
LECTURE 8

General Survival Model: Parametric

Introduction

The exponential and Weibull hazard models are naturally extended from the two-

sample case to included any number of explanatory variables. Ina model context, these

explanatory variables have a variety of names.They are calledindependent variablesor

predictor variablesor sometimes justx-variables. These variables can be of any kind.

They can be binary variables (such as the two-sample model), counts, categorical indica-

tor variables or continuous measures.Technically, it is said that the explanatory variables

are unrestricted.Occasionally, the property that the explanatory variables are unrestricted

is used to increase agreement between model and data.For example, using the variable

log(x) instead of the variablex reduces the impact of extreme observations that dispro-

portionately in•uencemodel estimates.Such transformations provide a simple strategy

that potentially improves an analytic model (to be further discussed).The outcome vari-

able (sometimes called thedependent variableor response variable or y-variable) in a

survival model is the amount of survival time.
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As with the two-sample model, the most convenient way to assess the in•uence of

the explanatory variables is a comparison of proportional hazard functions.Once again,

the hazard model is

hi(t) = h0(t) × ci.

However, to incorporatek explanatory variables (denotedx1, x2, . . ., xk) into a survival

model, the constant of proportionalityci is expanded where

hi(t | xi1, xi2, . . . xik) = h0(t) × ci

= h0(t) × eb1xi1 + b2xi2 + ... + bk xik

= h0(t) × eΣ b j xij ,

thus,log(ci) = Σ b j xij where j = 1, 2,. . . , k = number of explanatory variables. This

expression describes anadditive proportional hazard modelrelating the hazard function

hi (t) for thei th person or group to a baseline hazard functionh0(t) for a speciŒc set of

explanatory variables. Ifk = 1 and the single binary explanatory variablexi1 = F takes

on the values zero or one, then the multivariable model reduces to the previous two-sam-

ple case where

hF(t | F) = h0(t)e
b1F = h0(t) × c and log(c) = b1.

When the baseline hazard function is a parametric function (this lecture) the model

is naturally calledparametric. It is, however, not necessary to deŒne explicitly the hazard

functionh0(t). Themodel is then calledsemiparametric(next lecture). The term
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semiparametric refers to the property that the baseline hazard function does not require a

parametric de®nition but the parametersbi remain in the model to measure the in•uence

of the explanatory variables on survival time.

The key feature of a multivariable survival model is that the hazard functions are

proportional. Speci®cally,

hazard ratio=
hi(t | xi1, xi2, .. .  , xik)

h0(t)
= ci = eΣ b j xij

and, therefore, the model dictates that ratio of hazard functions does not depend on timet

(proportional). Thisratio becomes the primary statistical summary of the in•uences of

the explanatory variables. Perhapsa more familiar form for the multivariable hazards

model is

log[hi(t | xi1, xi2, . . . xik)] = log[h0(t)] + Σ b j xij .

This linear regression-like expression contains an "intercept" term that depends on time

alone and an entirely separate term that re•ects only the in•uences of the explanatory

variables. Aslight modi®cation of this expression,

log(hazard ratio) = log




hi(t | xi1, xi2, .. .  , xik)
h0(t)





= Σ b j xij ,

clearly shows that the hazard model requires the in•uences of the explanatory variables

on the hazard ratio be determined solely by the model coef®cients (thebi -values).
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Properties

The fundamental properties of ak-variable proportional hazards model are essen-

tially the same as most multivariable statistical models.Consider two sets of explanatory

variablesx1, x2, . . . , xk andx′1, x′2, . . . , x′k (for example, two groups or two individuals).

Tw o additive hazard models based on thek variablesxij andx′ij are

hG(t | xg1, gg2, . . . xgk) = h0(t)eΣ b j xgj

and

hH(t | x′h1, x′h2, . . . x′hk) = h0(t)eΣ b j x′hj.

The ratio of these two hazard functions becomes

ratio of hazard functions= hr =
hH(t | x′h1, x′h2, .. .  , x′hk)
hG(t | xg1, xg2, .. .  , xgk)

= eΣ b j(x′hj − xgj)

called thehazard ratio (denotedhr).

property 1

When all the explanatoryx-values are the same except one (in symbols,x′hj = xgj for all

j ≠ m = 1, 2,. . ., k), then the hazard ratio re¯ects only the in¯uence of themth variable

and

relative hazardratio = hrm = ebm(x′hm − xgm).

A relative hazard quantitatively summarizes the separate role of each of thek explanatory

variables. Anadditive model is designed so that each coef®cientbm measures the
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in¯uence of the speci®c variablexm as if the otherk − 1 explanatory variables were held

constant. Thisproperty is referred to in a number of ways. Itis said that the in¯uence

re¯ected by the coef®cientbm is adjusted for the in¯uences of the other explanatory vari-

ables or the in¯uence measured by the coef®cientbm accounts for the in¯uences of the

other explanatory variables or the coef®cientbm measures the independent in¯uence of

themth explanatory variable. Sucha model is called an additive model because each

variable adds its own in¯uence regardless of the values of the otherk - 1 explanatory

variables. For example, ifx′hm − xgm = 1, thenhrm = ebm is the amount of change in the

hazard ratio for a one unit increase in themth explanatory variable regardless of the val-

ues of the other variables in the model.Additive statistical models are effective statistical

tools exactly because of this property.

Hazard ratios are fundamental and essential summaries of survival data. They are a

direct product of a proportional hazard model.However, the interpretation of a hazard

ratio is easy to calculate and simple to interpret when it is estimated for linear variables

described by an additive model. Whenthe explanatory variables are non-linear functions

or joint in¯uences exist among the other explanatory variables (nonadditive model), cal-

culating a hazard ratio becomes more dif®cult and, of more importance, the interpretation

becomes more complicated.

A remaining issue is the description of an estimated hazard ratio relative to the

value one (exactly no in¯uence from an explanatory variable). For example, a hazard

ratio of 0.2 (hri = hi(t)/h0(t) = 0.2) might be interpreted as 80% decrease in the hazard
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ratio relative to the "null" value of one.A better description of the difference is to note

that the hazard ratio is ®ve time smaller than the baseline hazard ratio.A ratio scale, as

the name suggest, measures differences in terms of ratios.From another perspective, the

symmetric hazard ratio 1/0.2 = 5 equally measures the same degree of in¯uence of the

explanatory variable relative to the baseline function and is 400% increase, not 80%.

Symmetric means that 0.2 and 5.0 express the same magnitude of difference relative to

1.0. For another point of view, log(hri) = −log(1 /hri) relative to log(1 .0) = 0 when two

hazard ratios equally differ from one but in opposite directions (−log(0. 2) = log(5. 0) =

1.609)

An ideal two-sample comparison occurs when both groups are identical in all

respects except for one speci®c variable. Thenlogically, differences observed between

the compared groups are attributed to that single variable. Assigningindividuals at ran-

dom to one group that receives a treatment and to another that does not receive the treat-

ment (randomization) is an attempt to approximate this ideal comparison.

The comparison of nonrandomized groups in terms of human survival, however, is

frequently far from this ideal.The groups compared typically differ in a number of

respects making these observed differences dif®cult at best to attributed to a single vari-

able. Anadditive model is designed to produce analytic comparisons as if the compared

groups were "identical" for all but one variable. Eachestimated coef®cient indicates the

in¯uence of a single variable as if the otherk ­ 1 v ariables were identical between the

compared groups.Of course, the imbalances caused by other variables are only "equal-

ized" when they are measured and included in the model.Of equal importance, the
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model must accurately represent the relationships within the collected data.When ran-

domization is not possible, frequently the situation in the study of human mortality and

disease, an additive model provides an opportunity to interpret comparisons between

groups as if they had been "randomized."

property 2

A multivariable hazard model has another property common to additive models.

The overall in¯uences of thek explanatory variables is a simple function of the in¯uences

of each variable. Inthe case of a survival model, the hazard ratio is

hazard ratio= hr = eΣ b j(x′hj − xgj) = Π eb j(x′hj − xgj) = Π hr j

where

hr j = eb j(x′hj − xgj) j = 1, 2,. . . , k.

The expressionhrm = ebm(x′hm − xgm) indicates the in¯uence of themth explanatory variable

in terms of a speci®c a relative hazard ratio.In fact, thek-variable hazard ratio (hr) is the

product ofk separate relative hazard ratios (hr j ). Whena multivariable summary is a

product of a series of individual summaries (one for each measured variable), the in¯u-

ences of the explanatory variables are referred to asindependent. For example, the joint

impact of the variablei and the variable j on survival time is expressed by the product

hri × hr j and these variables are said to have independent in¯uences.Independence in

this context is another term for model additivity. When the explanatory variables are

additive, their in¯uences are independent and vise versa. Independenceis the key prop-

erty of an additive model but does not necessarily re¯ect the underlying relationships
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among the measured variables. Thecorrespondence between the properties of a postu-

lated model and the relationship within the collected data is an essential part of survival

analysis and is discussed in detail.
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Application

The San Francisco Men's Health study (SFMHS) includes a cohort of 88 homosex-

ual/bisexual men who were seropositive (HIV-positive) on entry to the study (July 1984).

The "survival" time for these HIV-positive study participants is the time from entry until

the diagnosis of AIDS (in weeks). The end point is illness not death but, nevertheless, the

length of this AIDS-free time interval is referred as survival time for convenience in ter-

minology. This SFMHS cohort produced 51 complete (AIDS cases) and 37 censored

observations. Threefactors potentially related to the diagnosis of AIDS are explored, the

CD4 lymphocyte count (CD4 − count), the serumb2-microglobulin level (b -level) and

the age (age) of the study subjects.Previous studies ofCD4-counts andb2-microglobu-

lin levels reported separate associations with disease severity (shorter time to a diagnosis

of AIDS). Tw o histograms display the distributions of these biologic responses to infec-

tion (Figure 1.0).The analysis of these HIV/AIDS data relates to the signi®cance of

these risk measures in the prognosis of the disease, particularly in predicting time-to-

AIDS ("survival") based on the extent of infection associated with the joint in¯uence of

theCD4-counts andb -levels. Throughout,the multivariable Weibull hazard model is

used to identify and assess this joint in¯uence.The exponential hazard model is a special

case and its application would follow almost the identical pattern (g = 1).

ReportedCD4-counts are essentially a continuous variable and a single variable

Weibull model representing the relationship among hazard functions is
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Figure 1.0 The distributions of CD4-counts and b2-microglobulin levels from the
SFMHS HIV/AIDS data
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hi(t |CD4) = h0(t) × ci = e[b0 + b1cd4i]gg tg − 1

for thei th study participant.The reportedCD4-count (denotedcd4i ) is entered directly

into the model.The hazard model has the same form as the previously described two-

sample model but the continuous nature of the explanatory variable gives it a somewhat
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different character. The HIV/AIDS data (n = 88) yields the maximum likelihood esti-

mated parameters contained in Table 1.0.

Table 1.0 Estimates from the Weibull survival time model parameters describing
the reported CD4-counts

variables symbols estimates std.errors p-values

intercept b0 ­3.333 -- --
CD4-counts b1 ­0.002 0.0006 <0.001
shape g 1.339 0.163 --

The model coef®cient associated with theCD4-count (̂b1 = ­ 0.002) translates into

the estimated hazard ratio ofe−0. 0 02(1. 3 39) = 0.997. Thehazard ratio is less than and close

to one. A hazard ratio less than one means that a person with a lower CD4-count will

have higher risk than a person with a higher count.The ratio close to indicates that two

persons who differ by a single CD4-count have hazard functions that differ by an esti-

mated factor of 0.997 over the entire range of time (t). Sucha small difference might

appear inconsequential.However, the model coef®cientb1 measures response per unit of

the explanatory variable. Thatis, the magnitude of̂b1 (hazard ratio= eb̂1ĝ ) re¯ects

change in risk per unit andf × b̂1 (hazard ratio= [eb̂1ĝ ] f ) re¯ects risk perf units. For

example, two individuals who differ by aCD4-count of f = 400 have hazard functions

that differ by a ratio ofhazard ratio= 0. 997400 = 0.335 (1/0.335 = 2.813); a close to

3-fold difference in risk.

The ®rst question becomes:Is the simple linear representation of the in¯uence of

CD4-counts (b0 + b1cd4i ) useful or is a more sophisticated characterization necessary?
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An answer to this question frequently emerges from a plot of the coef®cients from a

model that describes a variable temporarily created by classifying a continuous variable

into a sequence of categories. For theCD4-counts, the categories chosen are:less than

or equal to 450, 450 to 600, 600 to 850, 850 to 1000 and greater than 1000.A Weibull

hazard model postulated to explore the relationship among these ®veCD4-categories and

survival is

hi(t | z1, z2, z3, z4) = e(b0 + b1zi1 + b2zi2 + b3zi3+ b4zi4)gg tg − 1 = h0(t)e
(b1zi1 + b2zi2 + b3zi3+ b4zi4)g.

This additive model produces ®ve estimated coef®cients Ãbi (Table 2.0).Four of these

coef®cients indicate the independent in¯uence of each of the four categories relative to

the low CD4-count category (CD4 ≤ 450). Thezij -values are components of a variable

speci®cally designed to allow k unordered categories to be incorporated into the model.

A variable consisting of a set ofk unordered categories is referred to as anominal vari-

able. The following plot illustrates the possible role of each coef®cient in the nominal

variable model (Table 2.0).
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The ®rst coef®cient (b0) establishes the "baseline" level and the otherk - 1 (k = 5) coef®-

cients indicate the pattern of risk.The ®gure displays an approximate linear relationship

but the relationship can take any form (thebi -coef®cients can have any value).

Estimates from a nominal variable model produce unconstrained estimates of the

relationships of each the category to survival times. Unconstrainedmeans that the rela-

tionships between the categorical variables and survival is dictated by the data.The rela-

tionship can be linear or nonlinear or random or any pattern that can be described with a

k-level nominal variable. Unlike an additive model, the data entirely determine the anal-

ysis results.The details of the model that produces theCD4 categorical analysis are pre-

sented in Table 2.0.

The estimated in¯uences of the nominal variable (coef®cients Ãbi ) indicate, in a not

an extremely ef®cient fashion, the relationship between the explanatory variable and sur-

vival time. Nevertheless, this indication is frequently suf®cient to characterize the
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Table 2.0 A model for exploring the relationships among five categories of
CD4-counts

interval z1 z2 z3 z4 model

CD4 ≤ 450 0 0 0  0 h(t | z1, z2, z3, z4) = eb0g = h0(t)
450 <CD4 ≤ 600 1 0 0  0 h(t | z1, z2, z3, z4) = e(b0 + b1)g = h0(t)e

b1g

600 <CD4 ≤ 850 0 1 0  0 h(t | z1, z2, z3, z4) = e(b0 + b2)g = h0(t)e
b2g

850 <CD4 ≤ 1000 0 0 1  0 h(t | z1, z2, z3, z4) = e(b0 + b3)g = h0(t)e
b3g

CD4 > 1000 0 0 0  1 h(t | z1, z2, z3, z4) = e(b0 + b4)g = h0(t)e
b4g

relationship between a speci®c variable and survival as well as suggest a possible mathe-

matical representation (linear?).

The four estimated coef®cients from the Weibull model re¯ect the unconstrained

in¯uences of the ®ve nominal categories ofCD4-counts (Table 3.0) on the time to a diag-

nosis of AIDS.

Table 3.0 Summary of the application of the Weibull survival model to the five cate-
gories of CD4-counts

variables symbols estimates std.errors p-values

intercept b0 3.923 -- --
450 <CD4 ≤ 600 b1 �0.573 0.286 0.045
600 <CD4 ≤ 850 b2 �0.926 0.287 0.002
850 <CD4 ≤ 1000 b3 �0.990 0.398 0.013
CD4 > 1000 b4 -1.111 0.483 0.005
shape g 1.335 0.162 --

The principal purpose of constructing theCD4-categories and applying the Weibull

categorical model is to produce Figure 2.0.Visually, the plot (CD4 categories versus

Ãbi -coef®cients) suggests that the originally proposed linear representation of the
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Figure 2.0 Estimated Weibull model coefficients applied to five categories of
CD4-counts
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CD4-counts (dotted line) is not misleading.When more complicated relationships

emerge, they can be represented by more sophisticated mathematical expressions. For

example, the in¯uence of a continuous explanatory variable could be represented by a

third degree polynomial.Instead of the variablex alone, the three termsx, x2 andx3

could be included in the model allowing considerable ¯exibility that potentially improves

the model as a representation of the relationship between risk and survival time. Thatis,

instead ofb0 + b1x, the expressionb0 + b1x + b2x2 + b3x3 is used.

An estimated median survival time based on a Weibull probability distribution

model for a speci®cCD4-count is
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median(cd4i) = [log(2 )]1/ Ãg e−( Ãb0 + Ãb1cd4i) = [log(2 )]1/1. 3 39e3. 3 3 3+ 0. 0 02cd4i.

For example, the meanCD4-count 657.8 (cd4 = 657.8) produces the median survival

time of 75.9 weeks.The estimated median survival time clearly depends on an individ-

ual'sCD4-count. Modelestimated median survival times are displayed in Figure 3.0 for

a range ofCD4-counts. Theestimated median survival time sharply increases as the

CD4-counts increase.

Figure 3.0 Model generated median survival times estimated from the Weibull
model (Table 1.0) for a range of CD4-levels
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The same issues arise in constructing a model for the analysis of theb2-microglob-

ulin levels. Parallel to theCD4-model (linear), directly incorporating the reportedb -lev-

els (b i ) into the hazard model
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hi(t | b ) = e[b0 + b1b i]gg tg − 1

produces the parameter estimates in Table 4.0.

Table 4.0 Estimates from the Weibull survival time model applied to the reported
b -levels

variables symbols estimates std.errors p-values

intercept b0 -5.551 -- --
b -levels b1 0.371 0.121 0.002
shape g 1.293 0.158 --

Characterizing theb -level in¯uences on survival time follows a pattern similar to

the analysis ofCD4-counts. Again, temporarily categorizing theb -levels (categories: 0,

1.75, 2.25, 2.75, 4.25 and 6) produces a plot re¯ecting the unconstrained relationship with

survival time (Figure 4.0).A l inear representation again appears to summarize accurately

the b -level/survival relationship. Aswith theCD4 plot, no apparent reason exists to

choose a more sophisticated representation of theb -level in¯uence.

Again parallel to theCD4 analysis, the median survival times are estimated from

the Weibull model (Table 4.0) for a range ofb2-microglobulin levels (Figure 5.0).The

median survival time sharply decreases as theb -levels increase.

Multivariable analysis

An additive model, as the name suggests, is created from a simple weighted sum of

the explanatory variables. TheSFMHS variablesCD4-counts,b2-microglobulin and age

produce the additive multivariable model, again in terms of proportional hazards, given
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Figure 4.0 Estimated Weibull model applied to five categories of b -levels
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by

hi(t | cd4, b, age) = h0(t)e
b1cd4i + b2b i + b3agei

or, for the Weibull hazard model,

hi(t | cd4, b, age) = h0(t)e
[b1cd4i + b2b i + b3agei]gg tg − 1 = e[b0 + b1cd4i + b2b i + b3agei]gg tg − 1.

The in¯uence of each explanatory variable is additive. In the context of a statistical

model, additive means (to repeat) that the contribution of each variable to estimated haz-

ard ratio is proportional to the associated coef®cientbi and that the contribution is unaf-

fected by the levels of the other explanatory variables. For the example, the coef®cient

that determines the in¯uence ofCD4-counts (b1) is the same whether the study subject is
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Figure 5.0 Model generated median survival times estimated from the Weibull
model (Table 3.0) for a range of b -levels
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young or old.For any age, theCD4-coef®cient remainsb1. An additive model is con-

structed so that the explanatory variables have separate (independent) in¯uences.

A nonadditive model is also exactly what the name suggests.Models created to

describe explanatory variables that do not in¯uence survival in an additive (independent)

fashion are callednonadditive. An example of a nonadditive model using the three mea-

sures of risk from the HIV/AIDS data is

hi(t | cd4, b, age) = h0(t)e
b1cd4i + b2b i + b3agei + b4(cd4i × b i) + b5(cd4i × agei) + b6(b i × agei).

The explanatory variables are no longer independent.The model allows the relationship
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between one variable and the hazard rate to be in¯uenced by another variable. For exam-

ple, the nonadditive model requires that the relationship between theCD4-count and the

hazard rate is in¯uenced by the age of the study subject.The joint in¯uence is clearly

seen from the expression for the Weibull model. The relevant model coef®cients areb1

andb5 where

hi(t | cd4, b, age) = h0(t)e
[(b1 + b5 × agei) × cd4i + b2b i + b3agei + b4(cd4i × b i) + b6(b i × agei)]g.

This model is identical to the previous nonadditive model but the coef®cients are rear-

ranged to more clearly indicate the in¯uence of age on the relationship between

CD4-counts and survival time.

This second expression emphasizes the the role of thecd4 × age"interaction" term

in a nonadditive model. Speci®cally, the in¯uence ofCD4-counts on the hazard rate

depends on age as long asb5 is not zero.The degree of in¯uence is determined by the

CD4-count multiplied by the factor (b1 + b5 × age). Speci®cally, if b1 = � 0.008 andb5 =

0.0002, then for age 20, theCD4-count is multiplied by 0.003 and for age 40, the same

count is multiplied by 0.001.The study subject's age decreases the degree of in¯uence

on the hazard rate from theCD4-count. Olderindividuals are less affected by

CD4-counts. Thiskind of joint in¯uence is referred to as nonadditivity or an interaction

and nonindependence or an effect measure modi®cation.

To choose between an additive and nonadditive model, both models must be esti-

mated from the data.The estimated coef®cients from the nonadditive model based on the

CD4-counts,b -levels and age data are given in Table 5.0.
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Table 5.0 Estimates from the Weibull survival time model applied to the
CD4-counts, b -levels and age with all two-way interaction terms included

variables symbols estimates std.errors p-values

intercept b0 1.923 -- --
cd4 b1 �0.008 0.0042 --
b b2 �0.103 0.829 --
age b3 �0.215 0.119 --
cd4 × b b4 �0.0004 0.0005 0.525
cd4 × age b5 0.0002 0.0001 0.039
b × age b6 0.002 0.0024 0.423
shape g 1.465 0.176 --

The estimated coef®cient associated with theCD4/age interaction term (Ãb5) indi-

cates that age has a plausibly systematic (non-random) in¯uence on theCD4/hazard rela-

tionship (Wald's test: X2 = (−0. 00023 5/0. 0011 4)2 = 4.239 yielding thep-value = 0.039).

Or, the comparison of log-likelihood values produces the similarp-value of 0.042.For-

mally, the chi-square likelihood ratio statistic

X2 = − 2[−log[Lb5=0] − (−log[Lb5≠0])] = − 2[�2 7 7. 769 − (−275. 705 )] = 4. 127

produces thep-value =P(X2 ≥ 4. 127 |b5 = 0) = 0.042. Theinteraction is symmetric in

the sense that theCD4-counts also can be viewed as in¯uencing the age/hazard rate rela-

tionship.

It is important to keep in mind that the in¯uence from a single explanatory variable

is not simply identi®ed in a nonadditive model, indicated by the suppression of thep-val-

ues in Table 5.0.Nevertheless, the rather meaningless associatedp-values are usually

given by computer estimation programs.When interaction terms are part of a model,
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they are necessarily accompanied by both the corresponding single explanatory variable

terms. For example, if the termcd4 × ageappears in the model, the single variablescd4

andagemust also be included in the model, a total of three terms.It is the pairs of coef-

®cients that measure the in¯uence of a speci®c explanatory variable on survival when a

two-way interaction is present.That is, in presence of an interaction, such as the

cd4 × ageinteraction, a meaningful summary of the relationship between a variable and

the hazard rate is not possible with a single coef®cient. Thecoef®cient, for example,Ãb1 =

�0.008 does not directly re¯ect the in¯uence of theCD4-count (Table 5.0).The presence

of a two-way interaction makes the hazard rate a function of the joint in¯uence of two

explanatory variables. Thejoint in¯uence is measured by a combination of two estimated

coef®cients. Speci®cally, the in¯uence ofCD4-count (Ãb1) must be considered at a spe-

ci®c age (Ãb5). A single coef®cient summarizes the role of a single variable only when the

model is additive.

When the model contains nonadditivity terms (Table 5.0), confounder bias and sta-

tistically adjusted coef®cients (via the model) are not issues.Nonadditivity means that a

summary based on a single variable is misleading.Therefore, the degree to which the

in¯uence on survival re¯ected by a single variable is affected by another variable (con-

founding) is moot.On the other hand, an additive model provides the opportunity to

explore separately and parsimoniously the in¯uence of each variable. Confounderbias

and adjustment for the in¯uence of other variables then become relevant issues.This fun-

damental difference makes the choice between nonadditive and additive analytic models

critically important.
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A word of warning is worthwhile at this point.Tw o kinds of errors are made.

Nonadditive terms are included in the model when they are not necessary and nonadditive

terms are not included in the model when they are necessary. The former error is not

serious. Thelater error is potentially devastating. "Wrongmodel bias" produces at best

approximate results and at worst entirely misleading results (many examples exist).

A ®rst step in understanding the source of pairwise nonadditivity identi®ed in a

multivariable model is to stratify the data by one of the two nonindependent variables.

For the AIDS example, four strata are created by temporarily categorizing the age vari-

able to explore theCD4/age interaction (Table 5.0).Parallel to the previous nominal cat-

egory models, the creation of age categories (≤ 25, 25 to 30, 30 to 35 and≥ 35) poten-

tially identi®es the pattern of nonadditivity. The model coef®cients re¯ecting the in¯u-

ence of theCD4-count estimated within each of four age categories (additive models) are

give in Table 6.0.Again, the analysis of a nominal variable produces an unconstrained

estimate of possible patterns of in¯uence and in this case possible patterns of interaction.

Table 6.0 The relationships (model coefficients) between CD4-count and the hazard
rate for four age categories (strata) and their approximate 95% confidence interval
bounds

age categories n Ãb lower upper

age≤ 25 18 �0.0036 �0.0064 �0.0008
25 < age≤ 30 22 �0.0025 �0.0048 �0.0001
30 < age≤ 35 32 �0.0020 �0.0034 �0.0006

age > 35 16 �0.0001 �0.0017 0.0014
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For men 35 years-old or younger, the relationships betweenCD4-counts and the

hazard rate are more or less consistent (Ãb-coef®cients in the neighborhood of �0.0025)

and differ considerably from the relationship observed in men older than 35 (Ãb-coef®cient

= � 0.0001). Thestrati®ed analysis based on a nominal age variable reveals that the in¯u-

ence of theCD4-counts on the hazard rate appears to be similar (potentially little or no

interaction) for three levels of age (age≤ 35).

The analyses summarized in Tables 5.0 and 6.0 indicate that an additive model

likely produces an accurate and potentially useful summary of the relationship between

theCD4-counts and the hazard rate for men under 35 years-old.Such an additive

Weibull survival model is (repeated),

hi(t | cd4, b, age) = e[b0 + b1cd4i + b2b i + b3agei]gg tg − 1.

The estimated coef®cients in Table 7.0 are from the additive model applied to data

restricted to study subjects 35 years-old or less.

Table 7.0 Estimates from the additive Weibull survival model based on the variables
CD4-counts, b -levels and age (age ≤ 35)

variables symbols estimates std.errors p-values

intercept b0 �3.439 -- --
cd4 b1 �0.002 0.001 0.005
b b2 0.265 0.123 0.031
age b3 �0.010 0.028 0.729
shape g 1.309 0.099 0.038

The ®rst analytic issue is the assessment of the impact of random variation on the
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estimated model coef®cients. Test statistics (Wald's test, for example) andp-values indi-

cate the variables likely to have systematic in¯uences on survival time. Boththe

CD4-counts (p-value = 0.005) and theb -levels (p-value = 0.031) likely in¯uence the

hazard rate in a systematic way. No such evidence exists for the in¯uence of age (p-

value = 0.729).In addition, the estimated Weibull shape parameter indicates that the sim-

pler exponential model (g = 1) would be inadequate (p-value = 0.038).

An additive model postulated to asses the separate roles of the explanatory vari-

ables in in¯uencing survival time is also an excellent statistical tool for describing the

relationships within the sampled data.The estimated model clearly describes the relative

role of each explanatory variable. Directcomparisons among the coef®cients fail to pro-

duce pro®table information when the variables are measured in different units.For exam-

ple, theCD4-count is not less important than the age in the prediction of a hazard rate

because the coef®cient Ãb1 = � 0.002 (cd4) is closer to zero than the coef®cient Ãb3 =

�0.010 (age). Themagnitude of the estimated coef®cients is largely determined by their

measurement units (counts and weeks).For example, if the study participant's ages were

reported in months, the coef®cient Ãb3 would be reduced by a factor of 12 (�0.00096).

When a coef®cient is divided by its standard error, the resulting statistic is unitless

providing direct and sometimes useful comparisons to other similarly standardized coef®-

cients. Thestandardized coef®cients are said to becommensurate(same units).Again,

these comparisons require that the coef®cients are estimated from an additive model.

For the AIDS data, commensurate statistical summaries are
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zcd4 =
Ãb1

SÃb1

=
−0. 00228
0. 00065

= �3 . 486,

zb =
Ãb2

SÃb2

=
0. 265
0. 123

= 2. 157

and

zage =
Ãb3

SÃb3

=
−0. 010
0. 028

= 0. 350.

For men 35 years-old or less,CD4-counts have the most in¯uence on the estimated haz-

ard rate, followed by an important but smaller in¯uence fromb2-microglobulin levels.

The variable age has a relatively small and a likely random in¯uence.The p-values asso-

ciated with these summaries are similarly commensurate and comparisons also re¯ect the

relative in¯uences. Infact, a number of ways exist to make the comparisons commensu-

rate and typically produce similar but not identical results.

A de®ning feature of an additive model is a simple description of the joint in¯u-

ences of the explanatory variables on the hazard rate.For example, the joint in¯uence of

CD4-counts,b -levels and age are effectively described by the estimated median survival

time based on the Weibull model where

median= Ãtm = [log(2 )]1/ Ãg e−( Ãb0 + Σ Ãb j xij ) = [log(2 )]1/ Ãg e−( Ãb0 + Ãb1cd4i + Ãb2b i + Ãb3agei)

= [log(2 )]1/1. 309 e3. 439 + 0. 0 02cd4i − 0. 265b i + 0. 010agei.

For HIV-positive men age = 28.5 years (mean value), estimated median values (Table 8.0)

describe the joint in¯uences on survival time from nine selected pairs ofCD4-counts and
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b -levels (measures of the degree of infection).

Table 8.0 The joint influence of CD4-counts and b2-microglobulin in terms of esti-
mated median time to AIDS (weeks)

b2-microglobulin levels

1.5 2.5 3.5

cd4-counts = 400 52.1 40.0 30.7
cd4-counts = 700 103.1 79.1 60.7
cd4-counts = 1000 204.1 156.6 120.1

A more general description of the joint in¯uence of the three explanatory

HIV/AIDS variables is the hazard ratio.As will be described, hazard ratios can be esti-

mated without specifying a speci®c parametric model (baseline hazard function).How-

ev er, based on the Weibull additive model (age≤ 35), the overall hazard ratio (product of

variable speci®c relative hazard ratios) for thei th individual is

hri =
hi(t)
h0(t)

= e
Ãb1(cd4i)Ãg × e

Ãb2(b i)Ãg × e
Ãb3(agei)Ãg

= e−0. 0 02(cd4i)1 .309 × e0. 265(b i)1 .309 × e−0. 010(agei)1 .309

= 0. 997cd4i × 1. 417b i × 0. 987agei.

Again for the mean age 28.5 years, Table 9.0 contains the estimated joint in¯uences of

nine selected pairs of values ofCD4-counts andb -levels described in terms of hazard

ratios relative to an individual with aCD4-counts of 700 and ab -level of 2.5.
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Table 9.0 The join influence of CD4-counts and b2-microglobulin in terms of hazard
ratios

b2-microglobulin levels

1.0 2.5 3.0

cd4-counts = 400 1.45 2.55 4.11
cd4-counts = 700 0.59 1.00 1.68
cd4-counts = 1000 0.24 0.41 0.69

A l ittle algebra shows that these two summary statistics (median values and hazard ratios)

are directly related.
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Goodness-of-®t

Once a model hazard function is established, the corresponding survival function is

equally established.In general, the relationship is

if hi(t) = h0(t)eΣ b j xij , then Si(t) = 

S0(t)

exp(Σ b j xij )
.

Therefore, an estimate of the baseline survival function and a set of explanatory variables

produce an estimate of the survival function for a speci®c group or person.

For the Weibull hazard model,

Si(t) = 

e−l 0tg 



exp(Σ b j xij )

wherel 0 andg are estimated from the data as well as theb j -coef®cients. For the

SFMHS HIV/AIDS data, each individual observation (complete survival time t plus spe-

ci®c values of the CD4-,b - and age-variables) generates an estimated Weibull survival

probability given by

ÃSi(t) = 

e−0. 0321 t1. 309



exp(−0. 0 02cd4i + 0. 265b i − 0. 010agei)
Table 7. 0.

A statistic speci®cally designed to evaluate the accuracy of a postulated model

(goodness-of-®t) is called aresidual value. As the name suggests, residual values mea-

sure the difference between the model estimated values and the observed data used to

generate the model estimates.Residual values indicate what is not re¯ected by the
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model. Ifthe model "®ts" the data, the residual values are likely small and certainly ran-

domly distributed. Ifthe model fails to "®t" the data in some systematic way, the residual

values are not random and the observed pattern of residual values may indicate the spe-

ci®c reason for the "lack-of-®t".

Using the HIV/AIDS data (CD4-counts,b -levels and age) and a Weibull model, a

brief description follows of two speci®c goodness-of-®t approaches based on residual val-

ues. Assessingthe worth of a survival time model is a statistically complex subject and

the more complex mathematical details are not presented.The application of residual

values is not complicated and they can be used without exact knowledge of their mathe-

matical origins.The ®nal product is frequently a plot, that usually produces an easily

interpreted visual picture of the correspondence between the statistical model and the

observed data.

A simple function of the survival probability Si(t) yields a residual value that has

several special and advantageous properties.The quantity isr i = − log [ ÃSi(ti)], called the

Cox-Snell residual value. In more detail, the residual valuer i is

r i = − log [ ÃSi(ti)] = − log [ ÃS0(ti)]e
(Σ Ãb j xij ).

Theser i -values apply to survival distribution models in general.Therefore, for a speci®c

survival model, the estimated baseline survival functionS0(ti) and the estimated coef®-

cients Ãbi allow a residual valuer i to be calculated for each survival time ti and set of

explanatory variables {xi1, xi2,. . ., xik}. For the Weibull model, the residual values are
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r i = 


Ãλ0t Ãγ
i



e(Σ Ãb j xij ).

The simplest residual values result from the application of a linear regression

model. They always have a mean value of exactly zero with any variance, can take on

any value (in mathematics, it is said they range from minus in®nity to plus in®nity), are

uncorrelated with the predicted values and have normal distributions. Whena linear

model is appropriate, plots of these residual values lead to symmetric displays.The Cox-

Snell residual values have none of these properties.They hav emean value and variance

equal to one when the model is "correct", take on only positive values and have asymmet-

ric distributions that are skewed toward the large values. Whenthe survival model is

appropriate, plots of these residual values do not directly lead to symmetric displays.

One would expect a residual value to measure a difference between a value derived

from the model and the corresponding observed value from the data.In fact, the Cox-

Snell residual value is related to this difference but in an indirect way. An alternative

expression for the Cox-Snell residual value is related to differences between estimates

and data (goodness-of-®t).The alternative expression is

r i = − log[Si(ti)] = − log[S0(ti)
exp(Σ b j xij )]

= − eΣ b j xij log[S0(ti)] = − eΣ b j xij log[e−λ0tγ
i ] = eΣ b j xij λ0tγ

i

= e[log(λ0) + γ log(ti)] − Σ B j xij (log(r i) = [log(λ0) + γ log(ti)] − Σ B j xij )

whereB j = − b j (rede®ning the model coef®cients). Ifsampled survival data are
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accurately described by a proportional Weibull hazard model, then the differences

[log(λ0) + γ log(ti)] − Σ B j xij will be generally small and patternless (random).The

direct comparison of hazard functions then likely re¯ects only the in¯uences of the

explanatory variables (proportional).Proportionality is the critical underlying property of

hazard models in general.The expression forr i also shows thatlog(r i) plotted for the

valueslog(ti) will randomly deviate from a straight-line for data described by propor-

tional Weibull hazard functions.

All residual values estimated from a statistical model have a property in common.

When the model is satisfactory, the behavior of the residual values is known. An impor-

tant property of the Cox-Snell residual values is that they are a random sample from an

exponential distribution (Lecture 5) with parameterλ = 1 when the estimated survival

model ÃS(t) accurately re¯ects the postulated modelS(t). In symbols, the probability dis-

tribution of these residual valuesr becomesG(r ) = P(R ≥ r ) = e−r when survival func-

tions ÃS(t) and S(t) differ by chance alone.

For survival models such as the Weibull model, a residual value can be calculated

for all observations (complete and censored).A residual value for each observation is

de®ned as

mi = r i when the observationti is complete

and

mi = r i + 1  when the observationti is censored.
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When ther i -values have an exponential distribution, the censored values are made "com-

plete" on average by adding the value 1.0.The same strategy was used earlier (Lecture 5)

to estimate the mean value of exponentially distributed survival times. Whena variable is

described by an exponential function, all randomly censored observations have the same

mean remaining survival time, namely1/λ = µ or, in the case of residual values,µ = 1.0.

Therefore, a singlemi -value exists for each observation. These"complete" Cox-Snell

residual values are calledmodiŒed Cox-Snell residual values.

The principle underlying the use of Cox-Snell residual values in a goodness-of-®t

context follows the pattern of residual analysis in general.When the model ®ts, the mod-

i®ed Cox-Snell residual values are random with respect to the variables used in the analy-

sis ("no more remains to be explained"). Whenthe model fails to completely capture all

aspects of an explanatory variable, the pattern associated with the modi®ed Cox-Snell

residual values will likely be noticeably nonrandom.Plots of the modi®ed Cox-Snell

residual values, therefore, potentially reveal these nonrandom patterns.As mentioned,

observed patterns sometimes suggest modi®cations that may improve the correspondence

between model and data.

Application

Three plots of the modi®ed Cox-Snell residual values from the three-variable

Weibull model (Table 7.0) are displayed in Figure 6.0.Themi -values plotted against the

CD4-counts appear to have a nonrandom pattern but with no de®nite systematic features.

The other two plots display no obvious indication of nonrandomness among the residual
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Figure 6.0 Modified Cox-Snell residual plots for the explanatory variables
CD4-counts, β -levels and age from the Weibull additive model (Table 7.0)
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values. Ingeneral, there is no reason that the variables plotted have to be those included

in the hazard model.The appearance of patterns of modi®ed residuals associated with

variables not in the model also indicates a possible role in the the study of survival times.

A second approach to assessing "®t" based on of the Cox-Snell residual values

employs a speci®c transformation that produces a straight-line.A straight line calculated

from the estimated residual values provides a clear and an intuitive comparison to the

straight-line theoretically expected when the model exactly replicates the data.Rupert

Miller states in his text on survival analysis:

Basic Principle. Select the scales of the coordinate axes so that if
the model holds, a plot of the data resembles a straight line,
and if the model fails, a plot resembles a curve.

When the data are accurately represented by the estimated survival model, as stated

without justi®cation, the residualr i -values are a random sample from a speci®c exponen-

tial probability distribution (λ = µ = 1). Furthermore,a plot of log-log transformed expo-

nentially distributed survival probabilities against the logarithm of time randomly devi-

ates from a straight line with interceptlog(λ) and slope = 1 (Lecture 5).Thus, a log-log

transformation of the estimated probabilities associated with the residual values plotted

against the logarithms of the residual values themselves also deviate randomly from a

straight line (intercept =log(λ) = log(1 ) = 0 and slope = 1) when the estimated model

"®ts" the data.By "®ts", as before, it means that the model generated values and the cor-

responding data values differ only because of random variation. Ithas been suggested

that the the accuracy of this assessment of the residual values is suspect for small samples
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making it most effective when the sample size is large.

The plots of the model-free estimated probabilities based on the product-limit esti-

mated distribution (P[R ≥ r i]) and the residual values (r i ) are given in Figures 7.0 and 8.0

for the SFMHS HIV/AIDS data.Figure 7.0 is a plot of the product-limit estimated prob-

abilities and the Cox-Snell residual values (exponential?). Figure8.0 is the plot of the

"log-log" transformed product-limit probabilities and the log-transformed Cox-Snell

residual values (a line with intercept = 0 and slope =1?).The plotted values in Figure 8

appear to deviate randomly from a straight line (estimated intercept = 0.003 and slope =

0.962) producing no evidence that the Weibull model based on three additive explanatory

variables (Table 7.0) can be substantially improved. Thatis, the exponential distribution

(λ = µ = 1) appears to be a good description of the residual values, which occurs when

the Weibull model is a good description of the survival data. Moresuccinctly, the resid-

ual values appear to represent random in¯uences only.

Nonrandom deviations might indicate that additional explanatory variables are nec-

essary or more sophisticated representations of the present variables are required or, of

course, both.For example, instead an explanatory variable represented byx (linear), the

explanatory variablesax + bx2 + cx3 or √ x or log(x) or xlog(x) might better characterize

the relationship to survival time and improve a model's ®t. Also, in the case of additive

models, a potential source of lack-of-®t may be the failure of the explanatory variables to

be independent (failure to include interactions terms in the model).

A substantial weakness exists in evaluating survival models using residual values
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Figure 7.0 Plot of the Cox-Snell product-limit estimated probabilities ( ÃPi ) against
the residual values themselves (r i ) -- exponential?
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and their plots; illustrated by Figures 6.0, 7.0 and 8.0.There is no objective means to

identify de®ciencies from residual plots.Even when nonrandom elements are identi®ed,

there is no guarantee that the model can be substantially improved. Thetruth of the
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matter is that choosing an appropriate survival model is a kind of art-form with few

unequivocal rules for guidance.Subject matter considerations plus observing the change

in residual value patterns from a trial and error approach are typically at the center of

developing a successful survival analysis model.


