e™.
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The partial lilelihood approach yields estimates of the ®oefnts for these three nested
models (Bble 1.0) and, to repeat, no parametric assumptions bffbuére necessary
Table 1.0 Estimated coefficients from the SFMHS data (n = 72 and age < 35) for

three Cox estimated proportional hazards models (estimated standard errors in
parentheses)

coefdcients|| interactioomodel additve nodel two-sample model

b, -0.904 (0.335) -0.898 (0.335) -0.873 (0.334)

b, -0.021 (0.037) -0.026 (0.035) -

bs 0.072 (0.075) - -
likelihood 158.827 159.301 159.559

The models include theaviableagebecause the groups compared ("normal- v
sus "lav" CD4-counts) hee dfferent age distriltions (mean ageg, = 29.000 --"low"
and mean agg = 28.032 -- "normal") that possibly in uence the comparison ofwalrvi
times from the tw CD4-groups. Speci®caljyan important question becomeBoes the
association between suval time and "lav/normal”CD4-counts difer depending on age

of the indviduals compared?

A description of the in uence of an intlual's age on theCD4/survval relation-
ship comes from estimating the hazard ratio foeise selected ages dible 2.0) based on
the interaction modelThe epression for the hazard ratio comparing the levds of

CD4-exposure is

A= N(tIF=1,a0e=a)_ 4 . Ay age
hi(t|F =0, age= a) '

As expected, anx@ression devied from the interaction model shs that the risk
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associated with the bina@D4-count \ariable depends on the age of theviuiial con-
sidered. Qrthe in uence of the bina@D4-variable is independent of age only Wh@@

=0.

Table2.0 Three hazard ratios calculated from the interaction model for selected
ages 25, 30 and 35 years (CD4 < 700 ver sus CD4 = 700)

‘ age=25 age=30 age35

hazard ratiomr)‘ 0.313 0.448 0.641

The model co@cient ;bg formally measures the magnitude of tu# x ageinter-
action. Asbefore, seeral ways «ist to statistically assess the in uence of samplarg v
ation on this estimate (&ldl's test, a liklihood comparison or a con®dence ingry
Lecture 7). The likelihood comparison is the most geneifady the comparison of the

interaction modellg; # 0) to the additie nodel (p; = 0), the chi-square test statistic is

X2 = = 2(10g[ L p,=0] — 10g[Lpz0]) = —2(-159301 — [-158. 87]) = 0. %49

A p-value of P(X? = 0. 49 |b; = 0) = 0330 indicates that the simpler adeitinodel

does not remarkably dér from the interaction modeFrom another perspeet a p-

value of 0.330 indicates that chance is a plausixgamation of the obseed diferences
among the hazards ratios {(flbversus "normal") estimated for each of the three ages 25,
30 and 35 years @ble 2.0). These results suggest that a single estimated hazard ratio

-0.98 _

(for example,hr =€ 0.407) is likely an accurate summary of risk.
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An additve nodel (b; = 0) provides considerable simpli®cation in interpretation by
separating the in uence on the hazard rate dEBvevariable from the in uence of age.
The coe®cientb;, measures the in uence of 8®4-count rgardless of the study sub-
ject's age andb, measures the in uence of aggaedless of the study subjest'

CD4-count. Then uence of eachariable is assessed "adjusted" for the independent

in uence of the otherThe in uence of samplingaviation is @auated as usual.

The comparison of the partial ékhood \alues calculated from the aduéimodel
(b, # 0) and the nested twsample modelk, = 0) re ects the importance of age in the

description of the hazard rateghe speci®c chi-square test statistic

X2 = - 2(1og[ Ly, -] — l0g[Lp,zo]) = - 2(-159559 ~ [-159 301]) = 0. 55

produces the-value of 0.473.An individual's age does not appear to be an important
factor in the comparison (nwielence of a systematicfett). Thereforeage is not only
independent o€D4-risk (no interaction -b; = 0), it has no important in uence on the
surviva times p, = 0). Unlike the in uence of age, the binary measur€o#f-risk has

a drong and ngative asociation with the hazard rate (hazard ratio = 0.407pavalue =
0.008 in the addie nodel and hazard ratio = 0.418 apdialue = 0.009 in the te¢rsam-
ple model). The similarity of the tw estimated hazard ratios is thepected because of

the lack of in uence of a study subjeaye. Theg would be identical if;bz =0.

The term confounding means the confusing, or mixing of tleetsfthat in uence

an outcome such as the swalitime. Whenan additve nodel contains seral variables,
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issues arise concerning the in uence of one or more of tagables on anotheiavi-
able's relationship to the measure of outconintangling these confounding in uences
is a goal of statistical models in gener@ne of the important properties an additi
model is that the dgee of confounding associated with a speci@table or ariables is

simply de®ned and determined.

Before discussing confounding in the contef a surwal model, it is useful to
describe the simplest cas€onsider agin the comparison of mgroups (codedr = 0 or
1) and a secondaviable (denoted -- a continuous ariable) that may in uence the com-
parison of the tw groups. Atwo-sample linear model represented by
y = by + by F + byx illustrates the primary issue&or example, cholesterol \els (y)
may differ because of the presence or absence of aadsbrff); however, the level of
socio-economic status € personal income) may also f#if between the compared
groups interfering with a clear interpretation of the resktdr's in uence on the obserd
differences in cholesteroMds. A general measure of thegtee of in uence on the
risk/outcome relationship (confounding) consists of comparimgatiditive nodels, a
model with the potential confoundingnable &) included and the same model with the
variable excluded. Interms of the tw-sample case, the modek by + bjF + by X is
compared to the modgl= by + b;F. The in uence ofariablex on the relationship
between the binaryaviableF and the outcomg is directly measured by the change in
the estimates of the c&dientb;. Speci®cally the change iszl - ;bl where ;Bl represents
the estimate dlf; from the model with theariablex excluded andeL represents the esti-

mate ofb; from the model with theariablex included. Thevariable x does not heae an
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important confounding in uence wheﬁl - 'Zfsl is small and inconsequentiaDtherwise,

the \ariablex in uences the comparison between groups and theaxable model
compensates for this in uencéhe estimated co@tient ;bl is then said to be "adjusted

for the in uence ok." Thequotes are a reminder that the adjustment depends on a spe-

ci®c additve and, in this case, linear model.

For this two-sample linear model, the confounding in uence isf;bzo‘(l — Xo) Or

B - By = By(- %)

wherexX, is the estimated meambhe of the ariablex in one group f = 0) and X, is the
estimated meanalue in the other groug-(= 1). Thetwo basic features necessary for a
variable to be a confounder aréident: thesample meanalues must diér between
groups Ko # %1) and the \ariablex must be directly related lyJ(;bz #0). Inother words,
the comparison of the twgroups is not balanced for thanablex and the ariablex is

independently related to the outcome

The situation is entirely parallel for a proportional hazards motted two-sample

hazard function model including a potential confoundiagablex (repeated) is

hi(t|F, x) = hg(t)e™F * Pl =%

and the dgree of confounding is approximate@z & — Xo) and does not diér in inter
pretation from the linear model casé/hen 1%2 OrX; — Xg IS near zero, NO reasoriEs

to include the ariablex in the model to "adjust” the caientb,. Corversely, when
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both %, # X, and 7?32 # 0 producing a lage \alue of /%;q - Xg), the \ariablex in"'uences

the comparison and usefully contrtbs to the model.

A comparison of survil times between groups with "high" andwibCD4-counts
from the SFMHS data illustrates the estimation and the interpretation of a confounding
in uence. Theuestion becomeddoes an indiidual's aye in uence the comparison of
the surwal times of these targroups of menrfy = 41 men withCD4 < 700 andn; = 31
menCD4 > 700)? Wherage is included in the model, the estimated mGdel-coef®-
cientb is 7?31 = 0.898. Wherage is &cluded from consideration, the estimate of the
CD4-coefcientb; (denoted;Bl) becomesiBl = 0.873. Theconfounding in uence asso-
ciated with age causes thefel'rbnce;Bl - ;b_L = 0.873 (0.898) = 0.025. The approxi-

mate \alue is D608 - age) = 0.026(28.032 29.000) = 0.025.

Another measure of the gieee of confounder bias associated with a spec#®e v

able is the percent change in the estimatedrznents. Speci®cally

A

% change=100x

The percent change is unitless sce i percentages,alues are comparablegaedless

of the original measurement unitSor the example, the percentage change in the
CD4/surviva model coe®cient associated with age is 1900.873 0.898)/0.898 =
2.8%. Althoughno de®nitve rles «ist, a \alue in the neighborhood of 3% certainly
appears smallSeveral authors suggest that confounder bias is not an important issue

unless more than a 10% to 20% changste in the estimated c@@ients.
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An important issue remaingiow is the dgree of confounder bias assessé&r3t,
it is important to note that the magnitude of confounding bias depends on both the choice
of measurement scale and measurement uhitsrefore, assessment of confounding
takes on a subjeste character because typically no concrete reasrisste choose a
particular scale or units=or the CD4 example, the logrithms of the hazard functions are
comparedlf;-values). Adifferent magnitude of confounding erges, if the confounding
is measured in terms of the change in the ratio of hazard funatfonalues). And
again, Nno persuage reason gists to choose one scaleepanother Similarly, when sur
vival time is measured in days rather months, the measugeededef confounding also

changes.

Not accounting for age, for theample data, increases the estimate of theReoef
cientb; by 0.025. Whether such a bias is due to randamnation or a systematicfett
is not a particularly important questioiithe bias (the diérence) is a property of the col-
lected data and a choice has to be made to either includelode the confoundingavi-
able in the present analysihis choice is primarily a subject matter decision and other

than estimating the magnitude of the bias further statistical analysis is not much help.

Creating a binaryariable from a morextensve variable, such as making a binary
CD4-variable from the originaCD4-counts, rarely impnges the analysis.Two issues
arise. Firstthere is a loss of statisticalywer. The loss of paver (increasedariability of
the estimatedalues) comes from thaifure to e®ciently use the collected data vari-
able entered directly into the model as reportedsadantage of all informationvail-

able. Measureih terms of sample size, a continuoasiable can be 40% moreRafient
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when compared to a binargwvable. Thats, a sample of 60 continuous obsdions

achieves gpproximately the same statisticahvper as a sample of 100 binary obsgions.

A second and more important issue is bidike results of an analysis frequently
depend on the ay a binary ariable is de®nedDifferent de®nitions lead to dérent
analytic results introducing a typically uanted subjectity in the assessment and inter
pretation of the in uences of arpéanatory \ariable. hble 3.0 illustrates this in uence
on the coe®cients ofb, andb; from the additre and interaction models éble 1.0)
where three de®nitions of ' CD4-levels are usedThe results dfer, sometimes con-
siderably depending on the de®nition of Wd CD4-counts. Classi®catioof a continu-
ous \ariable into more than tvcategories induces a similar gese of bias.However, as
the number of cagwries increases, the bias substantially decreases.

Table 3.0 Estimated coefficients from the SFMHS interaction and additive CD4/age
models for three definitions of low/normal CD4-counts (p-values in parentheses).

de®nitions | interactiomodels (7?33) additive nodels (;bz)

CD4 < 900 0093 (0.350) 0.016 (0.630)
CD4 < 700 0072 (0.340) 0.026 (0.470)
CD4 < 500 0.233 (0.003) 0.055 (0.012)
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Cox estimation for proportional hazards modeads/ariable case

Once agin, thek-variable proportional hazards swalimodel is

hi(t] X1, Xizs -+, Xi) = ho(t) X ¢ = hg(t) x e P,

The Cox approach empls the same general form as the parametric hazard model (Lec-
ture 8) lut differs in the estimation procedurAs in the tvo-sample case, the c@afients

b; are estimated without speci®c information or assumptions about the baseline hazard
functionhy(t) while adjusting the estimates for the in uence of incomplete information

from censored obseations.

The previously analyzed HI\positive gudy subjects measured {GD4-counts,

bo-microgollulin levels and age along with the addéinodel

hi(t] cd4, beta age) = hy(t) x ¢; = hg(t) x (4 ~cd4) +bu(b; = £) + bs(age - a0y

illustrate the partial liklihood estimation of the model c@fients. D repeat, the addi-
tive model does not necessarily describe the hazardysbireiationships and the hazard
function are not necessarily proportiondhe assessment (goodness-of-®t) of the addi-

tivity and proportionality are, asvedys, a critically important part of the analysis.

A good place to start a suvel analysis is the comparison of models including
interaction terms to models with selected interaction terms deleted (additiences?).
The diference, for gample in partial liklihood \alues, indicates the in uence of the

deleted termsFor the HIV/AIDS data, the model containing three pairwise interaction
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terms is
h;(t| cd4, betg age = hy(t) % ¢;
where the constant of proportionalityequals

ghi(cd4; - Cd4) + by(b; = b) + by(agg ~ agY + by(cd4 — cdd)(b; — b) + bg(cd4 ~ cdd)age —age + be(s; ~ b)(age - ATY.

Table 4.0 displays the partial Bkhood estimates of the si-coefRcients necessary to
describe the postulated model applied torthe72 HIV-positive gudy subjects who are
less than 36 years-old.

Table 4.0 Estimated coeffi cients based on the Cox proportional hazards model con-
taining threeinteraction termsfor the SFMHS data (n = 72, age< 35)

~

terms coe®cients A j Sk,  p-values
CD4 by 0.0049 0.0073 --
b b, 0.5566 1.5611 --
age ) 0.1454  0.2259 --
CD4 x b by 0.0009 0.0001 0.311
CD4 x age e} 0.0002  0.0002 0.466
b x age o) 0.0123 0.0474 0.795

The three estimated "interaction" c®efents ("%4, ;bS and ;bs) give no indication of
an important pairwise dependence among the tixgareatory ariables p-values:
0.311, 0.466 and 0.795However, ad-hoc comparisons of geral estimated co@fcients
is not the best assessment of interaction in uences among the awaldeg. Thehree
p-values in Bble 4.0 certainly re ect the éik/ presence/absence of interactionsdset

of estimated co&icients does not lend itself to rigorous inferences or easy interpretations.
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The difdculty of a one-at-a-time interpretation of the in uences wdraemodel
estimated co@cients in a nonaddite nodel arises from the property that ttedue of
each estimated ca@€ient depends on the othariables in the modelFor the three
interaction coe®cients, a tempting interpretation is that these itweractions are unim-
portant because estimatéﬁ, and ;b5 are not signi®cant, Heever, if these terms are elimi-
nated from the model, the estimfdsg takes on a considerably tBfent \alue primarily

because all three estimated @aknts are correlatedT‘ﬁ(G =0.012 becomes 0.003).

The comparison of lélihood \alues, hwever, yields a straight-forard test statis-
tic and follavs the usual patternThe chi-square test statistic measuring the simultaneous

in uences of the three interaction terms is

X?=-2 (log[L agditivel — 109[ Linteractionl) = —2[-152355 — (-13L. B0)] = 2.151.

The likelihood ratioX? value has an approximate chi-square disiitn with three
degrees of freedom (three deleted parameters) when only randeneiddes xist
between the interaction and the additimodels. Theadditve nodel appears to be an
adequate and, asnays, a simpler representation of the relationships with the sampled
data (p-value =P(X? > 2.151 |b, = bs = bg = 0) = 0542). Estimatesf the additie
model coe®cients are presented imfdle 5.0.

The additve nodel produces strongieence that th€D4-counts and the
B>-microgolhulin levels systematically in uence suvel measured by a proportional

hazard rates while the age of the study participawslessentially nowdence of an
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Table 5.0 Estimated coeffi cientsfor the additive Cox estimated proportional haz-
ardsmodel HIV/AIDS data (n = 72, age< 35)

variables coe®cients A j Sp,  p-values
CD4-counts b, 0.003 0.001 <0.001
p-levels b, 0.366 0.162 0.024
age e} 0.017 0.037 0.650

effect (CD4-counts: p-value < 0.0014-levels: p-value = 0.024 and agep-value =

0.650). Statisticallgommensurate measure‘gj085j) of the in uence of these threarit

ables are:

~ -0. 0283

B.,=—————=-3.48
¢4 ™0, 0083 ’

~  0.%6

B, =———=2260 ad
$ 70162 @

~ -0.a7

B, .=——— =-0.49
a%®  0.m7

Comparisons among standardized @uaénts (;Bi -values) indicate once am the relatie
roles of the gplanatory wariables in predicting the time between a diagnosis of HIV and a
diagnosis of AIDS.These results are similar to the analysis based on the assumption that

the surwal times are a random sample froneMull distributions (Lecture 8).

The interpretation of the estimates and their assoc@atedues from a Cox esti-
mated additie nodel is not diferent from additrte nodels in generalThis property and
the property that the Cox estimation does not require detailed assumptions/iedgeo

about the baseline hazard function are the major reasons this approach is widely used.
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There is, hwever, a @st.

When a parametric model is "correct,” the model parameters are typically esti-
mated with greater @ciengy (smaller \ariances). Considéne comparison of ta
groups to get some idea of the relaté® ciengy of the Weibull and Cox estimation
approaches. Thevo-sample case based on theilll survival distribution shavs that,
as &pected, the \Wibull parametric estimation is more®#ient (lover variance). The
difference depends primarily on theeMll shape parameterand increases as
increases. dble 6.0 shws the ratio of theariances of the estimateddavsample rgres-
sion model coé@cients for \alues ofy one through ®g where the rate ratig;/ 1, is two
and four

Table 6.0 A comparison of the Weibull and Cox estimatesin terms of the variances
for the two sample comparison

variancerati(*)‘yzl y=2 y=3 y=4 y=5

Myl Ao =2 10 12 15 20 25
Ml =4 09 15 26 38 60

variancg %COX)

* =ratio = -
variance "bweibun)

In the range usually encountered in the study of mortality or disease, litleedde

exists in estimation precision.

Table 7.0 shws, not surprisinglylittle difference between the estimated standard

errors from the \ibull and Cox models applied to the HIV/AIDS da# € 1.309 --
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Lecture 8).

Table 7.0 Comparison of the estimated standard errorsfor the Weibull and Cox
proportional hazards models (SFMHS data -- n = 72 for age< 35).

WEIBULL COX
A i Sk,  p-value A j Sp,  p-value
CD4-counts| 0.003 0.001 0.006 | 0.003 0.001 <0.001
p-levels 0.347 0.157 0.092| 0.366 0.162  0.024
age 0.023 0.037 0.789 | 0.017 0.037  0.650

As might be gpected, without a parametric model the estimation of the hazard and
surviva functions is not straight-foravd. For the Weibull and &ponential surwia mod-
els, these estimates are accomplished using the estimat@gieoés in conjunction with
the postulated parametric model producing direct estimates of the baseline hazard and
survival functions. Estimatesithout a parametric model are not as simflbe essence
of the process is similar to the the product-limit estimatiomns assumed that the sur
vival function is constant between swalitimes making it possible to estimate this con-
stant alue for each complete obsation. Aswith the product-limit estimate, these con-
stant and conditional estimates are combined to produce an estimated sunztion.
Although simple in principle, the details produce a comptpiation and the solution is
best left to a computer prograrhlowever, for the two-sample model when the surali
times are unique (no ties), approximate estimates are possible and indicate the pattern of

the more complicated situations.

Using a@in the smoking/surval data for the SFMHS African-American study

subjects (Lecture 2), the computer estimate and the approximation of thelsurvi
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function illustrate the estimation procedsble 8.0 contains thexact and approximate
estimated survel functions. Figur&.0 displays the estimated baseline stahfiunction
@‘D(t) for nonsmokrs and the estimated swaifunction @ﬁ(t) for smolers.

Table 8.0 Estimated survival functions based on SFMHS data (African-Americans,
n=23and d =17)

time atrisk | &A1)  An”  Ar)™

1 23 0960 0.957 0.912
4 21 0920 0.938 0.826
5 2 0878 0.892 0.743
8 19 0836 0.872 0.664
13 17 0.790 0.822 0.585
14 16 0.745 0.772 0.512
15 15 0.701 0.722 0.445
16 14 0.657 0.672 0.383

18 13 0.613 0.650 0.328
22 11 0.560 0.594 0.260

23 10 0.507 0.568 0.213
25 9 0.449 0.541 0.162
29 6 0.365 0.458 0.101
30 5 0.285 0.375 0.057
31 4 0.209 0.292 0.028
37 3 0.138 0.209 0.011
80 1 0.040 0.077 0.001

* = exact -- smokr, ** = approximate -- smalr and  *** =[ &(t)]2Z8 -- nonsmoker

An approximate surval function is estimated using thepeession

Ayt =M e™ =a ——;) and N; =ne?

wheren; is the number of indliduals in theé'" risk setand = 1, 2, ---, d = number of
completed survil times. Theguantity represented b% Is the estimated coBtient asso-

ciated with the group indicatoaxiable §) in the two-sample modelNote that forb =
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Figure 3.0 Estimates of the survival functionsfor n = 23 nonsmoking and smoking
SFMHS African-American study subjects

1.0

0.8
|

smokers

0.4

survival probability

% 4 nonsmokers .

0, the approximate sumal function reduces to the product-limit estimated sav¥unc-
tion (Lecture 2).0Once a baseline sumd function is estimated, sukal functions asso-

ciated with selected Vels of the eplanatory wariables follev the expected pattern where

again
A % B
/S(t | Xi1, Xi2o® ", Xig) = D'%o(t)mexp(z JXJ).
O 0
In addition, the ®pression forﬁa(t) shows that proportional hazard functions dic-

tate that surwia functions do not to cross his fact seres to galuate the alidity of the

assumption of proportionalityThus, a plot of the product-moment estimated salvi
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functions preides a preliminary visualMeluation of proportionality bt certainly not a
conclusve me. Randonvariation can cause sumal functions to cross when the hazard
functions are proportional and randoariation can cause suval functions not cross

when the hazard functions are not proportional.

Using the tvo sample model and datadle 8.0), the estimated suwaifunction

for smolers F =1 and A= 0.823) is
~ _ v _ O Dexp(fb) _ e 278
BIF=1=%07 =507 -

For example fort = 15 months, &(t) = &,(15 = 0.701 yielding&,(t) = A,(15) = (0. 70122

=0.445.

Three issues need to begt in mind when estimating and interpreting a s@tvi
function. Theestimated baseline suwval function is generated from a speci®c model and
if the model does not represent the relationships within the data, theakcuvves are
not much useSurvival functions desied from the baselinealues require that the hazard
functions be proportional which is an assumption and natta fAlso,functions of base-
line estimates are frequentlyteapolated bgond the limits of the data (a poor idea under
most circumstances)or example, the baseline suval function (Figure 3.0) is based on
17 nonsmotrs with surwal times ranging form 1 to 80 months and six serskwith
survial times ranging from 4 to 23 month¥he surwal function for the smads's (Fig-
ure 3.0) is estimated primarily from a hazard model dominated by data on nensmok

and much of the cuesrepresents probabilitiexteapolated bgond the obsered data for



smolers.
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Goodness-of-®t

The assessment of the Cox estimated proportional hazards model as a summary of
the relationships within the collected swalitime data follevs the pattern described for
parametric modelsThe estimation process is notator The primary issue is agn the
proportionality of the hazard function#s before, it is essential that the comparison of

explanatory ariables does not depend on sualviime.

The SFMHS smoking data (African-Americans: 23) provide a simple illustra-
tion of assessing the goodness-of-®t using resicalakg. Aswith the Weibull distribu-

tion, the Cox-Snell residuablues is estimated by

i = —log(A[t| F]) = —eFlog( At]).

The speci®a;-values are gen in Table 9.0 based on the estimated s@\fiunction

from Table 8.0.The surwal function ZS)(t) is estimated with a computer algorithm and
used to estimate the residualues. Theseesidual alues are treated as "dat&Yoduct-
limit estimation producers the probabiliti&(ri) =P(R=>r,) for each complete observ
tion (Table 10.0 -- column 3)For example, the estimated probability of observing a
residual alue greater thary = 0.237 isP(R= 0. 237) = 0.767. Theprobabilities are

acpin a random sample from axp®nential distrilation with 4z = 4 = 1 (Figure 4.0) when
the residual alues hae no systematic patternThe phrase "no systematic pattern” means
that substantial and nonrandom lack of correspondence between model estaheed v

and obsered data does nokist. Inaddition, the points created by plotting the log-log
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Table 9.0 The Cox-Snell residual valuesfor the two-sample analysis of nonsmokers
and smokersamong the n = 23 African-American SFMHS subjects

times Syt) e®F r
1. 1 0.960 0.807 0.033
2. 4 0.920 1.838 0.154
3. 5 0.878 0.807 0.105
4, 8 0.836 1.838 0.330
5. 13 0.790 0.807 0.190
6. 14 0.745 0.807 0.237
7. 15 0.701 0.807 0.287
8. 16 0.657 0.807 0.339
9. 18 0.613 1.838 0.899

10. 22 0.560 0.807 0.468
11. 23 0.507 1.838 1.248
12. 25 0.449 1.838 1.470
13. 29 0.365 0.807 0.812
14. 30 0.285 0.807 1.012
15. 31 0.209 0.807 1.262
16. 37 0.138 0.807 1.595
17. 80 0.040 0.807 2.595

transformation of the estimated probability functi&(r) for each alue of the logrithm

of the residual @alue (og[r]) randomly deiates from a straight line (intercept = 0 and
slope = 1) when the residualues represent only randomriation (Figure 5.0) Specif-
ically, ignoring random ariation for the moment, &(r) = €™, thenlog(-log[G(r)]) =

log(r). Thestraight-line in Figure 5.0 has estimated intercept of 0.0045 and slope of
0.981 preiding further @idence of a good "®t" of the proportional hazards model to the
smoking data.Graphically both plots shar no systematic patterns and, therefore, no
apparent reason to modify the modAk aways, transformedalues produce a line that

is easily interpreted, intuite and provide a simple indicator of randomness/nonrandom-

ness.
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Table 10.0 Comparison of log(r) and log(-log[G(r)]) to assess the goodness-of-fi t of
the Cox estimated proportional model from the SFMHS smoking data (n = 23)

Fi &(ri)  log(ri)  log(-log[ &(r))])
1. | 0.033 0.957 -3.423 -3.113
2. | 0.105 0.911 -2.254 -2.373
3. | 0154 0.863 -1.872 -1.915
4. |1 0.190 0.815 -1.661 -1.587
5. | 0.237 0.767 -1.438 -1.328
6. | 0.287 0.719 -1.248 -1.110
7. | 0330 0.671 -1.109 -0.920
8. | 0.339 0.623 -1.081 -0.749
9. | 0468 0.575 -0.759 -0.593
10. | 0.812 0.518 -0.208 -0.418
11. | 0.899 0.460 -0.107 -0.254
12. | 1.012 0.395 0.012 -0.072
13. | 1.248 0.329 0.222 0.107
14. | 1.262 0.263 0.233 0.289
15. | 1470 0.197 0.385 0.484
16. | 1.595 0.132 0.467 0.707
17. | 2.595 0.000 0.954 --

A goodness-of-®taluation of the HIV/AIDS data used to describe the in uences
of CD4-counts,s-levels and age also does notfdifin principal from the parametric
analysis. Br example, the estimated residualwes and log-log transformedlues
again yield a straight-line when the data are accurately described by proportional hazard
functions. Figures.0 displays the plot of these transformed residakies for the Cox
additive nodel describing the sumal experience of the 72 HIV/AIDS study subjects
(Table 5.0).As with the smoking data, the plot of the transformed resichlaks gres

no indication of a substantial lack-of-®t.

The modi®ed Cox-Snell residuahiies (denoted agh m; -- Lecture 8) agin pro-

vide a statistical/graphical tool tam@ore the lack-of-®t associated with eaciplanatory
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Figure4.0 Plot of theresidual values (r) and their probabilitiesG(r) = P(R>r) as
well asthe exponential curvee™

0.6
1

G(r)

0.4
1

0.2
1

0.0 0.5 1.0 15 20 25

r = residual

Figure5.0 Plot of thelogarithms of theresidual values log(r) and thelog-log trans-
formed probabilitieslog(-log[G(r)]

—— fitted line
fffff slope =1

log(r)

variable. Infact, transformeadn;-values hae gpproximately symmetric distrisions with

mean alue zero.Such a transformation mek the plotted residuahlues visually easier
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Figure 6.0 Plot of the logarithms of theresidual values and the log-log transfor med
probabilities SFMHS HIV/AIDS data (n = 72, age < 35)

log| 1og(G)]

log(r)

to interpret, particularly the identi®cation of patterns of nonrandomnigss.somehat

comple transformation is

M; = sign(r;) V=2(F; + 3Tog[s = T])

wheresign(r;) = 1forr; <0 and +1 otherwise ané =1 for complete obseations and
= 0 for censored obseations. Figure§.0, 8.0 and 9.0 are plots of tMg-residual alues
for theCD4-counts, thes-levels and the ageariables from the HIV/AIDS prognosis
data. Theplots include a line (smoothed residualues) summarizing the residual pat-
tern (if ary) associated with eaclanable. Wth the possiblexxeption of the

CD4-counts, no striking nonrandomness is apparent.

To repeat one more time because it is critically important --xp&eatory ari-

ables in a survel model (parametric or semiparametric) are assessed by comparing
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Figure 7.0 Transformed modifi ed Cox-Snell residuals values -- CD4-counts
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Figure 8.0 Transformed modifi ed Cox-Snell residualsvalues -- g-levels
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proportional hazard functiond¥hen ratios of hazard functions are constamet the

entire range of time considered (proportional!), then and only thengphaaion of the
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Figure 9.0 Transformed modifi ed Cox-Snell residualsvalues -- age

transformed residual
o
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in uences of thexplanatory \ariables can be based on summaalyes that do not

depend on speci®c suva times.

An entirely diferent approach to inspecting the residwdiigs from a surval
model focuses directly on assessing the assumption thatplamatory ariables do not
depend on surval time. Anexplanatory may become less appropriater time or
become more predigg a simply change in some otheray For example,CD4-levels
may become a stronger indicator of a diagnosis of AIDS asvaliivihne increasesTo
identify variables that do not remain constant, stahtime is incorporated directly into
the model.More formally an interaction term\ariable x time) is added to the model
and allavs for the possibility of identifying changes in the in uences fronxplaeatory
variable when thg occur Continuing the HIV/AIDS-dataxample, an xtended Cox

proportional hazards model is proposed where



-35-

h(t) = ho(t)eb1Cd41 +by[cd4; x log(t)] — ho(t)e[bl + bylog(t)]cd4;

The interaction o€D4-counts and surval time (cd4; x log[t;]) is a formal description
time-dependenc That is, the hazard ratio is not constant with respect to tirhe.esti-

mated model co@lcient ;1‘32 allows a statistical assessment (test) of this nonproportionality
conjecture. Simplywhenb, is not zero, the hazard ratio depends on tiBecause the
estimate;bz will not be exactly zero when estimated from sampled data, the questions

becomes: Ishere ®idence thab, is not zero?

The logarithm of timelog(t;) is used instead of entering the swalitimet; directly
into the model primarily for computational reasoRsirthermore, Cox partial lé&kihood
estimation requires specialtogenerally gailable software to gauate time-dependent
interactions. Th&AS, SPLUS and R statistical analysis systems xamele, allov
estimation of parameters from swalimodels containing interaction termalving sur

vival time.

Using the HIV/AIDS data and thextended proportional hazards model yields the
estimated co@cient 7?32 = 0.0018 associated with tl@&D4/time interaction (able 11.0).

Table 11.0 Estimated coeffi cients from an extended Cox estimated model allowing
the possibility of nonproportional hazard functions (SFMHS data, n = 72)

~

terms ‘ coe®cients H A j Sk,  p-values
CD4-counts by 0.0092 0.0028 --
CD4 x log(time) b, 0.0018 0.0008 0.018

The usual statistical assessment oftifreoefdcient and, therefore, an assessment of
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time-dependencassociated with the CD4-counts is

, Ob,-of D o8- o0
X =0 g, D 00 e 27>
O >0 Ov O
The associated chi-square test statixti¢degrees of freedom = 1) yieldspavalue of
P(X? = 5.577 |b, = 0) = 0018 suggesting nonproportionalitywigence of an interaction).

It is important to note once aip that the in uence of tl@&D4-counts is not measured by

the single co@cientb, in the presence of an interaction.

The stratgy of adding interaction terms to a hazard modekpdozge possible
time-dependencapplies to ag number of &planatory wariables. ThédIV/AIDS data
continue to illustration.The additve proportional hazards model based on the three

explanatory ariables CD4-counts,S,-microgoltulin and age becomes

hi(t) = ho(t)eb10d4i + by + bsage + bcd4; x log(t;)] + be[ 5 * log(ti)] + be[age x log(ti)]

Not unlike the preious interaction model describing these thragables, thexglana-

tory variables are no longer independeBach \ariable depends on timdhe six esti-
mated coe®cients for this gtended Cox proportional hazards model avergin Table

12.0. Boththe single ariable model (able 11.0) and the threanable model (@ble

12.0) indicate somevience of a lack of proportionality associated with@tit-counts.
The parallel assessments of fhdevels and the study subjestage shav no remarkable
indication that the proportional hazards model is not an adequate representation of the

risk /hazard relationship.
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Table 12.0 Estimated coeffi cients from an extended three variable Cox estimated
model allowing the possibility of nonproportional hazard functions (SFMHS
HIV/AIDSdata, n =72)

~

terms coe®cients 0 Sh, p-values
CD4 - counts ) 0.007 0.003 --

B —levels b 0.420 0.662 --

age ) 0.145 0.143 --

CD4 x log(time) by 0.001 0.001 0.084

B % log(time) bs 0.024 0.181 0.894
agex log(time) bg 0.038 0.040 0.332

strati®ed analysis

One possible reason for a lack of proportionality among hazard functions is that the
baseline hazard functions f@dif among the keels of another ariable. Inthis case, an
oveall proportional hazard modedifs to adequately summarize the collected salvi
data. Havever, a €ries of strati®ed proportional hazard models (one for each stratum)
potentially describes the data accuratélydirect and simple stragg consists of con-
ducting a separate analysis for each stratatternatively, an ®cient model that
focuses directly on the the fiifence in hazard functions and requires ttpdamatory

variables to hae identical in uences within each stratum is

hy (1) = h()k(t)eij Xi k=1, 2,---, g = number ofgroups $trata)

This model postulates di#rent baseline function$ify(t), ho(t), - - -, hog(t)] but the
explanatory ariable coe®cientsb; remain the same in each stratuithe hazard func-

tions are, therefore, proportionalhe estimation of a single set of c®efents and the
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corresponding surva functions requires special #khood estimation it evaluation and
interpretation follev the usual patternfFor example, once the sumal functions are esti-
mated, comparisons of the log-log transformalilies allavs a simple graphical assess-
ment of the assumption that the hazard functions are proportional among theT$teata.
is, the log-log transformed suva functions plotted for thealues of the logrithm of the
survival times randomly dgate from a series of parallel lines when the hazard functions

differ only because the baseline hazard functiorierdigbroportional).

Then =72 SFMHS participates measured for th€iD4-levels classi®ed as "hard"
drug users (drugs other than marijuana, aymal nitrate and nitrous oxide) and nonusers
illustrate the eploration of strati®ed surval data. Usinga Cox proportional hazard
model modi®ed to be proportional within theaeategories gves dose to same esti-
matedCD4-coef®cient (;b = 0.0027 --Sj = 0.0008) that \&s obsered in the gerall

model (user status ignored -afdle 5.0).

Figure 10.0 shaes the tvo dratum-speci®c estimated swail functions based on
different baseline hazard functiorniSigure 11.0 displays the log-log transformed esti-
mated surwial functions plotted agjnst the log of the sumal time (og(-log[ '55(ti)])
aqainstlog[t;]) . The line for nonusersntercept= 4.770 andslope= 0.943) appears

more or less parallel to the line for usenddrcept= 4.478 andcslope= 1.055).
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Figure 10.0 Stratifi ed analysis by nonusersand users -- survival functions for
SFMHS data, age lessthan 36 yearsold, n =72
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Figure11.0 Stratifi ed by nonusersand users -- log-log transformed survival func-
tionsfor SFMHS data, age lessthan 36 yearsold, n =72
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Figure12.0 Thelog-log transformed survival function for nonusers plotted against
thelog-log transformed survival function for users-- stratifi ed analysis

log( log[S(t)] users
2.0 15 1.0 0.5
1

25

3.0

T T T T
3 2 1 0

log(log[S(t)] nonusers

Another useful comparison of the log-log transformed sarfunctions is achieed by
plotting the surwal function for nonusers«faxis) aginst the survial function for users
(y-axis). Wherary two functions form parallel lines, the plot of one functioaiagt the
other forms a straight line with slope 1Bigure 12.0 is such a plot for the AIDS/drug-
user surwal functions and shves only moderate d&ation from a straight-linesjope=

1.0).



