LECTURE 1

Rates and their properties

Rates come in aaviety of forms. There are insurance rates, postal rates, tax rates
as well as rates of speed, rates of births and rates of waightlgall situations, a rate
measures a change in one quantity negabh a dhange in another~or example, postal
rates are the price per unit weight for mailing a letter (price per ounce) and widkesidi
by time produce rates of speed (miles per hodwever, to understand and clearly
interpret a rate calculated from mortality and disease data, a Riernsiee gproach is
necessary The approach lgns with Issac Neton who in thel 7" century mathemati-

cally deEned a rate and dermrary of its properties.

A deEnition of a rate starts with mathematically describing a changing paéern o
time, represented by the symi&ft). Oneversion of a rate is created byiling the
change in the functio8(t) [ S(t) to S(t + §)] by the corresponding change in timng to t

+ 6) producing the

. changein S(t)  S(t) - S(t +5) _ S(t) — S(t + )

"rate — - = =
change in time (t+o)—-t )

Rates with respect to time apply toaiety of situations it a speciCEc function,



traditionally denoted b(t), is central to the analysis of swalidata. Itis called the
survival function and is de®ned as the probability of sumg beyond a speci®c point in

time (denoted). In symbols,
S(t) = P(surviving fromtime =0 to time =t) = P(surviving during interval =[0, t])
or equvaently
S(t) = P(surviving beyond time t) = P(T > t).
To illustrate, consider a simple suraifunctionS(t) = € *™. PerhapsS(t)

describes a decrease in population size time due to mortality The probability of sur

viving beyondt = 20 years is ther$(20) = P(T = 20) = € %@ = 0.449 (Figure 1.0).

Figure 1.0 Simplesurvival curve -- §(t) = e %4
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The proposedersion of a "rate” depends on both the speci®c galrfuinction S(t)
and the length of the time intes. To create a rate that does not depend on the length
of the intenal, Navton de®ned a "pure rate" as the chang8(th as the length of the
interval § became in®nitesimally small and called this quantity thevekere d S(t) with

respect td or, in symbols,

the derivative of S(t) = % S(t).

The dewative d S(t) is an instantaneous rate.

A derivative is a ich concept and a complenathematical tool described in a ®rst-
year calculus course=rom a practical point of we the denvative is dosely related to
the slope of a line betweendwoints. Thats, approximately the desmtive is

d

dt SO

t)-S(t+o . .
= S (?( ) = dope of a straight line
for small \alues ofs and becomesxactly the denative wheng approaches zerdn the
following, the slope of a line (one kind of "rate") is frequently used to describe approxi-
mately the deviative d the surwal function (an instantaneous rate) at a speci®c point in

time ("pure rate").

Newton's instantaneous rate is rarely used to summarize mortality or disease data

because it does not directly reeect risk.nomicide rate, forxample, of 10 deaths per
month is easily interpreted in terms of risk when it refers to a speci®c populatioisize.

rate of 10 deaths per month in a community of 100(iddals indicates an entirely



different risk than the same rate in a community of 100,0@Ben the instantaneous rate

d
Fm S(t) is dvided byS(t), it resects risk. To measure risk, a relat rate is de®ned as

d
a S(t)
S(t)

instantaneous relative rate = h(t) = -

Multiplying by -1 males this relatie rate a positie quantity whenS(t) is a cecreasing
function (n@ative dope). WhenS(t) refers to mortality or disease or other kindsaoif f
ures, the instantaneous relatrateh(t) is usually called dazard rate in human popula-
tions and dailure rate in other contets. Thesame rate is sometimes calkdinstanta-

neous rate or the force of mortality.

Two elements of Nwton's pure rate and a hazard rate that complicate the applica-
tion to collected data arghe exact form of the functiors(t) must be knan and both
kinds of rates are instantaneow&owledge is rarelyailable to unequiocally de®ne
S(t) and instantaneous quantities are conceptual®alift and interpretation requires

special mathematical/statistical tools.

Instead of an instantaneous rate, @ age rate is a frequently used measure of

risk. Arate aeraged @er atime intenalttot + 4§ is

S(t) - S(t +9)

t+o

I S(u)du

average rate =

In more intuitve terms, an aerage rate ver a de®ned period is the proportion of



individuals who died dided by their mean time at risk, @qually, the total number of
individuals who died dided by their total-time-at-riskGeometricallythe \alue of the
integral in the denominator is the area under thee8(t) between the te pointst andt
+ 8. For the surwal functionS(t) = € *™ and the interalt =20 tot = 25 (§ = 5), the

proportion who died i§(20) - S(25) = %® - ¢100=0,0814. Theavaage time at risk

(area) is

tf S(u)du = :[:e'o'o““du = e-0.04(m())._0:—0.04(5) -0 442_02 8 _ 2. 36 years
making the werage mortality rate

average rate = e‘oz ;Bz—l.oo = 02(2: = 0. ¥0 deaths per person — years.

In most cases, particularly in human populations, the area under thelstuxe
S(t) is accurately approximated without de®ning the funct&ft) in detail. Whenthe
survival curve between the te pointst andt + § is a straight line, the area under the
curve has a simple geometric forntt is a rectangle plus a triangle (Figure 2.Burther

more,

area of the rectangle = width x height = ([t + 6] — t) x S(t + ¢)

= 5 S(t +0)
and
area of the triangle =  base x altitude = 3 ([t + 6] — t) x [S(t) - S(t + 5)]



_1
=5 o[S(t) = S(t + )]
makes the total area

area = rectangle + triangle
= 5S(t +6) + 3 5[S(t) - S(t + 8)] = 3 5[S(t) + S(t + 5)].

Figure 2.0 displays the geometry for the seaMiunctionS(t) = e %%,

Figure 2.0 The geometry of an approximate average rate
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Fort=20tot + § = 25, the area of the rectanglesiS(25) = 50.368) = 1.839 and the
area of the triangle i5[S(20) — S(25)] = 1(5)[0.449 - 0.368] = 0.204 making the total
area = 2.043The approximate rate becomeagrage rate = 0.0814/2.043 = 0.039.

Whens is moderately small, the approximate area is usually an accurate estimate of the



exact area.That is, a straight line and the swalifunctionS(t) are not \ery different

ove a dort intenal (Figure 2.0).Table 1.0 illustrates for = 20 years.

Table 1.0 Approximate and exact areas between S(t) and S(t + §) for S(t) = e 2

5 ttot+s | S{t) S{t+s) d(t) aea area rate
30 20to 50.0 | 0.449 0.135 0.314 7.850 8.770 0.036
20 20to 40.0 | 0.449 0.202 0.247 6.186 6.512 0.038
10 20to 30.0 | 0.449 0.301 0.148 3.703 3.753 0.039

5 2t250| 0449 0.368 0.081 2.036 2.043 0.040

1 20t021.0 | 0449 0.432 0.018 0.440 0.441 0.040
0.1 20to 20.1 | 0.449 0.448 0.002 0.045 0.045 0.040

* = exactS(t) and ** = gpproximate (straight line)

Returning to the mortalityx@ample, whereS(t) represents the probability of survi
ing beyond timet, thenS(t) — S(t + 8) = d(t) represents the proportion who died in the
intenalt tot + 5. The area under the swl curve S(t) is goproximately
S[S(t) — 3 d(t)] or S[S(t + 8) + 5 d(t)] or 5 S[S(t) + S(t + &)]. To approximate this area,
all that is required is thealue S(t) at the two points in timet andt + §. In addition, the
area of the rectangle is approximately the mean ye&shy those who survied the
entire interal and the area of the triangle is approximately the mean yead$yi those
who died within the inteal. Thereforethe total area under the swalicurve is goprox-
imately the mean yearséd by al individuals during the intealt tot + § who were
alive & the bginning the interal (at risk at time). Whenthe surwal probabilities are

described by a straight line these approximate quantitiexace e

Suppose that out of 200 imttluals at-risk, 100 indiduals were alie hnuary 1,

2002 and by January 1, 2004 suppose 80 of thesadndls remained ale. In symbols,



t =2002,t + § = 2004 (¢ = 2 years),5(2003 = 100/200 = 0.505(2004) = 80/200 = 0.40
and the proportion who died is d(2002) = 0.50 - 0.40 = 0.10 or 20/200 = UH&.
approximate area enclosed by the stahcurve for thes = 2 year period i%2(0.50 +
0.40) = 0.90 yearsThe arerage approximate rate beconies (0.50 - 0.40)/0.90 =
0.10/0.90 = 0.111 omultiplying by 1000, the rate becomBds 111 deaths per 1000
person-years. Ratese frequently multiplied by a Ige constantalue to producealues
greater than one (primarily te@d small fractions with manzeros). TheaateR reeects
the approximatewerage risk @er the period of time 2002 to 2004 for the obgeh200
individuals. Inaddition, the total person yeargdi by the 100 indiiduals between the
years 2002 and 2004 is 100(0.90) = 90 person-years because the meanegear@ %0
years. Thereforeghe number who died (200(0.10) = 20Yided by the total person-

years (90) is also the approximaterage rate

total deaths 20
averagerate= R= = — =0.11.
total — person—years 90

The example illustrates the calculation of an approximatzage rate free from the
previous two constraints. lis not necessary to de®ne the sualvfunctionS(t) in detalil
and the rate is not instantaneode only requirements are that thetvaluesS(t) and
S(t + §) be known or accurately estimated and the svalturve ke & least close to a
straight-line @er the time interal consideredBoth the conditions are frequently ful-
®lled by routinely collected human data piding a huge ariety of accurate mortality

and disease rates (see the National Center for Health Statistics or the National Cancer



Institute websites -- http://wwedc.ga/nchs/ and http://wwwaci.nih.gw).

Another measure of risk is a probabilit% probability is simply de®ned as the
number of equally likly speci®c eents (a subset) that could occuvided by the total
number of all equally ligly relevant events (the entire set) that could possibly ocdar
symbols, ifn[ A] is the number of speci®osents among a total af equally likely events,

then

A
probability of event A= P(A) = %

For example, the probability of death (denotgds g = d/n wheren[ A] = d represents
the number of deaths amongt-risk indviduals. Thecomplementary probability of sur
viving is 1 - g = p=(n-d)/n. Notice the &plicit requirement that at individuals are
equally likely to die (n&t topic). Other more rigorous de®nitions of probabilityist but

this basic de®nition is s@kient for the follaving applications to surval analysis.

A probability is alays zero (impossiblevent) or one (surewent) or between zero
and one.In addition, a probability is a unitless quantity that does not depend directly on
time. Onthe other hand, a rate can bg positive value, is not unitless (per person-time)
and depends on timdNevertheless, these twguantities are related-or an average rate

R and a probabilityy,

re S-S+ _ SOSH-St+5)/SH _ 9
S[S() -3 d®]  S[SM/S(t) - 5 d)/SH]  s@-30)

or
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oR

q_1+%5R'

The probability of death is speci®callyd(t)/S(t) and the the probability of suming the
interval becomes — g = p = S(t + §)/S(t). Notethatq, and necessarily, are condi-

tional probabilities; conditional on being\adida timet. That is,

probability of death = q = P(death between t andt + §|alive at time t)

_ P(death between t andt + §)
B P(alive at time't)

The probability of death or disease in human populations, is almestsasmall
(p =1 or g =0) making the relationship between a rate and a probability a function pri-
marily of the time interal lengths. In symbols, rate = R= g/§. When the period of
time considered is one yean average annual rate and a probability typically produce
almost identical &lues. Thesevo quantities are more or less interchangeable anel, par
ticularly in the study of human mortality and disease, it usuallyeséikle practical dif-
ference which measure of risk is uséthr example, a ratio of rates and a ratio of proba-

bilities hardly difer when applied to the same time intdrvin symbols,

: R 16
rate ratio = & = WO -

Ry do/d o

Under rather@reme conditions a rate and a probability cafedifonsiderably
For example, when among 100 inglluals, 80 die in the ®rst month during a disease epi-

demic and the remaining 20 swwithe rest of the yeab (= 1), the probability of death is
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g is 80/100 = 0.8 and the approximaterage mortality ratdR is 80/[20 + 0.5(80)] =
1.33 deaths per person-yeakowever, for the year considered, the probability of death

is not small and the sural curve is not close to a straight line.
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Statistical properties of the probability of death

When a rate is estimated from swelidata, a fundamental assumption frequently
made about the underlying sampled population is that the probability of death (repre-
sented agin byq) is & least approximately constar@onstant in this conk¢ means that
the probabilityq refers to a population made up ofotautcomes (for @ample, died/sur
vived or diseased/disease-free) with a proportion ofvitllialsq of one kind and a pro-
portion of indviduals 1 -q of another kind.Under this condition, the properties of a
sample ofn individuals are described by a binomial probability distiin. Therefore,
the probability that the sample nindependent ingdiduals contains»actly d individu-

als who died and — d who survved is
F’(D=d)=(£|])qo'(1-q)”‘d d=0,1,2,---,n

when the probability of deatlpis constant.

Thesen + 1 probabilities, determined completely by theotparameters andq,
generate all the properties of a binomially distrdal \ariable represented ly. For
example, the mean of the diswidion of D is nq and its ariance isnq(l — q). Theesti-
mate of the binomial parametgis the number of sampled imitiuals who died dided
by the total number sampledi= d/n. The properties of this estimate also falldirectly
from the binomial probability distriltion. For example, the ariance of the distriltion
of the estimaté} is (1 — g)/n and is naturally estimated variance(d) = &1 — ¢)/n.

Note: the " " placedwer a symbol means thealue is calculated from data (subject to the
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ineuences of samplingariation).

The \ariability associated with the disttition of the estimatdy, estimated by the
expression ¢l — A)/n, is due to sampling ariation that accompanies all estimat&hat
is, another sample kty produces anotheriue of & because another sample will be
made up of dierent indviduals. It is this sample to samplariation that is measured by
a(1 - g)/n. Itis this variation that is described by a binomial digitibn. Occasionally
the \ariation associated with the estimalgs erroneously attrilted to thedct that indi-
viduals within the populationary with respect to the probability of deatariation of
the probabilityg among the population members (heterogeneity) is an issue (to be dis-
cussed) bt it is not the dgriation associated with a binomial distrilon, which requires

that the quantity to be constant.

Two notable issues arise in applying a binomial distidn to summarize a sample
of survival data: theuse of the normal distnittion as an approximation and the conse-
guences of assuming that the probabijig the same for all indiduals within the sam-

pled population (constant) when it is not.

Normal approximation

Statistical tests and con®dence inadswderved from a normal distribtion are
basic statistical tools used to asses the ineuence of sampgliregion on an estimated
vaue. Inmary situations thg apply to the assessment of the estimated binomial proba-

but requires the distrilition of the estimatél to be at least approximately normalhe
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accurag of this approximate approach is best wiggs in the neighborhood of 0.5 and

the sample sizexeeeds 30 or s(> 30). For survval data, particularly human suwa

data, the probability typically refers to mortality or disease risk and is almostyd

small and in maycases gtremely small. A consequence of a small probability is that

the binomial distribition is no longer symmetric and has a limited and pesiinge in

the neighborhood of zerdBecause the normal distution is symmetric and ledy pro-

duces ngaive values near zero, it is no longer a useful approximation for a binomial dis-
tribution. Alternatve goproaches tovaluate an estimatéy whenq is small emply exact

methods or transformations.

Exact methods are conceptually complicated and numerica®guwdif but are &ail-
able as part of seral statistical computer packageE.ansformations, heever, require
only a bit of calculation and, unkkexact methods, are conceptually simpleansforma-
tions are created to maksymmetric distrilitions (such as the binomial distrtipn with
smallg) more or less symmetridJsing the transformedaviable, the normal distniftion
once agin becomes an accurate approximation and normal-based tests and con®dence

intervals once agin apply

Such a transformation of a smadiive of 4 is thelogistic transformation. A logis-

tic transformation of an estimated probabiljﬁ/(denotedz}‘) is

loga—%;log%—m

The estimaté} has an approximate normal distrilon. Thevalue A is the logarithm of
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the odds, sometimes called the log-odds or logit. Note: all logarithms used in the follow-
ing are the natural logarithms (base e = 2.718282). The odds are defi ned as the probabil-
ity an event occurs divided by the probability that the event does not occur (the comple-
mentary event). The odds are a popular measure of risk used most often in gambling and
epidemiology. To improve the accuracy (reduced bias) of the logistic transformation a

value of one-half is added to the numerator and denominator making the log-odds

. Dd+~§ 0
log a1t
A 20

The estimated variance of the normal-like distribution of the estimate | is given by the

expression

(n+1)(n+2
n(d+1)(n-d+1)

variance( 1) =

The variance of | is approximately variance( 1) = 1/(d +1) when n is much larger than d,

which is frequently the case for mortality and disease data (q is small).

The estimated probability of death from cancer among femalesin Marin county,
CA is "q =494/247,900 = 0.001993 or 199.3 per 100,000 women (d = 494 deaths among
n = 247,900 women who were residents of Marin county during the year 2000). Con-
struction of a confi dence interval from this estimate provides an example of applying a
logistic transformation to mortality data (small q). Thelog-oddsvalueis =

10g(494.5/24706.5) = > 6.215 with estimated variance of ] given by variance(AI) =
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0.00202. The bounds of an approximate 95% confidence interval based on the estimated

log-odds T = -6.215 and the normal distribution, as usual, are

and

A little algebra shows that1/(1 + € ') = "q. Therefore, the bounds for the log-odds
confidence interval constructed from the normal distribution are the identically trans-
formed into the bounds associated with the estimated probability . The 95% bounds
become lower bound =1/(1 + € ) =1/(1 + €*%%) = 0.00183 and upper bound = 1/(1 + €°B)
=1/ + €127y = 0.00217 or (182.7, 217.8) per 100,000 at-risk women. As required, the
probability 9 =1/(1 + €*%°%) = 0.001993 or 199.3 deaths per 100,000 women. (Details of
the construction of confidence intervals based on transformed estimates are reviewed at

the end of the lecture).

The same logistic transformation can be applied to compare estimated probabilities
from different populations (sometimes called the two-sample problem). For example, the
probability of a cancer death in Marin county compared to the same probability for the
entire state of California indicates the magnitude of the excess risk experienced in this
specific county. The Marin county probability is again 199.3 cancer deaths per 100,000
women and the probability for the entire state is 147.6 deaths per 100,000 women

([51,186/34,689,000] x 100,000). The corresponding logistic transformed estimates are



-17-

Trrarin = —6.215 and T4z = —6.517. Again the normal distribution provides an approxi-
mate but accurate assessment of the influence of sampling variation on the observed dif-

ference in log-odds transformed values. Specifically, the comparison takes the form

Trarin = lsae _ —6.215-(-6.517) _ 0.302

= = = 6.680
VA ance( T oo — 1 gor)/0- 00202 +0.00002  0.045

where the estimated variance( T urin = | gate) = Variance( T grin) + variance( 1 gqe). For the
comparison of Marin county to the state as a whole, the estimated variance is
variance(Tmin - Tgate) = 0.00204. The test statistic z has an approximate standard nor-
mal distribution when the underlying Marin county and the state cancer mortality risks
are the same and the estimated log-odds values then differ by chance alone. A signifi-
cance probability (usually called a p-value) of P(|Z| = 6.680| no difference) < 0.001
leaves little doubt that random variation is not an adequate explanation of the observed
difference. This statistical test is consistent with the confidence interval for Marin
county. The 95% confidence interval (182.5, 217.6) defines a range of likely values of
the underlying probability g and does not include the estimated probability of death for
the entire state (147.6). Thus, the California value (probability or log-odds) is not a plau-
sible value for Marin county from either prospective in light of the observed Marin
county mortality rate. The two approaches rarely give very different answers, particularly

when the number of sampled observations in each group is large.

Homogeneity of the binomial probability g
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Human populations are never perfectly homogeneous with respect to the probabil-
ity of death or disease. Age-, race-, location-, sex-specifi ¢ samples of data are collected
but the underlying probability of death typically remains heterogeneous to some extent
even in these more homogeneous subpopulations. The consequence of ignoring this

residual heterogeneity is seen by an example.

Suppose a population of 160 (n = 160) individualsis made up of four groups het-

erogeneous for the probability q (defi ned in Table 2.0).

Table 2.0 Four hypothetical groups (n = 160) heter ogeneous for the probability q

group n; d; qi Vi
group 1 60 2 0033 1.933
group 2 50 4 0.080 3.680
group 3 30 6 0200 4.800
group 4 20 8 0400 4.800

combined | 160 20 0.125 --

* variance = v, =n,qi(l - q)

A natural estimate of q is "g = d/n=20/160=0.125 (d = >_d; and n = > _n;), combining
the four groups. The estimated variance of this estimateis g1 — "g)/n =
(0.125)(0.875)/160 = 0.0007. Both estimates ignore the heterogeneity of g. An estimate
accounting for the heterogeneity is the weighted average =23 n; g,/ > n, = > di/nandis
also 0.125. The estimated variance of g accounting for the heterogeneity among the four
groups is, however, reduced. The estimated varianceis 5 v;/n? = 0.0006. In symbols,

the perhaps not very intuitive result emerges that
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variance( q| accounting for heterogeneity) < variance( q| not accounting for heterogeneity).

Not accounting for the heterogeneity of the probability g produces a conservative
estimate of the variability. Conservative in the sense that the variance is likely too large,
producing a statistical test with a larger p-value or a confidence interval with wider
bounds than would be produced if the heterogeneity was known and taken into account.
This difference in variability is entirely due to the heterogeneity among the “G;-values.
Specifically, the difference between the two estimated variances §(L — g)/nand 5 v;/n? is
strictly a function of the differences in the q;-values among the subgroups. Or, in sym-
bols, the difference is 3 n; (9, — ©)°/n®. For the hypothetical example (Table 2.0), the
heterogeneity of g among the four groups measured by 3 n; (g, — §)°/n® is 0.0001. That
is, (L - §)/n -3 vi/n* = 0.0007 - 0.0006 = 0.0001. Only when T equals T in all groups
sampled is the variance estimated by QL — g)/n strictly correct; otherwise it is biased
upward. That is, the variance of q ignoring heterogeneity is always larger because it is
the sum of the variances of “q; within each group plus the variance in the values of 7

among the groups.

This simple example is realistic in the sense that the bias arising from ignoring het-
erogeneity is not only conservative but it is typically small. Therefore, not completely
accounting for heterogeneity in a sampled population, a necessity in most applied situa-
tions, leads to statistical tests and estimated confidence intervals that are understated
(lower power) but not likely misleading. The Marin county cancer data is an example of

an estimate that does not account for the heterogeneity of the probability of death q
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producing a confi dence interval and a statistical test that are slightly conservative.
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Simplest case: average rates, survival probabilities and hazard

rates

Suppose a population of 90 year-olds is identified and their survival experience
during the next ten years is the focus of interest. In this simplest case, all individuals are
envisioned as dying at random over the next ten years. Thus, the average number of years
lived is five because these individuals are equally likely to die at any time during the ten
year period. Postulating such a mortality pattern is not entirely unrealistic and has an
important application to life table calculations (a future topic). In other situations, sug-
gesting a completely random risk of death produces an approximate description of the
survival pattern. Furthermore, even this simple illustration characterizes the fundamental
relationships among an average mortality rate, a survival probability and a hazard rate.

More realistic situations differ in technical details but differ little in principle.

If all individuals are equally likely to die at any time during the age interval 90 to
100 years, then half the original individuals will live beyond age 95 and half die before
age 95. In fact, at any time (denoted t) during the 10 year interval, [100 x (100 -
t)/10]-percent will be alive and [100 x (t — 90)/10]-percent will have died. For example,
at age 97, 30% remain alive (70% have died). In symbols, the formal survival probability

function $(t) is

S(t)=P(T =t) = % where ast<h.

In the present case, a = 90 and b = 100 years. Geometrically, the survival function (a
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continuous series of survival probabilities) is a straight line running from 1.0 at age 90 to
0.0 at age 100 with slope of -1/(b — a) = -1/10 = -0.1. As with all survival functions, the
maximum S(a) is 1.0 at age = a 90 and the minimum S(b) is 0.0 at age = b = 100. Figure
3.0 displays this survival function.

Figure 3.0 Survival function S(t): individuals dying uniformly during the age inter-
val 90to 100 years
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The average mortality rate of these individuals follows directly from the survival

probabilities. Suppose | represents the total number of 90-year olds at risk, then the num-

ber of deaths between times t; and t, is

number of deaths =1 x [S(t;) - S(t,)] =

b_a(tZ_tl)

and the total person-years these individuals lived is

person — years—at —risk = | x area = | x {rectangle + triangle}
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0 0
ﬂxgh-m3w+%b4M3m-QWE

_x Ko —t)[b -5t + )]0
= O b— O
0 a 0
Note that the total person-years of life between two pointsin time is the number of indi-
viduals at risk multiplied by the area under the survival curve (Figure 3.0). For example,

for | = 1000 individuals between ages 93 and 97,

(97 -93)[100 - 2 (93 +97)] _ 4100 - 95) _
= 0 T

0

and the total person-years-at-risk becomes| x area = 1000(2.0) = 2,000 person-years-at-

risk. In other words, the mean years of life lived between the age 93 and 97 is 2.0 years.

The average mortality rate becomes

number of deaths 1
person-years—at-risk  b-1( +tp)’

R = average mortality rate =

For example, the average mortality rate for individuals between the ages of 93 and 97 is

1
R= = 0.2 or 200 deaths per 1000 person-years.
100 - £ (93 + 97) P P y

An average mortality rate measures risk over an interval. Asthe interval becomes

smaller, the average mortality rate more accurately reflects the instantaneous hazard rate.
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When the length of the interval t, to t; ultimately becomesOort; =t, =t (t; — t, = 0),
the two rates become identical. For the uniform mortality case, the average rate (now the

hazard rate) is then

1 1

hazard rate = h(t) = = .
b-1(t+t) b-t

This expression is the same when derived by directly applying the definition of a hazard

rate where
1
d _
— S(t) b-a 1
h(t) = - dt = =
S(t) p-t b-t
b-a

The geometry of a hazard rate for this random mortality illustration is displayed in Figure

4.0.

The mean survival time for these 90 year-olds (entire population) is
mean years lived = %(b —a) =0.5(100 - 90) = 5 years. Itis the total area under the sur-
vival "curve" from ages 90 to 100 (area of the triangle -- Figure 3.0). The entire area
under the survival curve is also related to the total person-years of survival (denoted L).
In symbols, L =1 x mean =1 x %(b — a). In general, the total area under the survival

curve is equal to the mean survival time or

total — person — years L

mean survival time = total area = — = —.
the number of persons—at —risk |
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Figure4.0 Hazard function h(t): individuals dying uniformly during the age inter-
val 90to 100 years

hazard rate
06 08 10
| |

0.4

0.2
1

920 92 94 96 98
age

The mean survival timeis calculated in essentially the same way as any mean value. Itis

the total time lived (L) divided by the total number of individuals (I) who lived it.

The crude mortality rate (mortality rate for al individuals for the entire time inter-

val -- age 90 to 100 years) is

total number of deaths d |
crude rate = =—=—
total - person—-years L L

_ 1
mean survival time’

Higher risk causes less survival time and visaversa. Specifi cally for the 90-year olds, the
mean survival timeisfi ve years making the crude mortality rate 1/5 = 0.2 deaths per per-
son-year. Notice that the total number of deaths (d) equals the total number of individual

at risk (1) when the entire 10 year interval isconsidered (I = d -- everyone dies). A rateis
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called crude not because it is lacking or rudimentary. Theterm "crude rate" appliesto a

rate that is unadjusted for the influences of other factors.

The median survival time is that age where half the | individuals have survived and
half have died (denoted t,,,). In symbols, when the survival probability S(t,,) = 0.5, the

medianist,,. For the case of uniform mortality,

b-t,
b-a

Sty) =3 = and median value=t,=b-%(b-a)=%(b+a).

For the age interval 90 to 100 years of age, the median ageist,, = 5(100 + 90) = 95
years, making the median survival time equal to fi ve years. The mean and median are

expected to be equal for this symmetric pattern of survival times.

The probability of death during a specifi ¢ age interval (again denoted q) isthe
number of individuals who died in the interval divided by the number of individuals who
could have died (at-risk individuals). For the random uniform mortality case, this proba-

bility is

|
XS -St _Db-a z Y -y

EED) gy P
Fa( 1)

probability of death=q =

For example, the probability of death during the age interval 93 to 97 isq = 4/7 = 0.571.
Again, the symbol g represents the conditional probability of death (conditional on being

aliiveat t =93). Of courseg, if t, = b, then the probability of death is 1.0.
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Aswith an average rate and a survival probability, the probability of death (not sur-

prisingly) isrelated to the hazard rate. Specifi cally, the hazard rateis

1 9
h(ty) = = :
(tl) b - t]_ t2 - tl

The relationship between a conditional probability of death and a hazard rate, as
well as several other relationshipsillustrated by this simplest case, are useful in under-

standing more complex survival and hazard functions. Three recurring relationships are:
1. Anaveragerateis approximately equal to a hazard rate over a short interval or

R = average rate = hazard rate = h(t).
2. The hazard rate and the conditional probability of death are related or

1 q
h(ty) = = :
(tl) b - t]_ t2 - tl

for this example and will have approximately the same relationship in many other situa-

tions. 3. The mean survival timeis geometrically the area under the survival curve or

L  total — person — years
I

mean survival time= — = -
total persons-—at —risk

= area under the survival curve.
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Statistical Tools: properties of confidence intervals

Consider as estimate of a generic parameter g, denoted "g. A normal distribution
based 95% confi dence interval is

P[[g-190Sy<g< g+190Sy] =Plasg<b] =09

where S-; represents the estimated standard error of the (at |east approximate) normal dis-
tribution of the estimate “g.

It isthen true that a function of the lower (a) and upper (b) boundsis also a 95%
confi dence interval for the same function of the parameter g, or

P[f(a) < f(g) < f(b)] =0.95.

For example,
P[log(a) < log(g) < log(b)] isa95% confi dence interval for the logarithm of g,
P[a? < g < b?] isa95% confi dence interval for the squared value of g and

P[va < yg < Vb] isa95% confi dence interval for the square root of g.

Thereverseisaso true. A normal based confi dence interval constructed for a
function of the parameter can be transformed to be a confi dence interval for the parameter
itself. Specifi cally, if

P[f(°g) =1 960S; (- < f(g) < f("g) +1 960S;(y] = P[A< f(g) < B] =0.95,

then an algebraic manipulation of the function f yields a 95% confi dence interval for the
parameter g. For example,

P[A< log(g) < B] = P[e” < €9 < €8] = P[e* > g < eB] = 0.95,
P[A< ¢g?< B] = P[VA< g <VB] = 0.95 and
P[A < VIog(g) < B] = P[A% < log(g) < BY = P[e” < g< %] =0.95.
In short, a 95% confi dence interval for g can be transformed to be a 95% confi -

denceinterval of f(g) and a95% confi dence interval for f(g) can be transformed to be a
95% confi dence interval for g.




