
LECTURE 9

General Survival Model: nonparametric

Introduction

When the underlying statistical structure of a sampled population is not accurately

described by a postulated probability distribution or is simply unknown, a parametric

model is not a feasible analytic approach.Statistician David Cox has provided an alterna-

tive approach to an analysis of survival data based on a fully deŒned parametric model.

He developed a method to estimate the in•uence of the explanatory variables that does

not require a parametric baseline hazard function to be speciŒed.

The survival model remains the same as the parametric case where

hi(t) = h0(t) × ci = h0(t)eΣ b j xij .

Again the hazard functions are required to be proportional.However, the components of

the constantci are estimated without further assumptions about the baseline hazard func-

tion h0(t). TheCox approach is said to be "robust" because it works well in a wide vari-

ety of situations.
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As noted, the estimation process is not assumption-free.It remains required that

the compared hazard functions be proportional.As will be described, the application of a

the Cox semiparametric approach, like all model based analyses, requires an assessment

of the goodness-of-®t.In other words, a key component to the analysis remains the

answer to the question:Are the relationships within the sampled data accurately repre-

sent by proportional hazard functions?

Obviously, not all survival data produce hazard functions that are proportional.

Tw o commonly encountered situations that are not likely to produce proportional hazard

functions are displayed in Figures 1.0 and 2.0.

For critically ill patients such as those who need an organ transplant two choices

frequently arise, a high risk surgical procedure or usual therapy. The hazard function for

the transplant patients would increase initially because of the high risk of the surgery fol-

lowed by relatively constant risk.The usual-care patients would likely be described by a

steadily increasing risk over time (continually increasing hazard rate).The ratio of these

two hazard functions is not likely to be constant (Figure 1.0).

To evaluate a new treatment, a clinical trial starts with randomly assigning patients

to two groups. Onegroup receives a treatment and the other serves as a control.At the

beginning of the trial both groups have similar risks because of the original randomiza-

tion. However, as the new treatment becomes effective, the group receiving the treatment

will experience a hazard rate that increases at a slower rate.Again, a direct application of

a proportional hazards model would not describe accurately the risk/survival relationship
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Figure 1.0 Hypothetical example of two nonproportional hazard functions -- differ-
ent rates of increasing risk
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(Figure 2.0).

Figure 2.0 Hypothetical example of two nonproportional hazard functions with the
same risk at the beginning of a trial (time = 0)
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Cox estimation for proportional hazards models:two-sample case

The two-sample survival model provides a simple illustration of the estimation and

interpretation of a Cox semiparametric procedure.The survival model is

hF(t) = h0(t) × ci = h0(t) × ebF.

where, as before, the symbolF represents a binary variable (coded 0 or 1) indicting two

sources of survival data. Animportant difference from a parametric analysis is evident in

this version of a hazard model.The previously included intercept term (b0) is not present

(Lecture 7).The lack of an intercept term is a property of the Cox approach to propor-

tional hazard models in general.Using a process calledpartial likelihood estimation, the

single coef®cientb and its variance is estimated for any two proportional hazard func-

tions.

The AIDS survival data classi®ed into nonsmokers and smokers (n = 23 African-

Americans -- Lecture 2) and analyzed under the assumption that the baseline hazard rate

h0(t) is a Weibull function gives an estimate of the model parameterb of b̂ = 0.759 (esti-

mated standard error = 0.559).The same parameter can be estimated without specifying

the baseline hazard function.The Cox partial likelihood estimate ofb is b̂ = 0.823 (esti-

mated standard error = 0.592).Although the partial likelihood estimation is nonparamet-

ric, it is maximum likelihood. Themechanics of estimation and the evaluation of infer-

ences are essentially the same as other regression models (for example, linear, logistic

and Poisson models).As before, the estimatêb has an approximate normal distribution
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as long as the sample size is moderately large making it possible to assess directly the

impact of sampling variation with the usual statistical tools (tests and con®dence inter-

vals). Thus,the Wald test statistic

X2
wald =





Ãb − 0
SÃb





2

=




0. 823 − 0
0. 592





2

= (1 .39 0)2 = 1. 933

has an approximate chi-square distribution with one degree of freedom whenh1(t) = h0(t)

or b = 0. The associatedp-valueP(X2 ≥ 1. 933 |b = 0) = 0.164 yields no persuasive evi-

dence of an important difference in survival times between nonsmoker and smokers. This

result is similar to the previous parametric based Weibull analysis (z2 = (1. 425 )2 = 2.030.

and p-value = 0.154) but does not require the form of the hazard function to be speci®ed.

Again, entirely parallel to the previous likelihood approach, the difference in partial

log-likelihood values calculated from each of two nested models (multiplied by -2) pro-

duces a test statistic with an approximate chi-square distribution when only random dif-

ferences exist between the models compared (Lecture 4).For the two-sample comparison

of the nonsmokers and the smokers, the difference in partial log-likelihood values

X2
likelihood = − 2(log[Lb=0] − log[Lb≠0]) = − 2(−37.517 − [−38. 422]) = 1. 809.

has an approximate chi-square distribution with one degree of freedom.The probability

that this difference arose by chance alone isp-value = 0.179.As previously noted, these

two approaches (Wald and likelihood statistics) almost always yield similar results, par-

ticularly for large samples of data from both groups.
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A log-rank test (Lecture 7) addresses the same question:Do the survival times of

nonsmokers differ from smokers? Thistest also does not require assumptions about the

exact nature of the underlying hazard functions.The statistical summaries from the

African-American AIDS data are (repeated from Lecture 7):

(1) Σ ai = 5 -- the total deaths among smokers,

(2) Σ ÃAi = 2.894 -- the total deaths among smokers estimated as if smoking is entirely

unrelated to survival and

(3) Σ vi = 2.166 -- the variance of the summary statisticΣ ai .

The chi-square test statistic is

X2
log−rank =

(Σ ai − Σ ÃAi)
2

variance(Σ ai)
=

(5 − 2. 894)2

2. 166
= 2. 048.

All three approaches give similar results (X2
wald = 1.93, X2

likelihood = 1.81 andX2
log−rank =

2.05).

The log-rank test is a special case of comparing partial likelihood values calculated

from the two-sample proportional hazards model.That is, these two seemly different

approaches are algebraically identical when all sampled survival times differ ("no ties").

Rigorous demonstration of the exact equality of these two procedures involves a slightly

different likelihood procedure and exists elsewhere.
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The fact that the log-rank test is a special case of the two-sample Cox approach

gives a hint of the underlying process that produces the estimateÃb without specifying the

form of the hazard function.The log-rank test produces a measure of association

between a risk factor and survival within each of a sequence of strata where each stratum

is based on a completed survival time, namelyai − ÃAi . The test statisticX2 combines

these stratum-speci®c measures producing an overall single summary re•ecting the

risk/survival association. Noassumptions are made about the sampled populations except

that the censoring is random.The estimation of the coef®cientb is the same in principle

for the Cox approach to the proportional hazards model.For each stratum, again based

on completed survival times, an estimate the parameterb is made.These stratum-speci®c

estimates of the risk/survival association are also combined producing an overall sum-

mary, namely Ãb. And, like the log-rank procedure, the overall estimate is not in•uenced

by survival time and is not biased by incomplete information from randomly censored

observations.

The estimateÃb re•ects the same hazard ratio at all survival times as long as the

compared hazard functions are proportional.Thus, for the estimateÃb = 0.823, the

hazard ratio= Ãc = e
Ãb = e0. 823 = 2. 278 or 1/2. 278 = 0. 439

estimates this constant ratio.

A property of the Cox estimation process is evident from the two-sample smoking

data. Thehazard ratio is readily estimated but, unlike the Weibull and exponential
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models, estimates of the components of the ratio are not available. For example, under

the assumption of a sampled Weibull distribution, the estimated scale and shape parame-

ters from the smoking data are nonsmokers: Ãl 0 = 0.00678, smokers: Ãl 1 = 0.0145 andÃg =

1.421. Furthermore,the estimated hazard ratio ishr = e0. 759 = 2.136 whereÃl 0/ Ãl 1 =

0.0145/0.00678 = 2.136.The lack of similar estimates of the components of the hazard

ratio is clearly a cost incurred by the Cox partial likelihood approach.

As with the previously estimated model coef®cients, an approximate 95% con®-

dence interval is

Ãb ± 1. 960SÃb = 0. 823 ± 1. 960(0.592 )

yielding the con®dence interval (­0.337, 1.984).The approximate 95% con®dence inter-

val for the hazard ratioc is, as before,(e−0. 3 37, e1. 984) = (0.714, 7.273) where the estimateÃc

is e0. 823 = 2.278. Asexpected, the con®dence interval is consistent with the previous

assessments of the in¯uence of random variation on the estimated coef®cient Ãb. The

value b = 0 (c = 1) is contained in the 95% con®dence interval. For the estimated hazard

ratio 1/Ãc = 0.439, the approximate 95% con®dence interval is (1/7.273, 1/0.714) = (0.137,

1.401).

The two-sample model is readily extended. Theaddition of a second explanatory

variable (denotedx) produces a bivariate hazard model where

hi(t | F, xi) = h0(t)e
b1F + b2(xi − x).
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Continuing the SFMHS AIDS analysis of smoking risk, for the white study participants

(n = 72, age≤ 35), a binaryCD4-variable is de®ned as "normal " whenCD4 ≥ 700 (F =

0) and "low" whenCD4 < 700 (F = 1). In addition, the study subject's age is included in

the model as reported (xi = agei ). Thespeci®c proportional hazards model becomes

hi(t | F, age) = h0(t)e
b1F + b2(agei − age).

The "centered" variable (agei − age) produces a useful interpretation of the baseline haz-

ard function.The baseline hazard functionh0(t) re¯ects risk for "normal"CD4-level

individuals (F = 0) who are average age (age= 28.583). Insymbols,

hi(t | F = 0,agei = age) = h0(t). Occasionallycomputational advantages exist to center-

ing the variables in a proportional hazards survival model. Usingcentered variables in an

additive model changes the estimated values but does not affect the statistical analysis

(tests orp-values or inferences).However, for nonadditive models, "centered" variables

affect the statistical inferences introducing an element of subjectivity into the analysis.

Three hazard models important in exploring the relationships ofCD4-counts and

age to survival are:

interaction model: hi(t | F, age) = h0(t)e
b1F + b2(agei − age) + b3F × (agei − age)

additive model: hi(t | F, age) = h0(t)e
b1F + b2(agei − age) and

two-sample model: h1(t | F, age) = h0(t)e
b1F .
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The partial likelihood approach yields estimates of the coef®cients for these three nested

models (Table 1.0) and, to repeat, no parametric assumptions abouth0(t) are necessary.

Table 1.0 Estimated coefficients from the SFMHS data (n = 72 and age ≤ 35) for
three Cox estimated proportional hazards models (estimated standard errors in
parentheses)

coef®cients interactionmodel additive model two-sample model

b1 ­0.904 (0.335) ­0.898 (0.335) ­0.873 (0.334)
b2 ­0.021 (0.037) ­0.026 (0.035) --
b3 0.072 (0.075) -- --

likelihood 158.827 159.301 159.559

The models include the variableagebecause the groups compared ("normal" ver-

sus "low" CD4-counts) have different age distributions (mean =age0 = 29.000 --"low"

and mean =age1 = 28.032 -- "normal") that possibly in¯uence the comparison of survival

times from the two CD4-groups. Speci®cally, an important question becomes:Does the

association between survival time and "low/normal"CD4-counts differ depending on age

of the individuals compared?

A description of the in¯uence of an individual's age on theCD4/survival relation-

ship comes from estimating the hazard ratio for several selected ages (Table 2.0) based on

the interaction model.The expression for the hazard ratio comparing the two lev els of

CD4-exposure is

Ãhr =
hi(t | F = 1, age= ai)
hi(t | F = 0, age= ai)

= e
Ãb1 + Ãb3(ai −age).

As expected, an expression derived from the interaction model shows that the risk
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associated with the binaryCD4-count variable depends on the age of the individual con-

sidered. Or, the in¯uence of the binaryCD4-variable is independent of age only whenÃb3

= 0.

Table 2.0 Three hazard ratios calculated from the interaction model for selected
ages 25, 30 and 35 years (CD4 < 700 versus CD4 ≥ 700)

age= 25 age= 30 age= 35

hazard ratio (hr) 0.313 0.448 0.641

The model coef®cient Ãb3 formally measures the magnitude of thecd4 × ageinter-

action. Asbefore, several ways exist to statistically assess the in¯uence of sampling vari-

ation on this estimate (Wald's test, a likelihood comparison or a con®dence interval --

Lecture 7).The likelihood comparison is the most general.For the comparison of the

interaction model (b3 ≠ 0) to the additive model (b3 = 0), the chi-square test statistic is

X2 = − 2(log[Lb3=0] − log[Lb3≠0]) = − 2(−15 9.301 − [−158. 827]) = 0. 949.

A p-value ofP(X2 ≥ 0. 949 |b3 = 0) = 0.330 indicates that the simpler additive model

does not remarkably differ from the interaction model.From another perspective, a p-

value of 0.330 indicates that chance is a plausible explanation of the observed differences

among the hazards ratios ("low" versus "normal") estimated for each of the three ages 25,

30 and 35 years (Table 2.0).These results suggest that a single estimated hazard ratio

(for example,hr = e−0. 898 = 0.407) is likely an accurate summary of risk.
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An additive model (b3 = 0) provides considerable simpli®cation in interpretation by

separating the in¯uence on the hazard rate of theCD4-variable from the in¯uence of age.

The coef®cientb1 measures the in¯uence of theCD4-count regardless of the study sub-

ject's age andb2 measures the in¯uence of age regardless of the study subject's

CD4-count. Thein¯uence of each variable is assessed "adjusted" for the independent

in¯uence of the other. The in¯uence of sampling variation is evaluated as usual.

The comparison of the partial likelihood values calculated from the additive model

(b2 ≠ 0) and the nested two-sample model (b2 = 0) re¯ects the importance of age in the

description of the hazard rates.The speci®c chi-square test statistic

X2 = − 2(log[Lb2=0] − log[Lb2≠0]) = − 2(−15 9.559 − [−15 9.301 ]) = 0. 515

produces thep-value of 0.473.An individual's age does not appear to be an important

factor in the comparison (no evidence of a systematic effect). Therefore,age is not only

independent ofCD4-risk (no interaction --b3 = 0), it has no important in¯uence on the

survival times (b2 = 0). Unlike the in¯uence of age, the binary measure ofCD4-risk has

a strong and negative association with the hazard rate (hazard ratio = 0.407 andp-value =

0.008 in the additive model and hazard ratio = 0.418 andp-value = 0.009 in the two-sam-

ple model).The similarity of the two estimated hazard ratios is the expected because of

the lack of in¯uence of a study subject's age. They would be identical ifÃb2 = 0.

The term confounding means the confusing, or mixing of the effects that in¯uence

an outcome such as the survival time. Whenan additive model contains several variables,
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issues arise concerning the in¯uence of one or more of these variables on another vari-

able's relationship to the measure of outcome.Untangling these confounding in¯uences

is a goal of statistical models in general.One of the important properties an additive

model is that the degree of confounding associated with a speci®c variable or variables is

simply de®ned and determined.

Before discussing confounding in the context of a survival model, it is useful to

describe the simplest case.Consider again the comparison of two groups (codedF = 0 or

1) and a second variable (denotedx -- a continuous variable) that may in¯uence the com-

parison of the two groups. Atwo-sample linear model represented by

y = b0 + b1F + b2x illustrates the primary issues.For example, cholesterol levels (y)

may differ because of the presence or absence of a risk factor (F); however, the level of

socio-economic status (x = personal income) may also differ between the compared

groups interfering with a clear interpretation of the risk factor's in¯uence on the observed

differences in cholesterol levels. A general measure of the degree of in¯uence on the

risk/outcome relationship (confounding) consists of comparing two additive models, a

model with the potential confounding variable (x) included and the same model with the

variable excluded. Interms of the two-sample case, the modely = b0 + b1F + b2x is

compared to the modely = b0 + b1F. The in¯uence of variablex on the relationship

between the binary variableF and the outcomey is directly measured by the change in

the estimates of the coef®cientb1. Speci®cally, the change isÃB1 − Ãb1 where ÃB1 represents

the estimate ofb1 from the model with the variablex excluded andÃb1 represents the esti-

mate ofb1 from the model with the variablex included. Thevariable x does not have an
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important confounding in¯uence whenÃB1 − Ãb1 is small and inconsequential.Otherwise,

the variablex in¯uences the comparison between groups and the two variable model

compensates for this in¯uence.The estimated coef®cient Ãb1 is then said to be "adjusted

for the in¯uence ofx." Thequotes are a reminder that the adjustment depends on a spe-

ci®c additive and, in this case, linear model.

For this two-sample linear model, the confounding in¯uence ofx is Ãb2(x1 − x0) or

ÃB1 − Ãb1 = Ãb2 (x1 − x0)

wherex0 is the estimated mean value of the variablex in one group (F = 0) and x1 is the

estimated mean value in the other group (F = 1). Thetwo basic features necessary for a

variable to be a confounder are evident: thesample mean values must differ between

groups (x0 ≠ x1) and the variablex must be directly related toy ( Ãb2 ≠ 0). Inother words,

the comparison of the two groups is not balanced for the variablex and the variablex is

independently related to the outcomey.

The situation is entirely parallel for a proportional hazards model.The two-sample

hazard function model including a potential confounding variablex (repeated) is

hi(t | F, x) = h0(t)e
b1F + b2(xi − x)

and the degree of confounding is approximatelyÃb2 (x1 − x0) and does not differ in inter-

pretation from the linear model case.When Ãb2 orx1 − x0 is near zero, no reason exists

to include the variablex in the model to "adjust" the coef®cientb1. Conversely, when
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both x0 ≠ x1 and Ãb2 ≠ 0 producing a large value of Ãb2 (x1 − x0), the variablex in¯uences

the comparison and usefully contributes to the model.

A comparison of survival times between groups with "high" and "low" CD4-counts

from the SFMHS data illustrates the estimation and the interpretation of a confounding

in¯uence. Thequestion becomes:Does an individual's age in¯uence the comparison of

the survival times of these two groups of men (n0 = 41 men withCD4 < 700 andn1 = 31

menCD4 ≥ 700)? Whenage is included in the model, the estimated modelCD4-coef®-

cientb1 is Ãb1 = � 0.898. Whenage is excluded from consideration, the estimate of the

CD4-coef®cientb1 (denotedÃB1) becomesÃB1 = � 0.873. Theconfounding in¯uence asso-

ciated with age causes the differenceÃB1 − Ãb1 = � 0.873 � (�0.898) = 0.025. The approxi-

mate value isÃb2(age1 − age0) = 0.026(28.032 � 29.000) = 0.025.

Another measure of the degree of confounder bias associated with a speci®c vari-

able is the percent change in the estimated coef®cients. Speci®cally,

% change= 100×
ÃBi − Ãbi

Ãbi
.

The percent change is unitless so, like all percentages, values are comparable regardless

of the original measurement units.For the example, the percentage change in the

CD4/survival model coef®cient associated with age is 100× (0.873 � 0.898)/0.898 =

�2.8%. Although no de®nitive rules exist, a value in the neighborhood of 3% certainly

appears small.Several authors suggest that confounder bias is not an important issue

unless more than a 10% to 20% change exists in the estimated coef®cients.
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An important issue remains:How is the degree of confounder bias assessed?First,

it is important to note that the magnitude of confounding bias depends on both the choice

of measurement scale and measurement units.Therefore, assessment of confounding

takes on a subjective character because typically no concrete reasons exist to choose a

particular scale or units.For theCD4 example, the logarithms of the hazard functions are

compared (bi -values). Adifferent magnitude of confounding emerges, if the confounding

is measured in terms of the change in the ratio of hazard functions (ebi -values). And

again, no persuasive reason exists to choose one scale over another. Similarly, when sur-

vival time is measured in days rather months, the measured degree of confounding also

changes.

Not accounting for age, for the example data, increases the estimate of the coef®-

cientb1 by 0.025.Whether such a bias is due to random variation or a systematic effect

is not a particularly important question.The bias (the difference) is a property of the col-

lected data and a choice has to be made to either include or exclude the confounding vari-

able in the present analysis.This choice is primarily a subject matter decision and other

than estimating the magnitude of the bias further statistical analysis is not much help.

Creating a binary variable from a more extensive variable, such as making a binary

CD4-variable from the originalCD4-counts, rarely improves the analysis.Tw o issues

arise. First,there is a loss of statistical power. The loss of power (increased variability of

the estimated values) comes from the failure to ef®ciently use the collected data.A vari-

able entered directly into the model as reported takes advantage of all information avail-

able. Measuredin terms of sample size, a continuous variable can be 40% more ef®cient
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when compared to a binary variable. Thatis, a sample of 60 continuous observations

achieves approximately the same statistical power as a sample of 100 binary observations.

A second and more important issue is bias.The results of an analysis frequently

depend on the way a binary variable is de®ned.Different de®nitions lead to different

analytic results introducing a typically unwanted subjectivity in the assessment and inter-

pretation of the in¯uences of an explanatory variable. Table 3.0 illustrates this in¯uence

on the coef®cients ofb2 andb3 from the additive and interaction models (Table 1.0)

where three de®nitions of "low" CD4-levels are used.The results differ, sometimes con-

siderably, depending on the de®nition of "low" CD4-counts. Classi®cationof a continu-

ous variable into more than two categories induces a similar degree of bias.However, as

the number of categories increases, the bias substantially decreases.

Table 3.0 Estimated coefficients from the SFMHS interaction and additive CD4/age
models for three definitions of low/normal CD4-counts (p-values in parentheses).

de®nitions interactionmodels (Ãb3) additive models (Ãb2)

CD4 ≤ 900 0.093 (0.350) �0.016 (0.630)
CD4 ≤ 700 0.072 (0.340) �0.026 (0.470)
CD4 ≤ 500 �0.233 (0.003) �0.055 (0.012)
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Cox estimation for proportional hazards models:k-variable case

Once again, thek-variable proportional hazards survival model is

hi(t | xi1, xi2, . . ., xik) = h0(t) × ci = h0(t) × eΣ b j xij .

The Cox approach employs the same general form as the parametric hazard model (Lec-

ture 8) but differs in the estimation procedure.As in the two-sample case, the coef®cients

b j are estimated without speci®c information or assumptions about the baseline hazard

functionh0(t) while adjusting the estimates for the in¯uence of incomplete information

from censored observations.

The previously analyzed HIV-positive study subjects measured forCD4-counts,

b2-microgolbulin levels and age along with the additive model

hi(t | cd4, beta, age) = h0(t) × ci = h0(t) × eb1(cd4i − cd4) + b2(b i − b ) + b3(agei − age)

illustrate the partial likelihood estimation of the model coef®cients. To repeat, the addi-

tive model does not necessarily describe the hazard/survival relationships and the hazard

function are not necessarily proportional.The assessment (goodness-of-®t) of the addi-

tivity and proportionality are, as always, a critically important part of the analysis.

A good place to start a survival analysis is the comparison of models including

interaction terms to models with selected interaction terms deleted (additive in¯uences?).

The difference, for example in partial likelihood values, indicates the in¯uence of the

deleted terms.For the HIV/AIDS data, the model containing three pairwise interaction
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terms is

hi(t | cd4, beta, age) = h0(t) × ci

where the constant of proportionalityci equals

eb1(cd4i − cd4) + b2(b i − b ) + b3(agei − age) + b4(cd4i − cd4)(b i − b ) + b5(cd4i − cd4)(agei − age) + b6(b i − b )(agei − age).

Table 4.0 displays the partial likelihood estimates of the sixb j -coef®cients necessary to

describe the postulated model applied to then = 72 HIV-positive study subjects who are

less than 36 years-old.

Table 4.0 Estimated coefficients based on the Cox proportional hazards model con-
taining three interaction terms for the SFMHS data (n = 72, age ≤ 35)

terms coef®cients Ãb j SÃb j
p-values

CD4 b1 �0.0049 0.0073 --
b b2 0.5566 1.5611 --
age b3 �0.1454 0.2259 --
CD4 × b b4 �0.0009 0.0001 0.311
CD4 × age b5 0.0002 0.0002 0.466
b × age b6 0.0123 0.0474 0.795

The three estimated "interaction" coef®cients (Ãb4, Ãb5 and Ãb6) giv e no indication of

an important pairwise dependence among the three explanatory variables (p-values:

0.311, 0.466 and 0.795).However, ad-hoc comparisons of several estimated coef®cients

is not the best assessment of interaction in¯uences among the model variables. Thethree

p-values in Table 4.0 certainly re¯ect the likely presence/absence of interactions but a set

of estimated coef®cients does not lend itself to rigorous inferences or easy interpretations.
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The dif®culty of a one-at-a-time interpretation of the in¯uences of several model

estimated coef®cients in a nonadditive model arises from the property that the value of

each estimated coef®cient depends on the other variables in the model.For the three

interaction coef®cients, a tempting interpretation is that these two interactions are unim-

portant because estimatesÃb4 and Ãb5 are not signi®cant, However, if these terms are elimi-

nated from the model, the estimateÃb6 takes on a considerably different value primarily

because all three estimated coef®cients are correlated (Ãb6 = 0.012 becomes 0.003).

The comparison of likelihood values, however, yields a straight-forward test statis-

tic and follows the usual pattern.The chi-square test statistic measuring the simultaneous

in¯uences of the three interaction terms is

X2 = − 2(log[Ladditive] − log[Linteraction]) = − 2[−15 2.355 − (−151. 280)] = 2. 151 .

The likelihood ratioX2 value has an approximate chi-square distribution with three

degrees of freedom (three deleted parameters) when only random differences exist

between the interaction and the additive models. Theadditive model appears to be an

adequate and, as always, a simpler representation of the relationships with the sampled

data (p-value =P(X2 ≥ 2. 151 |b4 = b5 = b6 = 0) = 0.542). Estimatesof the additive

model coef®cients are presented in Table 5.0.

The additive model produces strong evidence that theCD4-counts and the

β2-microgolbulin levels systematically in¯uence survival measured by a proportional

hazard rates while the age of the study participant shows essentially no evidence of an
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Table 5.0 Estimated coefficients for the additive Cox estimated proportional haz-
ards model HIV/AIDS data (n = 72, age ≤ 35)

variables coef®cients Ãb j SÃb j
p-values

CD4-counts b1 �0.003 0.001 <0.001
β -levels b2 0.366 0.162 0.024
age b3 �0.017 0.037 0.650

effect (CD4-counts: p-value < 0.001,β -levels: p-value = 0.024 and age:p-value =

0.650). Statisticallycommensurate measures (Ãb j /SÃb j
) of the in¯uence of these three vari-

ables are:

ÃBcd4 =
−0. 00283
0. 00083

= − 3. 438,

ÃBβ =
0. 366
0. 162

= 2. 260 and

ÃBage =
−0. 017
0. 037

= − 0. 449.

Comparisons among standardized coef®cients (ÃBi -values) indicate once again the relative

roles of the explanatory variables in predicting the time between a diagnosis of HIV and a

diagnosis of AIDS.These results are similar to the analysis based on the assumption that

the survival times are a random sample from Weibull distributions (Lecture 8).

The interpretation of the estimates and their associatedp-values from a Cox esti-

mated additive model is not different from additive models in general.This property and

the property that the Cox estimation does not require detailed assumptions or knowledge

about the baseline hazard function are the major reasons this approach is widely used.
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There is, however, a cost.

When a parametric model is "correct," the model parameters are typically esti-

mated with greater ef®ciency (smaller variances). Considerthe comparison of two

groups to get some idea of the relative ef®ciency of the Weibull and Cox estimation

approaches. Thetwo-sample case based on the Weibull survival distribution shows that,

as expected, the Weibull parametric estimation is more ef®cient (lower variance). The

difference depends primarily on the Weibull shape parameterγ and increases asγ

increases. Table 6.0 shows the ratio of the variances of the estimated two-sample regres-

sion model coef®cients for values ofγ one through ®ve where the rate ratioλ1/λ0 is two

and four.

Table 6.0 A comparison of the Weibull and Cox estimates in terms of the variances
for the two sample comparison

variance ratio* γ = 1 γ = 2 γ = 3 γ = 4 γ = 5

λ1/λ0 = 2  1.0 1.2 1.5 2.0 2.5
λ1/λ0 = 4  0.9 1.5 2.6 3.8 6.0

* = ratio =
variance( Ãbcox)

variance( Ãbweibull)

In the range usually encountered in the study of mortality or disease, little difference

exists in estimation precision.

Table 7.0 shows, not surprisingly, little difference between the estimated standard

errors from the Weibull and Cox models applied to the HIV/AIDS data (Ãγ = 1.309 --
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Lecture 8).

Table 7.0 Comparison of the estimated standard errors for the Weibull and Cox
proportional hazards models (SFMHS data -- n = 72 for age ≤ 35).

WEIBULL COX

Ãb j SÃb j
p-value Ãb j SÃb j

p-value

CD4-counts �0.003 0.001 0.006 �0.003 0.001 <0.001
β -levels 0.347 0.157 0.092 0.366 0.162 0.024
age �0.023 0.037 0.789 �0.017 0.037 0.650

As might be expected, without a parametric model the estimation of the hazard and

survival functions is not straight-forward. For the Weibull and exponential survival mod-

els, these estimates are accomplished using the estimated coef®cients in conjunction with

the postulated parametric model producing direct estimates of the baseline hazard and

survival functions. Estimateswithout a parametric model are not as simple.The essence

of the process is similar to the the product-limit estimation.It is assumed that the sur-

vival function is constant between survival times making it possible to estimate this con-

stant value for each complete observation. Aswith the product-limit estimate, these con-

stant and conditional estimates are combined to produce an estimated survival function.

Although simple in principle, the details produce a complex equation and the solution is

best left to a computer program.However, for the two-sample model when the survival

times are unique (no ties), approximate estimates are possible and indicate the pattern of

the more complicated situations.

Using again the smoking/survival data for the SFMHS African-American study

subjects (Lecture 2), the computer estimate and the approximation of the survival
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function illustrate the estimation process.Table 8.0 contains the exact and approximate

estimated survival functions. Figure3.0 displays the estimated baseline survival function

ÃS0(t) for nonsmokers and the estimated survival function ÃS1(t) for smokers.

Table 8.0 Estimated survival functions based on SFMHS data (African-Americans,
n = 23 and d = 17)

time at-risk ÃS0(t)
* ÃS0(t)

** ÃS1(t)
***

1 23 0.960 0.957 0.912
4 21 0.920 0.938 0.826
5 20 0.878 0.892 0.743
8 19 0.836 0.872 0.664
13 17 0.790 0.822 0.585
14 16 0.745 0.772 0.512
15 15 0.701 0.722 0.445
16 14 0.657 0.672 0.383
18 13 0.613 0.650 0.328
22 11 0.560 0.594 0.260
23 10 0.507 0.568 0.213
25 9 0.449 0.541 0.162
29 6 0.365 0.458 0.101
30 5 0.285 0.375 0.057
31 4 0.209 0.292 0.028
37 3 0.138 0.209 0.011
80 1 0.040 0.077 0.001

* = exact -- smoker, ** = approximate -- smoker and *** = [ ÃS0(t)]
2. 278 -- nonsmoker

An approximate survival function is estimated using the expression

ÃS0(t) = Π e−1/Ni ≈ Π(1 −
1
Ni

) and Ni = ni e
Ãb

whereni is the number of individuals in thei th risk set andi = 1, 2, . . . , d = number of

completed survival times. Thequantity represented byÃb is the estimated coef®cient asso-

ciated with the group indicator variable (F) in the two-sample model.Note that forb =
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Figure 3.0 Estimates of the survival functions for n = 23 nonsmoking and smoking
SFMHS African-American study subjects
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0, the approximate survival function reduces to the product-limit estimated survival func-

tion (Lecture 2).Once a baseline survival function is estimated, survival functions asso-

ciated with selected levels of the explanatory variables follow the expected pattern where

again

ÃSi(t | xi1, xi2,. . ., xik) = 


ÃS0(t)
exp(Σ Ãb j xij )

.

In addition, the expression forÃSi(t) shows that proportional hazard functions dic-

tate that survival functions do not to cross.This fact serves to evaluate the validity of the

assumption of proportionality. Thus, a plot of the product-moment estimated survival
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functions provides a preliminary visual evaluation of proportionality but certainly not a

conclusive one. Randomvariation can cause survival functions to cross when the hazard

functions are proportional and random variation can cause survival functions not cross

when the hazard functions are not proportional.

Using the two sample model and data (Table 8.0), the estimated survival function

for smokers (F = 1 and Ãb = 0.823) is

ÃS1(t | F = 1) = 


ÃS0(t)
exp(Ãb)

= 


ÃS0(t)
2. 278

.

For example fort = 15 months, ÃS0(t) = ÃS0(1 5) = 0.701 yieldingÃS1(t) = ÃS1(1 5) = (0. 701 )2. 2 28

= 0.445.

Three issues need to be kept in mind when estimating and interpreting a survival

function. Theestimated baseline survival function is generated from a speci®c model and

if the model does not represent the relationships within the data, the survival curves are

not much use.Survival functions derived from the baseline values require that the hazard

functions be proportional which is an assumption and not a fact. Also,functions of base-

line estimates are frequently extrapolated beyond the limits of the data (a poor idea under

most circumstances).For example, the baseline survival function (Figure 3.0) is based on

17 nonsmokers with survival times ranging form 1 to 80 months and six smokers with

survival times ranging from 4 to 23 months.The survival function for the smokers (Fig-

ure 3.0) is estimated primarily from a hazard model dominated by data on nonsmokers

and much of the curve represents probabilities extrapolated beyond the observed data for
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smokers.
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Goodness-of-®t

The assessment of the Cox estimated proportional hazards model as a summary of

the relationships within the collected survival time data follows the pattern described for

parametric models.The estimation process is not a factor. The primary issue is again the

proportionality of the hazard functions.As before, it is essential that the comparison of

explanatory variables does not depend on survival time.

The SFMHS smoking data (African-American,n = 23) provide a simple illustra-

tion of assessing the goodness-of-®t using residual values. Aswith the Weibull distribu-

tion, the Cox-Snell residual values is estimated by

r i = − log( ÃSi[t | F]) = −e
ÃbFi log( ÃS0[t]).

The speci®cr i -values are given in Table 9.0 based on the estimated survival function

from Table 8.0.The survival function ÃS0(t) is estimated with a computer algorithm and

used to estimate the residual values. Theseresidual values are treated as "data."Product-

limit estimation producers the probabilitiesÃG(r i) = P(R ≥ r i) for each complete observa-

tion (Table 10.0 -- column 3).For example, the estimated probability of observing a

residual value greater thanr5 = 0.237 isP(R ≥ 0. 237) = 0.767. Theprobabilities are

again a random sample from an exponential distribution with µ = λ = 1 (Figure 4.0) when

the residual values have no systematic pattern.The phrase "no systematic pattern" means

that substantial and nonrandom lack of correspondence between model estimated values

and observed data does not exist. Inaddition, the points created by plotting the log-log
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Table 9.0 The Cox-Snell residual values for the two-sample analysis of nonsmokers
and smokers among the n = 23 African-American SFMHS subjects

times S0(ti) e
ÃbFi r i

1. 1 0.960 0.807 0.033
2. 4 0.920 1.838 0.154
3. 5 0.878 0.807 0.105
4. 8 0.836 1.838 0.330
5. 13 0.790 0.807 0.190
6. 14 0.745 0.807 0.237
7. 15 0.701 0.807 0.287
8. 16 0.657 0.807 0.339
9. 18 0.613 1.838 0.899

10. 22 0.560 0.807 0.468
11. 23 0.507 1.838 1.248
12. 25 0.449 1.838 1.470
13. 29 0.365 0.807 0.812
14. 30 0.285 0.807 1.012
15. 31 0.209 0.807 1.262
16. 37 0.138 0.807 1.595
17. 80 0.040 0.807 2.595

transformation of the estimated probability functionÃG(r ) for each value of the logarithm

of the residual value (log[r ]) randomly deviates from a straight line (intercept = 0 and

slope = 1) when the residual values represent only random variation (Figure 5.0).Specif-

ically, ignoring random variation for the moment, ifG(r ) = e−r , thenlog(−log[G(r )] ) =

log(r ). Thestraight-line in Figure 5.0 has estimated intercept of 0.0045 and slope of

0.981 providing further evidence of a good "®t" of the proportional hazards model to the

smoking data.Graphically, both plots show no systematic patterns and, therefore, no

apparent reason to modify the model.As always, transformed values produce a line that

is easily interpreted, intuitive and provide a simple indicator of randomness/nonrandom-

ness.
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Table 10.0 Comparison of log(r ) and log(−log[G(r )] ) to assess the goodness-of-fit of
the Cox estimated proportional model from the SFMHS smoking data (n = 23)

r i
ÃG(r i) log(r i) log(−log[ ÃG(r i)] )

1. 0.033 0.957 -3.423 -3.113
2. 0.105 0.911 -2.254 -2.373
3. 0.154 0.863 -1.872 -1.915
4. 0.190 0.815 -1.661 -1.587
5. 0.237 0.767 -1.438 -1.328
6. 0.287 0.719 -1.248 -1.110
7. 0.330 0.671 -1.109 -0.920
8. 0.339 0.623 -1.081 -0.749
9. 0.468 0.575 -0.759 -0.593

10. 0.812 0.518 -0.208 -0.418
11. 0.899 0.460 -0.107 -0.254
12. 1.012 0.395 0.012 -0.072
13. 1.248 0.329 0.222 0.107
14. 1.262 0.263 0.233 0.289
15. 1.470 0.197 0.385 0.484
16. 1.595 0.132 0.467 0.707
17. 2.595 0.000 0.954 --

A goodness-of-®t evaluation of the HIV/AIDS data used to describe the in¯uences

of CD4-counts,β -levels and age also does not differ in principal from the parametric

analysis. For example, the estimated residual values and log-log transformed values

again yield a straight-line when the data are accurately described by proportional hazard

functions. Figure6.0 displays the plot of these transformed residual values for the Cox

additive model describing the survival experience of the 72 HIV/AIDS study subjects

(Table 5.0).As with the smoking data, the plot of the transformed residual values gives

no indication of a substantial lack-of-®t.

The modi®ed Cox-Snell residual values (denoted again mi -- Lecture 8) again pro-

vide a statistical/graphical tool to explore the lack-of-®t associated with each explanatory
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Figure 4.0 Plot of the residual values (r ) and their probabilities G(r ) = P(R ≥ r ) as
well as the exponential curve e−r
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Figure 5.0 Plot of the logarithms of the residual values log(r ) and the log-log trans-
formed probabilities log(−log[G(r )]
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variable. Infact, transformedmi -values have approximately symmetric distributions with

mean value zero.Such a transformation makes the plotted residual values visually easier
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Figure 6.0 Plot of the logarithms of the residual values and the log-log transformed
probabilities SFMHS HIV/AIDS data (n = 72, age ≤ 35)
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to interpret, particularly the identi®cation of patterns of nonrandomness.This somewhat

complex transformation is

Mi = sign(r i) √ −2(r i + δ log[δ − r i])

wheresign(r i) = � 1 for r i < 0 and +1 otherwise andδ =1 for complete observations andδ

= 0 for censored observations. Figures7.0, 8.0 and 9.0 are plots of theMi -residual values

for theCD4-counts, theβ -levels and the age variables from the HIV/AIDS prognosis

data. Theplots include a line (smoothed residual values) summarizing the residual pat-

tern (if any) associated with each variable. With the possible exception of the

CD4-counts, no striking nonrandomness is apparent.

To repeat one more time because it is critically important -- the explanatory vari-

ables in a survival model (parametric or semiparametric) are assessed by comparing
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Figure 7.0 Transformed modified Cox-Snell residuals values -- CD4-counts
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Figure 8.0 Transformed modified Cox-Snell residuals values -- β -levels
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proportional hazard functions.When ratios of hazard functions are constant over the

entire range of time considered (proportional!), then and only then, the exploration of the
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Figure 9.0 Transformed modified Cox-Snell residuals values -- age
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in¯uences of the explanatory variables can be based on summary values that do not

depend on speci®c survival times.

An entirely different approach to inspecting the residual values from a survival

model focuses directly on assessing the assumption that the explanatory variables do not

depend on survival time. Anexplanatory may become less appropriate over time or

become more predictive or simply change in some other way. For example,CD4-levels

may become a stronger indicator of a diagnosis of AIDS as survival time increases.To

identify variables that do not remain constant, survival time is incorporated directly into

the model.More formally, an interaction term (variable× time) is added to the model

and allows for the possibility of identifying changes in the in¯uences from an explanatory

variable when they occur. Continuing the HIV/AIDS-data example, an extended Cox

proportional hazards model is proposed where
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hi(t) = h0(t)e
b1cd4i + b2[cd4i × log(ti)] = h0(t)e

[b1 + b2log(ti)]cd4i.

The interaction ofCD4-counts and survival time (cd4i × log[ti]) is a formal description

time-dependency. That is, the hazard ratio is not constant with respect to time.The esti-

mated model coef®cient Ãb2 allows a statistical assessment (test) of this nonproportionality

conjecture. Simply, whenb2 is not zero, the hazard ratio depends on time.Because the

estimateÃb2 will not be exactly zero when estimated from sampled data, the questions

becomes: Isthere evidence thatb2 is not zero?

The logarithm of timelog(ti) is used instead of entering the survival time ti directly

into the model primarily for computational reasons.Furthermore, Cox partial likelihood

estimation requires special but generally available software to evaluate time-dependent

interactions. TheSAS, SPLUS and R statistical analysis systems, for example, allow

estimation of parameters from survival models containing interaction terms involving sur-

vival time.

Using the HIV/AIDS data and the extended proportional hazards model yields the

estimated coef®cient Ãb2 = 0.0018 associated with theCD4/time interaction (Table 11.0).

Table 11.0 Estimated coefficients from an extended Cox estimated model allowing
the possibility of nonproportional hazard functions (SFMHS data, n = 72)

terms coef®cients Ãb j SÃb j
p-values

CD4-counts b1 �0.0092 0.0028 --
CD4 × log(time) b2 0.0018 0.0008 0.018

The usual statistical assessment of theb2-coef®cient and, therefore, an assessment of
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time-dependency associated with the CD4-counts is

X2 =




Ãb2 − 0
SÃb2





2

=




0. 001 8− 0
0. 0008





2

= 5. 577.

The associated chi-square test statisticX2 (degrees of freedom = 1) yields ap-value of

P(X2 ≥ 5. 577 |b2 = 0) = 0.018 suggesting nonproportionality (evidence of an interaction).

It is important to note once again that the in¯uence of theCD4-counts is not measured by

the single coef®cientb1 in the presence of an interaction.

The strategy of adding interaction terms to a hazard model to explore possible

time-dependency applies to any number of explanatory variables. TheHIV/AIDS data

continue to illustration.The additive proportional hazards model based on the three

explanatory variables,CD4-counts,β2-microgolbulin and age becomes

hi(t) = h0(t)e
b1cd4i + b2β i + b3agei + b4[cd4i × log(ti)] + b5[β i × log(ti)] + b6[agei × log(ti)].

Not unlike the previous interaction model describing these three variables, the explana-

tory variables are no longer independent.Each variable depends on time.The six esti-

mated coef®cients for this extended Cox proportional hazards model are given in Table

12.0. Boththe single variable model (Table 11.0) and the three variable model (Table

12.0) indicate some evidence of a lack of proportionality associated with theCD4-counts.

The parallel assessments of theβ -levels and the study subject's age show no remarkable

indication that the proportional hazards model is not an adequate representation of the

risk /hazard relationship.
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Table 12.0 Estimated coefficients from an extended three variable Cox estimated
model allowing the possibility of nonproportional hazard functions (SFMHS
HIV/AIDS data, n = 72)

terms coef®cients Ãb j SÃb j
p-values

CD4 − counts b1 �0.007 0.003 --
β − levels b2 0.420 0.662 --
age b3 �0.145 0.143 --
CD4 × log(time) b4 0.001 0.001 0.084
β × log(time) b5 �0.024 0.181 0.894
age× log(time) b6 0.038 0.040 0.332

strati®ed analysis

One possible reason for a lack of proportionality among hazard functions is that the

baseline hazard functions differ among the levels of another variable. Inthis case, an

overall proportional hazard model fails to adequately summarize the collected survival

data. However, a series of strati®ed proportional hazard models (one for each stratum)

potentially describes the data accurately. A direct and simple strategy consists of con-

ducting a separate analysis for each stratum.Alternatively, an ef®cient model that

focuses directly on the the difference in hazard functions and requires the explanatory

variables to have identical in¯uences within each stratum is

hik(t) = h0k(t)eΣ b j xij k = 1, 2,. . ., g = number ofgroups (strata).

This model postulates different baseline functions [h01(t), h02(t), . . ., h0g(t)] but the

explanatory variable coef®cientsbi remain the same in each stratum.The hazard func-

tions are, therefore, proportional.The estimation of a single set of coef®cients and the
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corresponding survival functions requires special likelihood estimation but evaluation and

interpretation follow the usual pattern.For example, once the survival functions are esti-

mated, comparisons of the log-log transformed values allows a simple graphical assess-

ment of the assumption that the hazard functions are proportional among the strata.That

is, the log-log transformed survival functions plotted for the values of the logarithm of the

survival times randomly deviate from a series of parallel lines when the hazard functions

differ only because the baseline hazard functions differ (proportional).

Then = 72 SFMHS participates measured for theirCD4-levels classi®ed as "hard"

drug users (drugs other than marijuana, aymal nitrate and nitrous oxide) and nonusers

illustrate the exploration of strati®ed survival data. Usinga Cox proportional hazard

model modi®ed to be proportional within the two categories gives close to same esti-

matedCD4-coef®cient (Ãb = � 0.0027 --SÃb = 0.0008) that was observed in the overall

model (user status ignored -- Table 5.0).

Figure 10.0 shows the two stratum-speci®c estimated survival functions based on

different baseline hazard functions.Figure 11.0 displays the log-log transformed esti-

mated survival functions plotted against the log of the survival time (log(−log[ ÃS(ti)] )

againstlog[ti]) . The line for nonusers (intercept= � 4.770 andslope= 0.943) appears

more or less parallel to the line for users (intercept= � 4.478 andslope= 1.055).
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Figure 10.0 Stratified analysis by nonusers and users -- survival functions for
SFMHS data, age less than 36 years old, n = 72
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Figure 11.0 Stratified by nonusers and users -- log-log transformed survival func-
tions for SFMHS data, age less than 36 years old, n = 72
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Figure 12.0 The log-log transformed survival function for nonusers plotted against
the log-log transformed survival function for users -- stratified analysis
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Another useful comparison of the log-log transformed survival functions is achieved by

plotting the survival function for nonusers (x-axis) against the survival function for users

(y-axis). Whenany two functions form parallel lines, the plot of one function against the

other forms a straight line with slope 1.0.Figure 12.0 is such a plot for the AIDS/drug-

user survival functions and shows only moderate deviation from a straight-line (slope=

1.0).


