PROBLEM SETS

1. Ratesand their properties

1. Anexpression for aneerage approximate rate from timh¢o timet + & is

n o S)-S(t+0)
LTSNSt + St + )]

SupposeN = 10,000 and3(t) = e *t = g 043,

Find Ryp andRgq for § = 10.0.
Find Ryg andRg for 6 = 1.0.

Find Ryg andRg, for 6 = 0.1.

2. Shav that: g[S(t) + S(t +8)] = S[S(t +5) + 2 d(t)] = S[S(t) - 3 d(t)]

whereS(t) = P(T = t) and d(t) = S(t) - S(t + ).



3. Binomial/normabased conEdence in&drv

If X =4 outcomes occur amony = 200 possibilities, then the proportidn= X/N =
4/200 = 0.02 is an estimate of the underlying binomial probalojlity

Construct an approximate normal based conEdencailritena this estimate, where

lower limit = ¢ — 1. B0\/variance(d) = ?

upper limit =¢ + 1. B0/ variance(q) = ?

4. Usingthe data in problem 3, apply a logistic transformation to create a 95% con(E-
dence interal.

Construct an approximate normal based conEdencaintsing the logistic transformed
estimategfdenoted), where

Now, use this result to estimate a 95% con(Edenceahtssed ord

lower limit = ?

upper limit = ?

Note the gact bounds are (0.0055,0.0504).

5. Usethe logistic transformation tovestigate the diferences in prostatic cancer rates
between married and single men, for both races and for whites and blacks separately

Prostatic cancer by race, age and marital status: cases (1969-71)

white black

age 35-44 45-54 55-64| 35-44 45-54  55-64

single 3 11 18 1 4 2
married 16 100 187 2 11 29




Prostatic cancer by race, age and marital status. populations

white black
age 35-44 45-54 55-64 35-44 45-54 55-64
single 74,457 61,665 46,009| 12,374 7,569 4,492
married || 923,669 929,227 670,266 79,874 75,641 54,154

Prostatic cancer by race, age and marital status: logistic transformed values

white black
age 35-44 45-54 55-64 35-44 45-54  55-64
single
married
Prostatic cancer by race, age and marital status. variances
white black
age 35-44 45-54 55-64 35-44 45-54  55-64
single
married

A contrast is de®ne a& = 5 a; 'Z}‘i when thez}‘i-values are logistic transformed proba-

bilities andS_ a; = 0. The \ariance of a contrast i@riance(&) = 3. aizvariance([}‘i). For

example, a contrask =1, + |, — (Ag + ZM) has an estimatedaviance ofvariance( &) = vari-

ance(z}l) + variance(z}z) + variance(AS) + variance('ZM).



Test the three conjectures with the ebahta and calculate the associapedalue:

(i) singledoes not diler from married in prostatic cancer risk -- all men

(i) singledoes not dier from married in prostatic cancer risk -- white only

(ii) single does not dier from married in prostatic cancer risk -- black only

6. Heterogeneitpf g;:

Two basic rules of ariance are: (13} variance(x;) = variance(3_ x;) when thex;-values
are uncorrelated and (2) for the cons@mntariance(ax;) = a®variance(x;), aways.

Shaw that when&y = 3 n; A/n, then thevariance( &) is 3 m; &1 - A;)/in® when 4 = x;/n;,
variance(x;) = n; A;(1 - A)andn=3> n;.

Create anxample using a sets ofpothetical numberg; andn; (g; = x;/n;) that demon-

strate thatAq(l — &) - 3 n, &1 — &) = 3 ni(A, — A)> where =3 x/n.



Basic data set: Leukemiaclinical trial data

A clinical trial to evaluate the edcagy of maintenance chemothesafor acute myeloge-
nous leukemia (AML) was conducted by Emby et al. at Stanford Uwérsity. After
reaching a state of remission through treatment by chemoyhéragatients who
entered the study were randomized into gnoups. The®rst group receied mainte-
nance chemotherg@nd the second or control group did ndhe objectre d the trial
was to e if maintenance chemotheygwolonged the time until relapse; that is,

increased the length of remission time.

These data are be used for ymahthe following problems.

Preliminary data collected during the course of thetrial are (in weeks):

Maintained ¢ = 11)
remission times9, 13, 13 18, 23, 28, 31, 34, 45, 48, and 161
Nonmaintainedrfy= 12)

remission times5, 5, 8, 8, 12, 16 23, 27, 30, 33, 43, and 45

+ = censored



2. Product-limit estimation

1. Fill'in the following table using the le@knia clinical trial data (maintained group)
ignoring the censoring and deleting the tietlies 13") (arti®cially completed data).

interval || deaths at-risk  probability probability surwal std. error

bl tia-t di n; A A Py V'

=

0-9

9-13

13-18

18-23

23-28

28-31

31-3#A

34 -45

© 00 N oo o b~ W DN

45 - 48

[
o

48- 161

*:Vi = Fpi(l— ;Pi)/ni.

2. Estimateghe mean survel time two ways.

Ay = ?

Estimate the median suval time.

~

Ags= ?




3. Shav for unique and complete data wherel, 2,3, ---, n, that

Z /&i—l(ti - ti—l) = Zti—l( &i—l - ;pi ;‘%‘lt' =t note: &0 =1 and ;pn =0.

4. Fillin the following table using the le@mia clinical trial data accounting for the
impact of the censored data.

MAINTAINED

interval || deaths  at-risk probability  probability survial std. error
b tia-t di n A M Py Vvi"
1 0-9
2 9-13
3| 13-18
4| 18-23
5| 23-31
6| 31-3A
7| 34-48
*ooyy = /&i > gi &Greenvmod's expression for theariance of@)k fori =1, 2,--- k).

it

Estimate the mean suval time A&,, = ?
Estimate the surval probability /&5 = ?

Construct an approximate 95% con®dence iatepased on%’g,.

lower bound = and uppebound = ?

Estimate the median suvel time Aq5 = ?

Construct an approximate 95% con®dence iatipased on the estimated medlfhtﬂ,.

lower bound = and uppebound = ?




Plot the estimated sumal distribution.

Product-limit plot —— Maintained

0.8 1.0
Il

probability
0.6

0.4

0.2

0.0

time

5. Fillin the following table using the le@knia clinical trial data accounting for the
impact of the censored obsations.

NONMAINTAINED

interval || deaths at-risk  probability probability surwal std. error

| tia-t di n; Ay A By Vv

0-5

5-8

8-12

12-23

23-27

27-30

30-33

3 -43

©O© 00 N O O B~ WN P

43 - 45




Estimate the mean suva time Ayy = ?

Estimate the surval probability @95 = ?

Construct an approximate 95% con®dence iatbased on&’s.

lower bound = and uppebound = ?

Estimate the median suva time Aq = ?

Construct an approximate 95% con®dence irtebased on the estimated medf,.

lower bound = and uppebound = ?

Plot the estimated sumal distribution.

Product-limit plot —=— Nonmaintained

0.8 1.0
Il

probability
0.6

0.4

0.2

0.0

time
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3. Lifetables

1. IngenerallL, =(l, - d,) + a,d, but the last open-ended intei\s a special case and
LX+ = (l xt dX*) + ax+dx+, then

) [+
I = dye = ? and a, = ?  makind .= =—

X+
whereR, is the current mortality rate for indduals age bgond x.

Verify that Lgy» = 51,572 in Bble 1.0 (Lecture 3 --able 1.0).

2. Apopulation is sampled to determine the probability of illnéssotal of N days are
recorded where it is determined that anvidiial is ill, well or status is unkme. That
is,

y days ill +n days well +k days status unkmen = N total days (y +n+ k= N).
Two possibilities for estimating the probability a person from this population is ill are:
(i) stratgyy: ignorethe k days where the status is unkno
(i) strategy: assumehat the probability of illness is the same for days when the status
is knovn and unknan (i.e., days where status is untmoccur at random).

If y=20,n=100 andk = 30, calculate the probability of illness botlays.

Demonstrate that strafe (i) and stratgy (ii) are identical in general.

3. Data-- survia times:

455, 70.5, 26.8, 17721.5, 78.1%, 11.6, 38.5, 0.5, 37.5, 29.1, 31.3',
31.3,50.0, 2.0, 45.1, 49.3, 28,8.1, 10.3, 65.9, 12.7, 0.3, 57.7,
30.0,57.7, 24.6", 15.1%, 18.0, 15.9

(13 censored and 17 complete oba&ons).



particicapnts

30

25

20

15

10
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Observations from follow—up data

I I I I I
0 20 40 60 80 100

time in study

Fill in following life table:

interval

deaths censored i . Ay M, Py

© 0 N oo o b~ W N PP

=Y
o

0-10
10-20
20 - 30
30 - 40
40 - 50
50 - 60
60 - 70
70 - 80
80 - 90
90- 100
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4. Thesurvial probabilities from John Grautlife table are:

age ‘ 0 10 20 30 40 50 60 70 80 90

Py | 10 054 034 021 014 008 005 0.02 0.01 0.00

Plot the surwal curve from thesd 7" century data.

John Graunt’s life table and S(t)

1.0

0.6
|

0.4

survival probaniiity

0.2

0.0
|

T T T T T
0 20 40 60 80

age

Calculate the crude mortality raté)from Table 2.0 (Lecture 3)Estimate and display

the exponential surwial curve A&t). Thatis, fort from 0 to 90, plot&t) = e *t on the
same set of as. Interpretation?
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5. Calculatea three-year survel probability from the folleving cohorts of data, include
the standard error and a 95% con®dence iatgrv=time survized from diagnosis):

DATA
year | xtox+1 | |, dy u, wy
1996 0-1 9 3 1 -
1-2 5 1 0 -
2-3 4 1 0 -
3-4 3 1 0 -
4-5 2 0 0 2
1997 0-1 17 10 O -
1-2 7 0 0 -
2-3 7 1 0 -
3-4 6 2 2 2
1998 0-1 29 10 O -
1-2 19 11 2 -
2-3 6 0 0 6
1999 0-1 34 10 O -
1-2 24 3 3 18
2000 0-1 50 25 1 24

First, combine the cohort data into a summary table and estimatéette/efrumber of
individuals at risk for each year after diagnosisq x +1), namelyl,.

Calculation of a surval probability from cohort datasummary data

Xxtox+1 Iy dy Uy Wy

0-1

1-2
2-3
3-4

4-5
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Calculation of a surval probability from cohort datacomputations

xtox+1 I’ dy A, D, R,

0-1
1-2

2-3

3-4

4-5

Estimate the three year swraiprobability ;P3 = ?

Construct an approximate 95% con®dence i@tidpased on this estimate.

lower bound = and uppebound =

~

The ariance of the distriltion of the estimate&k is variance ,ﬁ)k = @Di{— Green-
ith

wood's expression for theariance of@?k fori=1,2 - k).
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4. Two especially useful statistical tools

1. Theprobabilities from Poisson probability distuiiion are gien by the expression

Consider the random sample from a Poisson probability difitsib(n = 10):
data §): 0,2,4,0,1,2,3,0,0and 1

Construct the liklihood epression for these data based on the Poisson probability distri-

10
bution function. Speci®callyfor ary value of1 the likelihood \aluelL is[] P(X = x;).

i=L
Evaluate the log-liklihood \alues:
forA=1.0 log(L) = ?
fora=12 log(L) = ?
fora=14 log(L) = ?
forA=16 log(L) = ?
Compute the mearalueX. X = 2

Evaluate the log-liklihood \alues:

for 1 =X log(L) = ?
for 1=%-0.01 log(L) = ?
for 1 =%+ 0.01 log(L) = ?

With a bit of calculus, it can be shio that the maximum I&ihood estimate of is in
generalk (4 =x).
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Test the conjecture that= 2:

Calculate log-lilelihood fori = X, then—-2log(L) = ?

Calculate log-likelihood forig = 2, then-2log(Ly) = ?

Calculate the liklihood ratio chi-square statistic contrasting theselbg-likelihood \al-
ues to asses the éikhood that4 and i, = 2 dffer by chance alone.

p-value = ?

2. Usethe approximate relationship that
variance(x) = x?variance(log[x])
to shav that

L X2 . y? 1
if variance(x) = Y thenvariance(y) = "y wheny = v
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5. Exponential Survival Probability Distribution

1. Usingthe AML clinical trial data compare the maintained and nonmaintained treat-
ment of the leu&mia patients assuming the data are a random sampleXpamential
survival distributions (constantui separate hazard rates).

Estimate the mean survival timein both groups

maintained: estimatemean surwial time = A,, = ?

Construct an approximate 95% con®dence imatieirom the estimate.

lower bound = ? amgper bound = ?

nonmaintained: estimatedean surwial time = A, = ?

Construct an approximate 95% con®dence imatiirom the estimate.

lower bound = ? amgper bound = ?

Estimate therate of survival (relapse) in both groups

maintained: estimateslrvival rate = ng = ?

Construct an approximate 95% con®dence imtiirom the estimate.

lower bound = ? amgper bound = ?

nonmaintained: estimatedirvival rate = ngM = ?

Construct an approximate 95% con®dence imtiirom the estimate.

lower bound = ? amgper bound = ?
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Estimate the median survival timein both groups

maintained: estimatesiedian surwal time :'5@05 = ?

Construct an approximate 95% con®dence imatiirom the estimate.

lower bound = ? amgper bound = ?

nonmaintained: estimatededian surwial time =Ags = ?

Construct an approximate 95% con®dence idtiirom the estimate.

lower bound = ? amgber bound = ?

Estimate thexgonential surwial distribution in both groups and plot the estimated sur
vival functions &y, (t) and A, (t) on the same set of as.

Maintained () and nonmaintained ( )

1.0

0.6 0.8
|

survival probability
0.4

0.0

time
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6. Welbull Survival Probability Distribution
Using maximum likelihood estimation and a computer algorithm, the estimated parame-
ters from the Wibull distribution (1 andy) applied to the leu&mia clinical trial data are:
Maintained:
AM = 0.0145 with a standard error 8f5 =0.0053
Aq = 1.032 with a standard error 8f, = 0.2859
Nonmaintained:
ééNM = 0.0063 with a standard error 8f = 0.0012.
A = 1.574 with a standard error 8, = 0.3841
1. ConstrucB5% con®dence inteals based on these estimates:

95% con®dence bounds

lower bound upper bound

2y
AMN
Ao
Aoun

2. Estimateghe mean and mediamlues based on the estimathsand A (Hint: gamma
values ofl (x) can be found on the internet (http://home.clara.net/sisaitga.htma --
enter the ayumentx in the box labeled E/X):

maintained: estimatetiean alue A, = ?

maintained: estimatemiedian \alueﬁtolig = ?

nonmaintained: estimatedean alue Ay, = ?

nonmaintained: estimatededian alueAs= ?
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3. Estimatehe hazard function for the maintained and nonmaintained samples of sur
vival times and plot these twhazard functions on the same set asax

Maintained () and nonmaintained ( )

hazard function
0.01 0.02 0.03 0.04 0.05 0.06
| | | | | |

0.00
|

time

Add to the plot the te hazard functions estimated for thgpenential probability distri-
bution (last section -- problem set 5).

4. Isthe ®t of the Wibull distribution to the leukmia data substantially better than the
exponential distribition (problem set 5). Site the statisticaldence (test, con®dence
intenal, plots ---) for your answer
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7. Two-sample analysis
1. Usingthe AML clinical trial data perform a log-rank test to assess teréifce
between maintained and nonmaintained treatments groups.
Log-rank test

Fill in the following table

intenal a, A variance(a;)

0-5

5-8

8-9

9-12

12 -13

13-18

18-23

23-27

© 0 N o o A~ wWw N P

27-30

[EEN
o

30-31

[EEN
=

31-33

[EEN
N

33-34

(IR
w

34- 43

H
N

43- 45

[
(93]

45- 48

total -
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Compute the follwing summary alues:

Sa=_ 2 3 A-= ? and variance(Y &) = ?

then, X2= ? andp-value = ?

Calculate the alues & and %:i for the 15 interals (tables) and compare obsshsums
S a; andy ¢ to the corresponding sums A andY. &; with chi-square statistic.

then, X2= ? andp-value = ?

2. Thefollowing values summarizes theéull survival model applied to the AML clin-
ical trial data:

parameter| estimate  sttror
intercept bo -3.180 0.241
group o} -0.929 0.383
shape Y 1.265 0.225

Estimate three selected percentiles for the maintained and nonmaintained groups.

percentiles ‘ 0.10 0.50 0.90

maintained

nonmaintained

Calculate thep-value in the table for the comparison of the woups (maintaineder-
sus nonmaintained b, = 0?).

z= p-value = ?
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Estimatel, andAyy from the model co@cients 7150 and "El Demonstrate numerically

thatlog( A/ 2y) = B A

2. Plot the estimated suval functions for the maintained and nonmaintained samples of
clinical trial data using the product-moment estimates (nonparametric -- problem 2) and
the Weibull based estimates (parametric -- problemMpt all four cures on the same

set of aes.

Maintained (=) and nonmaintained (——-)

0.6 0.8 1.0
| |

probability

0.4

0.2

T T T T T T T
0 10 20 30 40 50 60

time

3. Ewaluate the dference in the shape parametefg; = 1.032 with standard error =
0.286 andAqg = 1.574 with standard error = 0.38#lote thatvariance(x —y) = vari-
ance(x) + variance(y) and

(x-y)-0

has an approximate standard normal distidm when no dierence gists between the
two estimated aluesx andy. Therefore, eduate the lipothesis thagy, = ynu-

X2 = ? p-value ?
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Another approach wolves three log-liklihood statistics:
from the maintained group2 x log-likelihood ;) = 71.408
from the non maintained group2 x log-likelihood ) = 88.288
from the combined groups2 x log-likelihood ¢) = 161.043

Use these three log-Bkhood \alues to test the equally of shape parameters and compare
the results ta?.

X2 = ? p-value ?

4. Transform the surval probabilities from thetwo previously estimated product-
moment surwial curves (maintained and nonmaintained) and plot Hiees. Thats,

plot the pairs of alueslog(—log[ #,]) andlog(t;) for each surwia function. Estimatéwo
survival functions By (t) and Ay (t)] based on the estimatedeibull two-sample model
and plot the "log-log" transformed straight-lines on the same seesf ax

Maintained () and nonmaintained ( )

0.5 1.0
|

0.0
|

log(-log[S])
-0.5

-1.5 -1.0

-2.0
|

log(time)
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8. General Survival Model: Parametric
The leulemia data supplemented with thgobthetical ages of the children participating
in the trial are:
Preliminary data collected during the course of thetrial are:
Maintained ¢, = 11)

remission times (in weeksp, 13, 13 18, 23, 28, 31, 34, 45, 48, andl161’
age (years)2,2,5,1,6,4,3,1,2,1and 2

Nonmaintainedrf;= 12)
remission times (in weeksp, 5, 8, 8, 12, 1§ 23, 27, 30, 3343, and45
age (years)3,5,4,2,2,1,3,3,2,5,3and 3

The results from three models used to describe these data are:

Three models (leukemia data)

at+bF+c(age-a)+d(F*[age—4a]) | a+tbF+c(age—-a) | atbF

intercept () 4.480 4.392 4.020
group (B) 0.822 1.094 1.175
age (&) 3 0.145 0.109 -
groupx age (&) 0.076 - -

A 1.267 1.310 1.264
log(L) 80.376 80.391

a = mean of all 23 study participants = 2.826 dac - A&, A=-M A, k=-B,A and A

1. Comparindog-likelihood \alues, gauate the ineuence of the interaction term in the
model.

X2 = ? p-value = ?
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2. Comparindog-likelihood \alues, galuate the ineuence of the age in the adddti
model.

X2 = ? p-value = ?

3. Comparindog-likelihood \alues, galuate the ineuence of the treatment ignoring age.

X2 = ? p-value = ?

4. Usingthe additve nodel including both age and treatment, estimate and plot the base-
line survia function (that isF = 0 = nonmaintained andge = a = mean[age]). Iraddi-

tion, estimate the sumal function for the maintained group (thatks=1 andage=a =
mean[age]) and plot it on the same set @&sax

1.0

0.8

0.6

0.4
|

survival probability

0.0

0 50 100 150 200
time
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5. Usingthe additve nodel including both age and treatmentiagcompute and plot

the baseline surval function (that isF = 0 = nonmaintained andge = a = mean(age)).

In addition, estimate the suvel function for the nonmaintained group for ages one and
®ve years and plot these cewon the same set ofesx(that isF =0 andage=1 and

age = 5 wherea = 2.826).

1.0

0.8

0.6
|

survival probability

0.2
|

0.0

0 50 100 150 200
time
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9. General Survival Model: nonparametric

TWO MODELS (leukemia data)

The following again uses the leukemia data supplemented with the hypothetical ages
(Problem 8).

Model 1: Two-sample model -- F = 0 = nonmaintained and F = 1 = maintained
hy(t) = ho(t)e®

1. Fill in the table:

‘ B S3 z-score p-value

treatments ‘ -0.904 0.152

2. Calculate the approximate 95% confidence for B (treatments).

lower bound ? upper bound ?

3. Estimate the hazard ratio = hr = ?

Calculate the approximate 95% confidence for the hazard ratio hr.

lower bound ? upper bound ?

Model 2: Two-variable additive modél
hy(t|F, age) = h(t)e™F * P-208
4. Fill in the table:

—

‘ b Sy, z-score p-value
treatments | —-0.823  0.531
age 0.105 0.203
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5. Calculate the approximate 95% confi dence for b; (treatments).

lower bound ? upper bound ?

6. Estimate the hazard ratio associated with the treatments= hr = ?

Calculate the approximate 95% confi dence for the hazard ratio hr.

lower bound ? upper bound ?

7. Calculate the approximate 95% confi dence for b, (age).

lower bound ? upper bound ?

8. Cdcul qte the hazard ratio associated with the combined infuences of treatment and
age=5( HR).

A

HR ?

9. Calculate the confounding bias associated with the variable age.

bias ?

10. The estimated parameters for the Weibull distribution applied to the two-sample
model are: 15 =0.0180, 1, =0.00554 and compare thisratio with the hazard ratio for
the cox model (treatment only).

Using these estimates to calculate the hazard ratio = hr' = ?

Compare the hazard ratios from the Cox and Weibull approaches.
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Survival Curves

Use the nonmaintained group as the "baseline function” and product-limit process to esti-
mate the survival curve Sy(t).

11. Estimate the survival curve for the maintained groups “S(t) based on the estimate
"Sy(t) and the two-sample Cox proportional hazards model. Estimate the survival curves
for the nonmaintained “sy(t) and maintained “s(t) assuming an underlying Weibull distri-
bution (i.e, the parameters previously estimated). Fill in the following table:

COX MODEL WEIBULL MODEL
time Y0 Si(t) "so(t) “si(t)

12

16

23

27

30

33

43

45

12. Plot both Cox estimated curves (step functions-- Sy(t) and “Si(t)) on the same set of
axes. Also plot continuous (smooth line) versions of the Weibull estimated survival
curves "sy(t) and “si(t) on this plot.
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Maintained and nonmainted survival curves

o
-

0.6

survival probabilities
0.4

0.2
Il

0.0
|

T T T T T
0 10 20 30 40

time

13. An alternative comparison is achieved by plotting one survival curve against the
other. If they correspond, the plotted points will randomly deviate from a straight-line

with slope = 1 and intercept = 0. Plot the points from the table -- Sy(t) (x-axis) and "sy(t)
(y-axis). Add a45° degreeline.

Nonmaintained

1.0

0.8
Il

survival (Welibull)
0.4

0.2

0.0
|

T T T T T
0.0 0.2 0.4 0.6 0.8

survival (cox)
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Then, plot the points from the table -- "Sy(t) (x-axis) and “sy(t) (y-axis). Add a45° degree
line.

Maintained

1.0

0.8
Il

survival (Welibull)
0.4

0.2

T T T T T
0.0 0.2 0.4 0.6 0.8

survival (cox)



