LECTURE 8

General Survival Model: Parametric

Introduction

The ponential and \&ibull hazard models are naturallytended from the tor
sample case to includedyanumber of &planatory wariables. Ima nodel cont&t, these
explanatory ariables hae a \ariety of names.They are calledindependent variablesr
predictor variablesor sometimes just-variables These ariables can be of grkind.
They can be binary ariables (such as the tvsample model), counts, cgteical indica-
tor variables or continuous measurdgchnically it is said that the xplanatory ariables
are unrestrictedOccasionallythe property that thexplanatory wariables are unrestricted
is used to increase agreement between model andFtatexample, using theariable
log(x) instead of theariablex reduces the impact oke#eme obsemtions that dispro-
portionately ineuencemodel estimatesSuch transformations prale a simple straggy
that potentially impraees an analytic model (to be further discussed)he outcome ari-
able (sometimes called thependent variabler response variable or y-variabjén a

survival model is the amount of sumal time.



As with the two-sample model, the most a@nient way to assess the ineuence of
the xplanatory wariables is a comparison of proportional hazard functi@rsce agin,

the hazard model is

hi(t) = ho(t) x c;.

However, to incorporatek explanatory wariables (denotes,, x,, - -+, X,) into a surwal

model, the constant of proportionalityis expanded where

hi(t] Xi1, Xi2, - Xik) = ho(t) X ¢;
= ho(t) X eblxil+ byXip + - + by X

= hy(t) x eX 0%,

thus,log(c;) = 2_b;x; wherej =1, 2,---, k = number of &planatory \ariables. This
expression describes aalditive poportional hazad modelrelating the hazard function
h; (t) for thei™™ person or group to a baseline hazard fundtigt) for a speciCEc set of
explanatory ariables. Itk = 1 and the single binaryx@lanatory wariablex;; = F takes
on the alues zero or one, then the mudtiable model reduces to the pi@us two-sam-

ple case where
he(t|F) = ho(t)e®F =hy(t) x ¢  and log(c) = b.
When the baseline hazard function is a parametric function (this lecture) the model

is naturally callegparametric Itis, havever, not necessary to deEneleitly the hazard

functionhg(t). Themodel is then calledemipaametric(next lecture). The term



semiparametric refers to the property that the baseline hazard function does not require a
parametric de®nitionud the parametets remain in the model to measure the ineuence

of the explanatory \ariables on surval time.

The ley feature of a muleriable surwal model is that the hazard functions are

proportional. Speci®cally

hi(t] Xz, Xi2, -5 Xi) _ G = eZbi%

hazard ratio=
ho(t)

and, therefore, the model dictates that ratio of hazard functions does not dependton time
(proportional). Thigatio becomes the primary statistical summary of the ineuences of
the planatory wariables. Perhamsnore familiar form for the multiariable hazards

model is

log[hi(t | X1, Xiz, -+ Xi)] = log[hg(t)] + 2 b; ;.

This linear rgression-lile expression contains an "intercept” term that depends on time
alone and an entirely separate term that reeects only the ineuences ofplbeatory

variables. Aslight modi®cation of thisgression,

Lh (t | x Koy auny X L]
log(hazard ratig = log [3 (X Xi2, -, Xi) 0= 2 bjx,
0 ho(t) 0

clearly shavs that the hazard model requires the ineuences ofxpkeatory ariables

on the hazard ratio be determined solely by the modeBcaaits (theb;-values).



Properties

The fundamental properties okavariable proportional hazards model are essen-
tially the same as most muitriable statistical modelsConsider tw sets of &planatory
variablesx;, o, - -+, X, andxy, x5, ---, Xi (for example, tvo groups or tvo individuals).

Two additive hazard models based on tkeariablesx; andx; are
ha(t] Xg1r Og2y " - ng) = ho(t)ezbi Xgj

and

N (] Xha, Xho, -+ Xhi) = ho(t) e P,
The ratio of these tavhazard functions becomes

hu(t] Xhi, Xho, -+ Xhi) — o2 bj(Xj = Xg)

ratio of hazard functions hr =
ha(t] Xg1 Xg2, -+ s Xg)

called thehazad ratio (denotedhr).

property 1

When all the gplanatoryx-values are the sam&apt one (in symbolssy,; = Xg; for all
j#m=1, 2., k), then the hazard ratio re ects only the in uence oftheariable

and

relative hazardratio = hr,, = e’n(Xm = Xem

A relative hazard quantitately summarizes the separate role of each oktagplanatory

variables. Anadditve nodel is designed so that each @aéntb,, measures the



in uence of the speci®aviablex,, as if the othek — 1 explanatory wariables were held
constant. Thiproperty is referred to in a number o&ys. ltis said that the in uence

re ected by the coBtientb,, is adjusted for the in uences of the othgslanatory ari-
ables or the in uence measured by the®oiehtb,, accounts for the in uences of the
other explanatory ariables or the co@kientb,, measures the independent in uence of
them" explanatory ariable. Sucka model is called an addi& model because each
variable adds itswn in uence rgardless of the a&lues of the othék - 1 explanatory
variables. for example, ifXhm = Xgm = 1, thenhr, = e is the amount of change in the
hazard ratio for a one unit increase in i explanatory wariable rgardless of the -
ues of the otherariables in the modelAdditive gatistical models are fefctive tatistical

tools eactly because of this property

Hazard ratios are fundamental and essential summaries ofgsdata. Thg are a
direct product of a proportional hazard moddbwever, the interpretation of a hazard
ratio is easy to calculate and simple to interpret when it is estimated for laredles
described by an addrm nodel. Wherthe eplanatory ariables are non-linear functions
or joint in uences»ast among the othexplanatory \ariables (nonaddite nodel), cal-
culating a hazard ratio becomes mordiilt and, of more importance, the interpretation

becomes more complicated.

A remaining issue is the description of an estimated hazard rativecteatne
value one (gactly no in uence from arxplanatory wariable). Br example, a hazard

ratio of 0.2 fir; = h;(t)/hy(t) = 0.2) might be interpreted as 80% decrease in the hazard



ratio relatve  the "null" value of one.A better description of the dédrence is to note
that the hazard ratio is ®@tme smaller than the baseline hazard rafiaatio scale, as
the name suggest, measurefedénces in terms of ratios:rom another perspeed the
symmetric hazard ratio 1/0.2 = 5 equally measures the sagneedsf in uence of the
explanatory wariable relatre o the baseline function and is 400% increase, not 80%.
Symmetric means that 0.2 and 5@ress the same magnitude ofeliénce relatie o
1.0. For another point of vig, log(hr;) = —log(1/hr;) relatve o log(1.0) = 0 when two
hazard ratios equally digr from one It in opposite directions-{og(0. 2) = log(5.0) =

1.609)

An ideal two-sample comparison occurs when both groups are identical in all
respects ecept for one speci®caviable. Thenogically, differences obseed between
the compared groups are atiribd to that singleariable. Assigningndividuals at ran-
dom to one group that rewes a teatment and to another that does not vechi treat-

ment (randomization) is an attempt to approximate this ideal comparison.

The comparison of nonrandomized groups in terms of humarvayhawever, is
frequently &r from this ideal.The groups compared typically f@f in a number of
respects making these obssthdiferences di®cult at best to attrilted to a singleari-
able. Anadditve nodel is designed to produce analytic comparisons as if the compared
groups were "identical” for allut one variable. Eaclestimated co&@cient indicates the
in uence of a singleariable as if the othdc - 1 variables were identical between the
compared groupsOf course, the imbalances caused by othelables are only "equal-

ized" when thg are measured and included in the mod@f.equal importance, the



model must accurately represent the relationships within the collected/diaga ran-
domization is not possible, frequently the situation in the study of human mortality and
disease, an addie nodel pravides an opportunity to interpret comparisons between

groups as if thehad been "randomized."

property 2
A multivariable hazard model has another property common to aeldibdels.

The wverall in uences of th& explanatory \ariables is a simple function of the in uences

of each ariable. Inthe case of a sumal model, the hazard ratio is
hazard ratio= hr = e %% ~%a) = [7] €0 ~*a) = [ hr,

where

hr; = POy = Xg) j=12-, k.
The expressiorhr,, = e’ =X indicates the in‘uence of tmeé" explanatory \ariable
in terms of a speci®c a rele#i hazard ratio.In fact, thek-variable hazard ratidh¢) is the
product ofk separate relate hazard ratiost{r;). Whena nultivariable summary is a
product of a series of inddual summaries (one for each measuradable), the in u-
ences of thexlanatory ariables are referred to eslependent For example, the joint
impact of the ariablei and the wariablej on surwval time is expressed by the product
hr; x hr; and theseariables are said to &independent in uencetndependence in
this contat is another term for model addity. When the eplanatory wariables are
additive, their in uences are independent and viessa. Independendgthe ley pop-

erty of an additie nodel hut does not necessarily re ect the underlying relationships



among the measurednables. Theorrespondence between the properties of a postu-
lated model and the relationship within the collected data is an essential part\a survi

analysis and is discussed in detail.



Application

The San Francisco MenHealth study (SFMHS) includes a cohort of 88 homese
ual/bisexcual men who were seroposti (HIV-positive) on entry to the study (July 1984).
The "surwal" time for these HIVpositive gudy participants is the time from entry until
the diagnosis of AIDS (in weeks). The end point is illness not deatimdertheless, the
length of this AIDS-free time inteaV is referred as sumal time for cowenience in ter
minology. This SFMHS cohort produced 51 complete (AIDS cases) and 37 censored
obsenations. Thredactors potentially related to the diagnosis of AIDS aq@@ed, the
CD4 lymphogte count CD4 - coun), the serunp,-microglotulin level ( -level) and
the age &ge of the study subjectsPrevious studies o€D4-counts anda,-microglolu-
lin levels reported separate associations with diseageityg(shorter time to a diagnosis
of AIDS). Two histograms display the disttibons of these biologic responses to infec-
tion (Figure 1.0).The analysis of these HIV/AIDS data relates to the signi®cance of
these risk measures in the prognosis of the disease, particularly in predicting time-to-
AIDS ("survival") based on thexgéent of infection associated with the joint in uence of
theCD4-counts and-levels. Throughoutthe multvariable Weibull hazard model is
used to identify and assess this joint in ueritlee exponential hazard model is a special

case and its applicationowld follow almost the identical patterg & 1).

ReportedCD4-counts are essentially a continuoasable and a singleaviable

Weibull model representing the relationship among hazard functions is
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Figure1.0 Thedistributions of CD4-countsand b,-microglobulin levelsfrom the
SFMHSHIV/AIDS data
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hi(t|CD4) = hy(t) x ¢; = g+ Pieddlogio -1

for thei' study participant.The reportedCD4-count (denotedd4,) is entered directly

into the model. The hazard model has the same form as thequsly described to-

sample modeldtt the continuous nature of thepéanatory variable gves it a smewvhat
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different characterThe HIV/AIDS data ( = 88) yields the maximum |&dihood esti-
mated parameters contained able 1.0.

Table 1.0 Estimates from the Weibull survival time model parameters describing
thereported CD4-counts

variables symbols| estimates  stcerrors  p-values
intercept b -3.333 -- --
CD4-counts b, -0.002 0.0006 <0.001
shape g 1.339 0.163 -

The model co@cient associated with tH@D4-count P, = - 0.002) translates into
the estimated hazard ratio@f°®43® = 0.997. Thehazard ratio is less than and close
to one. A hazard ratio less than one means that a person withes ©@D4-count will
have hgher risk than a person with a higher counhe ratio close to indicates thataw
persons who diér by a single CD4-count i@ hazard functions that dér by an esti-
mated &ctor of 0.997 wer the entire range of time¢)( Sucha gnall difference might

appear inconsequentiadowever, the model co@cientb; measures response per unit of
the explanatory wariable. Thats, the magnitude df; (hazard ratio= eﬁlg) re ects

change in risk per unit anfix B; (hazard ratio= [eﬂlg] ") re"ects risk pef units. For
example, two individuals who difer by aCD4-count off = 400 have hazard functions
that difer by a ratio ohazard ratio= 0.997*%° = 0.335 (1/0.335 = 2.813); a close to

3-fold difference in risk.

The ®rst question becomets the simple linear representation of the in uence of

CD4-counts g + b;cd4;) useful or is a more sophisticated characterization necessary?
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An answer to this question frequently eges from a plot of the ca®tients from a
model that describes anable temporarily created by classifying a continuargable
into a sequence of cageries. Br theCD4-counts, the cag@ries chosen ardess than
or equal to 450, 450 to 600, 600 to 850, 850 to 1000 and greater thanAL@G£bull
hazard model postulated twpdore the relationship among thesee®D4-categories and

survva is

hi(t | 2, 2o, Z3, 24) - e(bo + D7y + 0,7, + byzigt+ b4Zi4)ggtg -1 _ ho(t)e(blzil + b,z + byzia+ b42i4)g_

This additve model produces ® estimated coédcients ;bi (Table 2.0).Four of these
coef®cients indicate the independent in uence of each of the fogoces relatre ©

the lov CD4-count catgory (CD4 < 450). Thez;-values are components of ariable
speci®cally designed to allok unordered catories to be incorporated into the model.
A variable consisting of a set kfunordered catories is referred to asn@minal vari-
able The following plot illustrates the possible role of each @Gmaént in the nominal

variable model (@ble 2.0).
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categorical hazards model
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The ®rst coabcient (by) establishes the "baseline'Vig and the othek - 1 (k = 5) coef®-
cients indicate the pattern of riskhe ®gure displays an approximate linear relationship

but the relationship can takeny form (theb;-coef®cients can hae ay value).

Estimates from a nominahviable model produce unconstrained estimates of the
relationships of each the cgtey to surwal times. Unconstrainegheans that the rela-
tionships between the cgtarical variables and survdl is dctated by the dataThe rela-
tionship can be linear or nonlinear or random or @attern that can be described with a
k-level nominal \ariable. Unlile an additive nodel, the data entirely determine the anal-
ysis results.The details of the model that produces@i@ categorical analysis are pre-

sented in @ble 2.0.

The estimated in uences of the nomiraiiable (coe®cients 7bi) indicate, in a not
an tremely e®cient fashion, the relationship between tix@lanatory \ariable and sur

vival time. Nevertheless, this indication is frequently ®afent to characterize the
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Table 2.0 A model for exploring the relationships among five categories of
CD4-counts

interval L L, Zz Ly model
CD4 < 450 0 0 0 0| htlz, z, zs ;) = €9 = hy(t)
450<CD4<600 | 1 0 O 0| h(t|z, 2 z3 z;) = € P9 = h(t)e™y
600<CD4<850 | O 1 0 O | h(t|z, zp, zs z;) = €™ * P9 = hy(t)e®d
850<CD4<1000|| O O 1 O | h(t|z, 2, zs, z) = P29 = h(t)ePd
CD4 > 1000 0 0 0 1] h(tlz, z, zs z;) = € *PI9 = hy(t)ebss

relationship between a speci®ariable and surval as well as suggest a possible mathe-

matical representation (linear?).

The four estimated coBtients from the \WWibull model re ect the unconstrained
in uences of the ®& nominal catgories ofCD4-counts (&@ble 3.0) on the time to a diag-

nosis of AIDS.

Table 3.0 Summary of the application of the Weibull survival model to the five cate-
gories of CD4-counts

variables symbols| estimates  stcerrors p-values
intercept b 3.923 -- --
450 <CD4 <600 b, 0.573 0.286 0.045
600 <CD4 < 850 b, 0.926 0.287 0.002
850 <CD4 < 1000 b3 0.990 0.398 0.013
CD4 > 1000 b, -1.111 0.483 0.005
shape g 1.335 0.162 -

The principal purpose of constructing tBB4-catgories and applying the &bull

categorical model is to produce Figure 2 X¥isually, the plot CD4 categories ersus

A -coefdcients) suggests that the originally proposed linear representation of the
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Figure 2.0 Estimated Weibull model coeffi cients applied to fi ve categories of
CD4-counts

-0.9 -0.8
|

-1.0

model coetticients

-1.3

-1.4

-1.5

600 800 1000 1200 1400

categories of cd4

CD4-counts (dotted line) is not misleading/hen more complicated relationships
emege, thg can be represented by more sophisticated mathematwassions. &r
example, the in uence of a continuoxplanatory wariable could be represented by a
third degree polynomial.Instead of the ariablex alone, the three terms x* andx®
could be included in the model alling considerable xbility that potentially imprees
the model as a representation of the relationship between risk andisime. Thats,

instead ot + by x, the expressiorb, + by x + b,x? + byx is used.

An estimated median suwd time based on a ®ull probability distritution

model for a speci®CD4-count is
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medial’(Cd4i) — [log(z)]l/,@e—( /%0 + ;blcd41) — [Iog(z)]l/l.3$e3.333+ 0.0(2Cd4i.

For example, the mea@D4-count 657.8¢d4 = 657.8) produces the median swali

time of 75.9 weeksThe estimated median swal time clearly depends on an inail-
ual'sCD4-count. Modekstimated median suma times are displayed in Figure 3.0 for
a range ofCD4-counts. Thestimated median suma time sharply increases as the
CD4-counts increase.

Figure 3.0 Model generated median survival times estimated from the Weibull
model (Table 1.0) for arange of CD4-levels
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The same issues arise in constructing a model for the analysisafthieroglob-
ulin levels. Parallel to theCD4-model (linear), directly incorporating the reportedev-

els (b;) into the hazard model
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hi(t] b) = dho+ blbi]ggtg_l

produces the parameter estimatesahl@ 4.0.

Table 4.0 Estimates from the Weibull survival time model applied to the reported
b-levels

variables  symbols| estimates s&irors p-values

intercept bo -5.551 -- -
b-levels by 0.371 0.121 0.002
shape g 1.293 0.158 --

Characterizing thé-level in uences on survél time follows a pattern similar to
the analysis o€D4-counts. Agin, temporarily catgorizing theb-levels (catgories: 0,
1.75, 2.25, 2.75, 4.25 and 6) produces a plot re ecting the unconstrained relationship with
survival time (Figure 4.0).A linear representation aigp appears to summarize accurately
the b-level/survival relationship. Aswith theCD4 plot, no apparent reasorists to

choose a more sophisticated representation of#egel in uence.

Again parallel to th€€D4 analysis, the median sural times are estimated from
the Weibull model (Table 4.0) for a range df,-microglohkulin levels (Figure 5.0).The

median surwal time sharply decreases as #héevels increase.

Multivariable analysis

An additve nodel, as the name suggests, is created from a simple weighted sum of
the eplanatory ariables. Th&SFMHS \ariablesCD4-counts,b,-microglokulin and age

produce the addite nmultivariable model, agin in terms of proportional hazardsyegi
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Figure4.0 Estimated Weibull model applied to fi ve categories of b-levels
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hi(t|cd4, b, age) = hy(t)ecd4 * bzbi + bsage
or, for the Vibull hazard model,
hi(t| cdd, b, age) = hy(t)&Picd + b2bi +bsagelg g ~1 = by + brcdd; + byby + bagelg oo =1,

The in uence of eachplanatory wariable is additie. In the cont&t of a statistical
model, additre means (to repeat) that the contition of each ariable to estimated haz-
ard ratio is proportional to the associated @efnt b; and that the contriision is unaf-
fected by the heels of the otherxplanatory wariables. Br the &ample, the co@&cient

that determines the in uence@b4-counts k) is the same whether the study subject is
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Figure5.0 Model generated median survival times estimated from the Weibull
model (Table 3.0) for arange of b-levels
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young or old.For any age, theCD4-coef®cient remaind;,. An additive model is con-
structed so that thexplanatory ariables hee sparate (independent) in uences.

A nonadditve model is also xactly what the name suggestdodels created to
describe gplanatory ariables that do not in uence swaliin an additive (ndependent)
fashion are calledonadditive An example of a nonaddite nodel using the three mea-

sures of risk from the HIV/AIDS data is

h(t|cd4, b, age) = ho(t)eblCd41 +bybi + bsage + by(cd4; x b)) + bs(cd4; x age) + be(b; * age)

The planatory wariables are no longer independefihe model allars the relationship
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between oneariable and the hazard rate to be in uenced by anathiable. Br exam-
ple, the nonaddite nodel requires that the relationship betweenGbd-count and the
hazard rate is in uenced by the age of the study subjjeetjoint in uence is clearly
seen from thexgression for the \Whull model. The rel@ant model coe®cients areb,;

andbs where

hi(t] cdd, b, age) = hy(t)eP: *bs x age) x cd4; + bb; + bsage + ba(cdd x b)) + be(bi x age)ly

This model is identical to the prieus nonadditie model hut the coe®cients are rear
ranged to more clearly indicate the in uence of age on the relationship between

CD4-counts and surval time.

This second»gression emphasizes the the role ofdtié x age"interaction” term
in a nonadditie nodel. Speci®callythe in uence o€D4-counts on the hazard rate
depends on age as longlgss not zero.The dgree of in uence is determined by the
CD4-count multiplied by theafctor p, + bs X age). Speci®callyif b; = 0.008 ands =
0.0002, then for age 20, t4-count is multiplied by 0.003 and for age 40, the same
count is multiplied by 0.001The study subjed'age decreases thegtee of in uence
on the hazard rate from tkb4-count. Oldeindividuals are less f#cted by
CD4-counts. Thikind of joint in uence is referred to as nonadhtifi or an interaction

and nonindependence or afeef measure modi®cation.

To choose between an addiiand nonadditre nodel, both models must be esti-
mated from the dataThe estimated co@tients from the nonaddi# nodel based on the

CD4-counts,b-levels and age data arevgn in Table 5.0.
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Table 5.0 Estimatesfrom the Weibull survival time model applied to the
CD4-counts, b-levels and age with all two-way interaction termsincluded

variables symbols| estimates  stcerrors p-values
intercept by 1.923 -- --
cd4 b, 0.008 0.0042 -

b b, 0.103 0.829 --

age ) 0.215 0.119 --

cdd x p b, 0.0004 0.0005 0.525
cd4 x age e} 0.0002 0.0001 0.039
b x age ) 0.002 0.0024 0.423
shape g 1.465 0.176 --

The estimated co@kient associated with th@D4/age interaction terrrfhg,) indi-
cates that age has a plausibly systematic (non-random) in uenceGb4teazard rela-
tionship (Wald's test: X? = (0. 0002350. 001142 = 4.239 yielding thep-value = 0.039).
Or, the comparison of log-lidihood \alues produces the similarvalue of 0.042.For-

mally, the chi-square li&lihood ratio statistic

X2 = = 2[~log[ Lp.=q] — (-10g[Lpso])] = —2[277. 769 - (-275. T05) = 4.127

produces the-value =P(X? = 4.127 |bs = 0) = Q042. Theinteraction is symmetric in
the sense that tf@D4-counts also can be wed as in uencing the age/hazard rate rela-

tionship.

It is important to kep in mind that the in uence from a sing{planatory wariable
is not simply identi®ed in a nonadd# nodel, indicated by the suppression of theal-
ues in Bble 5.0.Nevertheless, the rather meaningless associptealues are usually

given by computer estimation programgVhen interaction terms are part of a model,
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they are necessarily accompanied by both the corresponding skgénatory ariable
terms. er example, if the terntd4 x ageappears in the model, the singkeriablescd4
andagemust also be included in the model, a total of three tefis.the pairs of coef-
®cients that measure the in uence of a specikptaeatory ariable on survia when a
two-way interaction is presentThat is, in presence of an interaction, such as the

cd4 x ageinteraction, a meaningful summary of the relationship betweaniae and
the hazard rate is not possible with a single®orint. Thecoef®cient, for e<ample,7b1 =
0.008 does not directly re ect the in uence of @®4-count (Rble 5.0). The presence
of a two-way interaction madés the hazard rate a function of the joint in uence of tw
explanatory ariables. Theoint in uence is measured by a combination af &atimated
coefdcients. Speci®callythe in uence o€D4-count (;bl) must be considered at a spe-
ci®c age (;‘(‘35). A single coe®cient summarizes the role of a sing&iable only when the

model is additie.

When the model contains nonaddity terms (Bble 5.0), confounder bias and sta-
tistically adjusted co@icients (via the model) are not issuésonadditvity means that a
summary based on a singlariable is misleadingTherefore, the dgee to which the
in uence on surval re ected by a singleaviable is dected by anotherariable (con-
founding) is moot.On the other hand, an addéinodel pravides the opportunity to
explore separately and parsimoniously the in uence of ea@dible. Confounddrias
and adjustment for the in uence of othariables then become reéat issues.This fun-
damental diierence ma&s the choice between nonadditend additve analytic models

critically important.
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A word of warning is varthwhile at this point.Two kinds of errors are made.

Nonadditve terms are included in the model whenytlage not necessary and nonaddti

terms are not included in the model wherytlh®e necessaryThe former error is not

serious. Thdater error is potentially destating. "Wrongnodel bias" produces at best

approximate results and abwst entirely misleading results (maexamples gist).

A ®rst step in understanding the source of pairwise nonatigliienti®ed in a

multivariable model is to stratify the data by one of the hwnindependentariables.

For the AIDS example, four strata are created by temporarilygmieing the ageari-

able to eplore theCD4/age interaction @ble 5.0).Paallel to the preious nominal cat-

egory models, the creation of age @aiges (< 25, 25 to 30, 30 to 35 ard35) poten-

tially identi®es the pattern of nonaddity. The model co@cients re ecting the in u-

ence of theCD4-count estimated within each of four age gatees (addite nodels) are

give in Table 6.0.Again, the analysis of a nominanable produces an unconstrained

estimate of possible patterns of in uence and in this case possible patterns of interaction.

Table 6.0 Therelationships (model coeffi cients) between CD4-count and the hazard
rate for four age categories (strata) and their approximate 95% confi denceinterval

bounds

age catgories | n A lower upper
age< 25 18 0.0036 0.0064 0.0008

25<age<30 | 22 0.0025 0.0048 0.0001

30<age<35 | 32 0.0020 0.0034 0.0006
age > 35 16  0.0001  0.0017 0.0014
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For men 35 years-old or youngéhe relationships betwe&D4-counts and the
hazard rate are more or less consist&}t:()e@cients in the neighborhood of 0.0025)
and difer considerably from the relationship obsstyn men older than 35§(-coe®cient
= 0.0001). Thestrati®ed analysis based on a nominal agygable reeals that the in u-
ence of theCD4-counts on the hazard rate appears to be similar (potentially little or no

interaction) for three ieels of age ége< 35).

The analyses summarized iables 5.0 and 6.0 indicate that an asditrodel
likely produces an accurate and potentially useful summary of the relationship between
the CD4-counts and the hazard rate for men under 35 yearsSolch an addiie

Weibull survival model is (repeated),

h(t| cdd4, b, age) = ebo * bicddi +bybi +bsagelg g ~1

The estimated co@tients in Bble 7.0 are from the add#i nodel applied to data
restricted to study subjects 35 years-old or less.

Table 7.0 Estimates from the additive Weibull survival model based on the variables
CD4-counts, b-levelsand age (age< 35)

variables  symbols| estimates sadrors p-values
intercept by 3.439 - -

cd4 b, 0.002 0.001 0.005
b b, 0.265 0.123 0.031
age B 0.010 0.028 0.729
shape g 1.309 0.099 0.038

The ®rst analytic issue is the assessment of the impact of rarat@non on the
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estimated model coBtients. Est statistics (\d's test, for @ample) andp-values indi-
cate the ariables lilely to have /stematic in uences on swi time. Boththe

CD4-counts p-value = 0.005) and the-levels (p-value = 0.031) likly in uence the
hazard rate in a systemati@ayv No such eidence &ists for the in uence of age<{

vaue = 0.729).In addition, the estimated &bull shape parameter indicates that the sim-

pler xponential modeld = 1) would be inadequategpfvalue = 0.038).

An additve nodel postulated to asses the separate roles okpienatory ari-
ables in in uencing sunl time is also anxeellent statistical tool for describing the
relationships within the sampled dafBhe estimated model clearly describes the redati
role of each eplanatory ariable. Directomparisons among the c@eients fil to pro-
duce pro®table information when thariables are measured infdifent units. For exam-
ple, theCD4-count is not less important than the age in the prediction of a hazard rate
because the ca@tient 'Fbl = 0.002 €d4) is closer to zero than the c@efent ;bs =
0.010 (age. Themagnitude of the estimated c@®eifents is lagely determined by their
measurement units (counts and weelksy. example, if the study participasteges were

reported in months, the c@xient 7?93 would be reduced by aétor of 12 ( 0.00096).

When a coédcient is dvided by its standard errdhe resulting statistic is unitless
providing direct and sometimes useful comparisons to other similarly standardiz@d coef
cients. Thestandardized co@kients are said to l®mmenswate (same units).Again,

these comparisons require that the @ednts are estimated from an additimodel.

For the AIDS data, commensurate statistical summaries are



-26-

A, -0.0238
= 1= — "2 =348
%edt = 5, 0. 00065 8
A, 0.55
= 2="""-2 157
’7 s, 0.123
and
A, -0.a0

For men 35 years-old or les€D4-counts hee the most in uence on the estimated haz-

ard rate, follaved by an importantui smaller in uence from,-microglohulin levels.

The \ariable age has a relaly small and a likly random in uenceThe p-values asso-

ciated with these summaries are similarly commensurate and comparisons also re ect the
relative in uences. Ifiact, a number of ays &ist to male the comparisons commensu-

rate and typically produce similautnot identical results.

A de®ning feature of an addig nodel is a simple description of the joint in u-
ences of thexplanatory ariables on the hazard ratéor example, the joint in uence of
CD4-counts,b-levels and age are fefctively described by the estimated median staivi

time based on the &bull model where

median= Am = [|og(2)]1/@ e—(’fso + Z ’?bjxu) - [|Og(2)]l/@ e—(fbo + ;blcd4i + ff,zbi + 'Zbgage)
— [|Og(2)]l/1.3D9 e3.439 +0.0®cd4; — 0.565h; + 0.0LOagq_

For HIV-positve men age = 28.5 years (meaadue), estimated mediaaes (Bble 8.0)

describe the joint in uences on swalitime from nine selected pairs 6D4-counts and
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b-levels (measures of the geee of infection).

Table 8.0 The joint influence of CD4-counts and b,-microglobulin in terms of esti-

mated median time to AIDS (weeks)
bo-microglokulin levels

15 2.5 3.5

cd4-counts =400| 52.1 40.0 30.7
cd4-counts = 700 | 103.1 79.1 60.7
cd4-counts = 1000 204.1 156.6 120.1

A more general description of the joint in" uence of the thxpéaaatory
HIV/AIDS variables is the hazard ratiés will be described, hazard ratios can be esti-
mated without specifying a speci®c parametric model (baseline hazard funéiom).
eve, based on the WAibull additive nodel (age< 35), the @erall hazard ratio (product of

variable speci®c relae hazard ratios) for the" individual is

hr, = B _ Aci)h o obab)B 5 ohlage)
ho(t)

— o 00@(Cd4)L300 5 OBHH)LIW ¢ -0.00(age)1300

=0.97% x1.47% x 0. B729,

Again for the mean age 28.5 yearablE 9.0 contains the estimated joint in uences of
nine selected pairs oflues ofCD4-counts and-levels described in terms of hazard

ratios relatve © an individual with aCD4-counts of 700 and a-level of 2.5.
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Table 9.0 The join influence of CD4-counts and b,-microglobulin in terms of hazard

ratios
bs-microglokulin levels

1.0 2.5 3.0

cd4-counts =400 | 1.45 255 411
cd4-counts = 700 | 0.59 1.00 1.68
cd4-counts = 1000] 0.24 0.41 0.69

A little algebra shws that these tavsummary statistics (mediarales and hazard ratios)

are directly related.
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Goodness-of-®t

Once a model hazard function is established, the correspondingastumiction is

equally establishedin general, the relationship is

it hi(t) = ho(t)eZ %, then S(t):g‘m(t)gxqzb"x“)_

Therefore, an estimate of the baseline siahfunction and a set okplanatory wariables

produce an estimate of the swalifunction for a speci®c group or person.

For the Weibull hazard model,

’ X2 bj i)
s ="t

where/ 3 andg are estimated from the data as well asaheoefRcients. for the
SFMHS HIV/AIDS data, each indidual obseration (complete surva timet plus spe-
ci®c values of the CD4-4- and age-ariables) generates an estimateeity¥l survival
probability gven by

~ xp(—0.0@cd4; + 0.265h; — 0.aL0age)
A = %—O-‘Bﬂtl'mg Table 70.

A statistic speci®cally designed tvatuate the accurgoof a postulated model
(goodness-of-®t) is calledrasidual value As the name suggests, residualues mea-
sure the dierence between the model estimatetligs and the obsexd data used to

generate the model estimatd®esidual ®lues indicate what is not re ected by the
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model. Ifthe model "®ts" the data, the residualues are likly small and certainly ran-
domly distrituted. Ifthe model &ils to "®t" the data in some systematiaywthe residual
values are not random and the obgerpattern of residuablues may indicate the spe-

ci®c reason for the "lack-of-®t".

Using the HIV/AIDS data@D4-counts,b-levels and age) and a&\bull model, a
brief description follas of two gpeci®c goodness-of-®t approaches based on residisal v
ues. Assessintpe worth of a surwal time model is a statistically compleubject and
the more compbemathematical details are not presenté&tie application of residual
values is not complicated and thean be used withoutkact knavledge of their mathe-
matical origins.The ®nal product is frequently a plot, that usually produces an easily
interpreted visual picture of the correspondence between the statistical model and the

obsened data.

A simple function of the survel probability S(t) yields a residualalue that has
several special and adntageous propertie3.he quantity is; = - Iog[;S(ti)], called the

Cox-Snell esidual value In more detail, the residuabluer; is

i = —log[ & (ty)] = - log [ Ay(t)] = A,

Theser;-values apply to surva distribution models in generallherefore, for a speci®c
survival model, the estimated baseline sualfunctionSy(t;) and the estimated caef
cients ffsi allow a residual aluer; to be calculated for each swraitimet; and set of

explanatory ariables {1, Xi»,---, Xy }. For the Weibull model, the residualalues are
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= Dhgt? LWz B0

The simplest residuablues result from the application of a lineagression
model. Thg aways have a nean \alue of &actly zero with ay variance, can takon
ary value (in mathematics, it is said yhnge from minus in®nity to plus in®nity), are
uncorrelated with the predictedlues and hae rormal distrilutions. Whera linear
model is appropriate, plots of these resid@dligs lead to symmetric displayShe Cox-
Snell residual alues hae rone of these propertie3.hey havemean alue and &riance
equal to one when the model is "correct" gtak only positve values and hae ssymmet-
ric distributions that are swed tavard the lage \alues. Wherhe surwa model is

appropriate, plots of these residualues do not directly lead to symmetric displays.

One would expect a residualalue to measure a thrence between alue dened
from the model and the corresponding obsdnalue from the dataln fact, the Cox-
Snell residual alue is related to this dérence ht in an indirect \ay. An dternative
expression for the Cox-Snell residua@lwe is related to diérences between estimates

and data (goodness-of-®tJ.he alternatie expression is
ri =~ log S (t)] = - log[ Sy(t)*E ]
= - €2 log[Sy(t))] = - 2" log[e™ o] = €21 At/

= dioteo +log(i) - 2 8% (Iog(ry) =[log(4o) + 7log(t)] - 3 Bx;)

whereB; = - b; (rede®ning the model cagtients). Ifsampled survial data are
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accurately described by a proportionadifdll hazard model, then the fiifences

[log(4o) + ylog(t)] — 2 Bjx; will be generally small and patternless (randoifhe

direct comparison of hazard functions themljkre ects only the in uences of the
explanatory ariables (proportional)Proportionality is the critical underlying property of
hazard models in generalhe epression for; also shas thatlog(r;) plotted for the
valueslog(t;) will randomly deviate from a straight-line for data described by prepor

tional Weibull hazard functions.

All residual \alues estimated from a statistical modeleha poperty in common.
When the model is satesttory the behwaior of the residual alues is knawn. Animpor-
tant property of the Cox-Snell residualwes is that theare a random sample from an
exponential distribtion (Lecture 5) with parametér= 1 when the estimated suval
model @‘;(t) accurately re ects the postulated mo8@). In symbols, the probability dis-
tribution of these residuabluesr becomess(r) = P(R>r) = €' when surwal func-

tions @‘;(t) and S(t) differ by chance alone.

For survival models such as the &\ull model, a residualalue can be calculated
for all obserations (complete and censored) residual alue for each obseation is

de®ned as
m; =r; when the obseationt; is complete
and

m; =r; + 1 when the obseationt; is censored.
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When ther;-values hae an exponential distribtion, the censoredalues are made "com-
plete” on &erage by adding thealue 1.0. The same stragyy was used earlier (Lecture 5)
to estimate the mearalue of eponentially distrilited surwal times. Whera variable is
described by anx@onential function, all randomly censored obaéions hae the same
mean remaining sunél time, nameli/A = u or, in the case of residuabllues,u = 1.0.
Therefore, a singlen-value ists for each obseation. Thesécomplete” Cox-Snell

residual alues are callethodi®Eed Cox-Sndalisidual values

The principle underlying the use of Cox-Snell residiiligs in a goodness-of-®t
context follows the pattern of residual analysis in genevdhen the model ®ts, the mod-
i®ed Cox-Snell residualalues are random with respect to taeiables used in the analy-
sis ("no more remains to bgmained"). Wherthe model &ils to completely capture all
aspects of anxplanatory ariable, the pattern associated with the modi®ed Cox-Snell
residual alues will likely be noticeably nonrandonilots of the modi®ed Cox-Snell
residual alues, therefore, potentiallyweal these nonrandom patternds mentioned,
obsered patterns sometimes suggest modi®cations that mayveni® correspondence

between model and data.

Application

Three plots of the modi®ed Cox-Snell residuaires from the threeaviable
Weibull model (Table 7.0) are displayed in Figure 6.Dhe m;-values plotted agjnst the
CD4-counts appear to v a mnrandom patternud with no de®nite systematic features.

The other tw plots display no olous indication of nonrandomness among the residual
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Figure 6.0 Modifi ed Cox-Snell residual plotsfor the explanatory variables
CD4-counts, s-levels and age from the Weibull additive model (Table 7.0)
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values. Ingeneral, there is no reason that tagables plotted he © be those included
in the hazard modelThe appearance of patterns of modi®ed residuals associated with

variables not in the model also indicates a possible role in the the study ofstimves.

A second approach to assessing "®t" based on of the Cox-Snell reatiied v
employ/s a speci®c transformation that produces a straight-Angraight line calculated
from the estimated residuahiues proides a clear and an intwié cmparison to the
straight-line theoretically>@ected when the modetactly replicates the dat&rupert
Miller states in his tet on surwal analysis:

Basic Principle. Select the scales of the coordinatesago that if

the model holds, a plot of the data resembles a straight line,
and if the modeldils, a plot resembles a cetv

When the data are accurately represented by the estimatedisundel, as stated
without justi®cation, the residua)-values are a random sample from a speci@oeren-
tial probability distrilution (1 = x = 1). Furthermorea got of log-log transformed>go-
nentially distriluted surwal probabilities aginst the logrithm of time randomly de-
ates from a straight line with intercdpg(4) and slope = 1 (Lecture 5)Thus, a log-log
transformation of the estimated probabilities associated with the resaluas\plotted
against the logrithms of the residuakues themsebs also d@ate randomly from a
straight line (intercept fog(4) = log(1) = 0 and slope = 1) when the estimated model
"®ts" the data.By "®ts", as before, it means that the model generatkaes and the cor
responding dataalues difer only because of randonanation. Ithas been suggested

that the the accurgof this assessment of the residualues is suspect for small samples



-36-

making it most déctive when the sample size is dg.

The plots of the model-free estimated probabilities based on the product-limit esti-
mated distrintion (P[R > r;]) and the residualalues ;) are given in Fgures 7.0 and 8.0
for the SFMHS HIV/AIDS dataFigure 7.0 is a plot of the product-limit estimated prob-
abilities and the Cox-Snell residuallves (gponential?). Figur8.0 is the plot of the
"log-log" transformed product-limit probabilities and the log-transformed Cox-Snell
residual @alues (a line with intercept = 0 and slope =IMe plotted alues in Figure 8
appear to deate randomly from a straight line (estimated intercept = 0.003 and slope =
0.962) producing novedence that the Aibull model based on three addéiexplanatory
variables (Bble 7.0) can be substantially imped. Thatis, the &ponential distrilation
(4 = u =1) appears to be a good description of the residalaés, which occurs when
the Weibull model is a good description of the swelidata. Moresuccinctly the resid-

ual values appear to represent random in uences only

Nonrandom deéations might indicate that additionai@anatory wariables are nec-
essary or more sophisticated representations of the presa&itles are required,af
course, both For example, instead arxplanatory ariable represented by(linear), the
explanatory wariablesax + bx? + cx® or yx or log(x) or xlog(x) might better characterize
the relationship to surval time and impree a nodel's ®t. Also,in the case of addite
models, a potential source of lack-of-®t may be #ikife of the gplanatory wariables to

be independentdilure to include interactions terms in the model).

A substantial weaknessists in ealuating surwal models using residuaklues
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Figure 7.0 Plot of the Cox-Snell product-limit estimated probabilities ( @?i) against
theresidual valuesthemselves(r;) -- exponential?
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Figure 8.0 Plot of thetransformed Cox-Snell product-limit estimated probabilities
(log([-log €P,)])) against the logarithm of theresidual values (log[r;]) -- linear?
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and their plots; illustrated by Figures 6.0, 7.0 and &l@ere is no objecte means to
identify de®ciencies from residual plotEven when nonrandom elements are identi®ed,

there is no guarantee that the model can be substantiallyedprdhetruth of the
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matter is that choosing an appropriate statvnodel is a kind of art-form with fe
unequvocal rules for guidanceSubject matter considerations plus observing the change
in residual alue patterns from a trial and error approach are typically at the center of

developing a successful suma analysis model.



