
LECTURE 7

Analysis of Two-sample Data

Rigorous statistical comparisons between small sets of data (20 observations or so)

began with W. S. Gossett's t-distribution (1908).The statistical comparison of two

groups is fundamental to data analysis in general and central to survival analysis. Both

parametric and nonparametric methods exist to identify differences in survival experience

of two groups.

Tw o-sample Analysis:Log-rank test

A popular nonparametric two-sample comparison technique, called thelog-rank

test, begins with classifying survival data into a sequence of intervals based on the times

of death to compare two groups. Parallel to the product-limit estimation of survival prob-

abilities, a sequence 2 by 2 tables is created from this sequence of time intervals. Again

avoiding general terminology, the survival variable is referred to as died/survived and the

two groups are referred to as the risk factor present (F) or absent (F). For each time

interval, the collected observations are classiŒed by survival and risk factor status.Thus,

a 2 by 2 table is created for each complete survival time ti (each interval ti−1 to ti). The

notation for this 2 by 2 table describingni at-risk individuals at survival time ti is
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ti death alive total

F ai bi ai + bi

F ci di ci + di

total ai + ci bi + di ni

The data are classiŒed into these tables to address the question:Is the risk factor

associated with the likelihood of death?To effectively answer this question, a useful

measure of association must be free from in•uences from survival time. To isolate the

in•uence of a risk factor, the data are stratiŒed by time of death.Then, a measure of

association calculated within each stratum and summarized over all strata re•ects the

association between risk factor and outcome unin•uenced by the passage of time.

Considern = 23 African-American participants in the San Francisco Men's Health

Study. The survival times are months from AIDS diagnosis to death or the end of the

study period.The survival times classiŒed by nonsmoker (F) and smoker (F) are:

nonsmoker (F): 2+, 42+, 27+, 22, 26+, 16, 31, 37, 15, 30, 12+, 5, 80, 29,

13, 1 and 14

smokers (F): 21+, 4, 25, 8, 23 and 18.

There aren0 = 17 nonsmokers with Œve censored survival times andn1 = 6 smokers with

one censored observation.

The simplest approach to comparing survival between African-American nonsmok-

ers and smokers is a plot of the product-limit estimated survival functions. Thisplot
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(Figure 1.0) has the advantage that it is contrasts survival times in natural units allowing a

subjective evaluation of the nonsmoking/smoking differences.

Figure 1.0 Survival function for SFMHS African-Americans comparing nonsmok-
ers and smokers
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The disadvantage is that a subjective evaluation does not formally account for the in¯u-

ence of sampling variation on the estimated values. Thelog-rank test brings this element

to a comparison and together both methods produce an assumption-free description of the

survival experience of two groups of sampled observations.

The nonsmoking/smoking observations produce a sequence of log-rank 2 by 2

tables (one for each complete survival time). Parallel to the product-limit estimation,

censored survival times are included only in those intervals (tables) completed by the
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censored individuals. For the AIDS data, the time of deatht1 = 1 month (time interval 0

to 1 month) generates the ®rst 2 by 2 table where

t1 = 1  death alive total

smoker 0 6 6

nonsmoker 1 16 17

total 1 22 23

For the second complete survival time, t2 = 4 months (time interval 1 to 4 months), the

next 2 by 2 table is

t2 = 4  death alive total

smoker 1 5 6

nonsmoker 0 15 15

total 1 20 21

The individual censored after two months (2+) is included in the ®rst table but is excluded

from consideration in subsequent tables because his survival time does not span the entire

second interval. Thethird table,t3 = 5 (time interval 4 to 5 months), is

t3 = 5  death alive total

smoker 0 5 5

nonsmoker 1 14 15

total 1 19 20

Table 1.0 displays the complete sequence of 17 tables (one 2 by 2 table for each com-

plete/unique survival time).

After accounting for the censored observations (Table 1.0), a log-rank procedure is
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Table 1.0 The 17 tables (strata) generated to assess the association between smoking
exposure and survival in SFMHS data (African-Americans, n = 23)

Data Estimates

interval ai bi ci di ni Âi Ĉi v̂i

0-1 0 6 1 16 23 0.261 0.739 0.193
1-4 1 5 0 15 21 0.286 0.714 0.204
4-5 0 5 1 14 20 0.250 0.750 0.188
5-8 1 4 0 14 19 0.263 0.737 0.194
8-13 0 4 1 12 17 0.235 0.765 0.180
13-14 0 4 1 11 16 0.250 0.750 0.188
14-15 0 4 1 10 15 0.267 0.733 0.196
15-16 0 4 1  9 14 0.286 0.714 0.204
16-18 1 3 0  9 13 0.308 0.692 0.213
18-22 0 2 1  8 11 0.182 0.818 0.149
22-23 1 1 0  8 10 0.200 0.800 0.160
23-25 1 0 0  8 9 0.111 0.889 0.099
25-29 0 0 1  5 6 0.000 1.000 0.000
29-30 0 0 1  4 5 0.000 1.000 0.000
30-31 0 0 1  3 4 0.000 1.000 0.000
31-37 0 0 1  2 3 0.000 1.000 0.000
37-80 0 0 1  1 2 0.000 1.000 0.000

total 5 -- 12 -- -- 2.898 14.102 2.166

no different in principle from an analysis of a series of 2 by 2 tables in general (some-

times referred to as theMantel-Haenszel procedure). For each table (stratum), an esti-

mated number of deaths is calculated as if the risk factor and survival outcome are unre-

lated (null hypothesis). Theestimated number of deaths in theith table when the risk fac-

tor is present (F) is then

estimated number of deaths (F): Âi =
(ai + bi)(ai + ci)

ni
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and the corresponding observed number is denotedai. The differenceai − ÃAi re¯ects

either random variation or both random variation and a systematic in¯uence of the risk

factor F . The comparison is not in¯uenced by the time of death because bothai and ÃAi

are calculated from the same stratum (the same survival time, ti).

The variance of the distribution of theai-counts (smokers who died) is estimated

by

variance(ai) = Ãvi =
(ai + bi)(ai + ci)(ci + di)(bi + di)

n2
i (ni − 1)

and whenai + bi = 1 (the case when no identical values ofti occur)

variance(ai) = Ãvi =
(ai + bi)(ci + di)

n2
i

.

This estimated variance is encountered as part of a speci®c analysis of a 2 by 2 table

calledFisher’s exact test. A description of this test used to assess association in a 2 by 2

table is found in many ®rst-year statistics texts.

Each complete observation generates a table.Each table generates an observed

value (ai), an estimated value (ÃAi) and an estimated variance (Ãvi). For the ®rst 2 by 2 ta-

ble (0 to 1 month), one death (a1 = 1) occurred among smokers, ÃA1 = 6(1)/23 = 0.261

deaths are expected when smoking and death are unrelated and the estimated variance of

a1 is Ãv1 = 6(17)/232 = 0.193. Theother 16 stratum valuesai, ÃAi and Ãvi are given in Table

1.0.

The statistics summarizing the association between risk factor and survival for the
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entire sequence of 2 by 2 tables are: (1) the total number of deaths among individuals

with risk factor, Σ ai, (2) the total number of deaths among individuals with the risk fac-

tor estimated as if risk and death are unrelated,Σ ÃAi and (3) the variance ofΣ ai, Σ Ãvi.

These sums are found in the last row Table 1.0 for the AIDS data.The comparison of

Σ ai with Σ ÃAi summarizes the degree of risk/death association.A formal test of this

comparison is

X2 =
(Σ[ai − ÃAi])

2

variance(Σ ai)
=

(Σ ai − Σ ÃAi)
2

Σ Ãvi
.

The test statisticX2 has an approximate chi-square distribution with one degree of free-

dom whenΣ ai andΣ ÃAi differ by chance alone (no association).For the AIDS data (Ta-

ble 1.0), these summary values are

Σ ai = 5, Σ ÃAi = 2.898 and Σ Ãvi = 2.166.

An excess number of deaths occurs among smokers (F) relative to the number estimated

(5 versus 2.898).However, the chi-square test statistic

X2 =
(5 − 2. 898 )2

2. 166
= 2. 040

generates ap-value ofP(X2 ≥ 2. 040 |no association) = 0.153 indicating that the excess

is plausibly due to sampling variation.

This kind of chi-square procedure is frequently applied to a series of 2 by 2 tables.

However, when the sequence of tables is generated from censored survival data, the
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procedure is called alog-rank test. To this point, the description of the log-rank test

refers to neither logarithms nor ranks.These terms come from an alternative derivation

of the same approach.

The application of a chi-square distribution is not strictly correct.The estimated

variance of a sum (Σ ai) is the sum of the estimated variances (Σ Ãvi) only when the tables

are unrelated (Lecture 5).This is not the case among the "log-rank" tables.All but the

®rst 2 by 2 table are composed of participates from earlier tables, inducing a table to table

association. Thisassociation, nevertheless, has only a minor in¯uence on the accuracy of

the summary chi-square test statistic.

It is important to remember that the log-rank procedure requires that censoring be

random (noninformative). In addition, it is implicitly required that censoring and group

membership be unrelated.In light of these two requirements (typically assumptions), it is

always a good idea to examine the censored observations for nonrandom patterns.For

example, the simple counts of the censored observations in each group should be approxi-

mately proportional to the size of each group.

An alternative approach to assessing an association between a risk factor and sur-

vival measured across a sequence of strata is based on contrasting the number of deaths

among the individuals with and without the risk factor. Differences likely re¯ect the

degree of in¯uence of a risk factor on the likelihood of survival. Analogousto the log-

rank test, the number of deaths among the individuals with (Σ ai) and without the risk

factor (Σ ci) are counted.The corresponding number of deaths among individuals with
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(Σ ÃAi) and without (Σ ÃCi) the risk factor are estimated again as if risk factor and death

are unrelated.For theith-interval (table), the number of observed deaths isci and the

estimated number of estimated deathsÃCi is

estimated number of deaths (F): ÃCi =
(ai + ci)(ci + di)

ni

for individuals without the risk factor (column eight in Table 1.0).The sum of the two

summary valuesΣ ci andΣ ÃCi and the previously calculated sumsΣ ai andΣ ÃAi form

the natural test statistic

X2 = Σ (observedi − expectedi)
2

expectedi
=

(Σ ai − Σ ÃAi)
2

Σ ÃAi

+
(Σ ci − Σ ÃCi)

2

Σ ÃCi

.

The valueX2 has an approximate chi-square distribution with one degree of freedom

when risk factor and survival are unrelated.Again for the SFMHS data, the difference in

summary valuesΣ ai = 5 versusΣ ÃAi = 2.898 among nonsmokers andΣ ci = 12 versus

Σ ÃCi = 14.102 among smokers (Table 1.0) are evaluated with the test statistic

X2 =
(5 − 2. 898 )2

2. 898
+

(1 2− 14.102 )2

14.102
= 1. 838,

yielding ap-value ofP(X2 = 1. 838 |risk and death unrelated) = 0.175. Thetest statistic

X2 from this version of a chi-square test is always less than the log-rank chi-square value

calculated from the same data.A feature of this alternative approach is the possibility of

exploring the association between risk and survival in a sequence of 2 byk tables. For
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example, if smoking exposure status was classi®ed as none, light, moderate and heavy,

then for each 2 by 4 table (stratum), four counts of deaths and four estimated counts of

deaths (for each completed survival time) produce totals (sums of the table values) that

can be compared with a chi-square test statistic to assess the association between risk and

outcome.

Tw o-sample Analysis:Exponential distribution

The log-rank test is a nonparametric comparison of two samples of survival data.

From an entirely different prospective, the exponential survival distribution provides an

alternative approach to the same two-sample comparison.A statistical model based on

this parametric distribution completely de®nes the underlying structure of the two sam-

pled population providing an assessment of the risk/outcome association.

A parametric two-sample model begins with two hazard functions, one from each

population sampled denotedh0(t) and h1(t). Thedifference between these two hazard

functions is measured by a ratio or

h1(t) = h0(t) × c.

Whenc is greater than one, thenh1(t) > h0(t) and whenc is less than one, thenh1(t) <

h0(t) for all values oft. An obvious and important case occurs whenc = 1 makingh0(t)

= h1(t). For the exponential model, these hazards functions are constant (do not depend

on time).
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When the relationship between the two hazard functions is expressed in terms of

two parameters, the two-sample hazard model becomes

hF(t | F) = eb0 + b1F

whereF = 0 produces a hazard rate called thebaseline hazard rate andF = 1 produces a

proportional second hazard rate.Speci®cally, the model based on the parametersb0 and

b1 is

F = 0: h0(t) = eb0 and F = 1: h1(t) = eb0 + b1 = h0(t)e
b1

makingc = eb1 the ratio of the hazard functions.

A hazard function model is based on the expressioneb0 + b1F for several reasons.It

requires the risk associated with one of the sampled populations to be a product of two

components, a baseline hazard function and a multiplicative constant. Thus,the compari-

son between groups results in a familiar form similar to the relative risk or odds ratio

measures of association and is approximately a ratio of average rates.In addition, the

hazard ratio naturally generalizes (as will be seen) to other survival distributions and is

easily extended to incorporate any number of explanatory variables. And,the estimated

hazard ratioc is positive under all circumstances.

As with all statistical models, the data are used to estimate the model parameters;

for the exponential model, parametersb0 andb1. Again the two groups of white study

participants from the AIDS data (n = 174) illustrate:men who smoked (n1 = 94 with d1 =
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84 deaths andn1 − d1 = 10 censored observations) and men who did not smoke (n0 = 80

with d0 = 71 deaths andn0 − d0 = 9 censored observations). Althoughthe components of

the more complicated survival models (more sophisticated hazard functions) typically

require computer estimation, the maximum likelihood estimates for the two-sample expo-

nential model parameters are easily calculated.Again, the estimated mean survival times

are the key. For each group they are:

nonsmokers: estimatedmean survival time = Ãµ0 = Σ ti

d0
= 24.775 months

making Ãh0(t) = Ãλ0 =
1
Ãµ0
=

1
24. 775

= 0.040 and

smokers: estimatedmean survival time = Ãµ1 = Σ ti

d1
= 21.655 months

making Ãh1(t) = Ãλ1 =
1
Ãµ1
=

1
21 .655

= 0.046.

The symbols represented byλ0 andλ1 (Lecture 4) represent the hazard rates from the two

groups of AIDS patients.The estimated exponential model parameters are thenÃb0 =

log( Ãλ0) = log(0. 040) = ­ 3.210 andÃb1 = log( Ãλ1/ Ãλ0) = log( Ãµ0/ Ãµ1) = log(2 4. 775 /21 .66 5) =

0.135. Theestimated model becomes

ÃhF(t | F) = e
Ãb0 + Ãb1F = e−3. 210 + 0.13 5F.

More speci®cally,
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F = 0: Ãh0(t) = Ãλ0 = e
Ãb0 = e−3. 210 = 0. 040 baseline hazardfunction

and

F = 1: Ãh1(t) = Ãλ1 = e
Ãb0 + Ãb1 = e−3. 210 + 0.13 5 = (0. 040)(1. 145 )= 0. 046

making the ratio of hazard functionsÃc = e
Ãb1 = e0.13 5 = 1.145. TheestimatesÃb0 and Ãb1 are

maximum likelihood estimates because they are functions of the maximum likelihood

estimated mean values Ãµ0 and Ãµ1 (Lecture 4).The maximum likelihood estimated model

parameters are summarized in Table 2.0.

Table 2.0 Parameter estimates from the San Francisco Men’s Heath Study -- non-
smokers (n0 = 80) versus smokers (n1 = 94)

variables symbols estimates std.errors p-values

baseline b0 ­3.210 -- --
nonsmoker/smoker b1 0.135 0.161 0.404

Tw o survival curves based on the estimated hazard ratesÃλ0 = 0. 040 and Ãλ1 = 0.046

are directly estimated (also maximum likelihood estimates).The estimated exponential

survival functions are

ÃS0(t) = e− Ãλ0t = e−0. 040t for nonsmokers and ÃS1(t) = e− Ãλ1t = e−0. 046t for smokers.

The survival curve ÃS0(t) is always above the survival curve ÃS1(t) becauseÃb1 is greater

than zero, which only occurs whenÃλ1 is greater thanÃλ0 (making Ãb1 > 0).

Once the model parameters are estimated, they describe the differences in survival

experience in a variety of ways. For example, the estimated median survival times are a
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function of the estimated parameters where

ÃtF = log(2 )e−( Ãb0 + Ãb1F) = log(2 )e3. 210 − 0.13 5F

Thus, for nonsmokers, the estimated median survival time isÃt0 = 0.693(24.775) = 17.172

(F = 0) and, for smokers, the estimated median survival time isÃt1 = 0.693(21.655) =

15.010 (F = 1). Furthermore,ratios of the model hazard functions, mean values and

median values are the same.From the example, Ãc = Ãλ1/ Ãλ0 = Ãµ0/ Ãµ1 = Ãt0
Ã/t1 = 1.145.

The question certainly arises:Is the observed difference between sample estimates

(for the example, Ãλ0 = 0.040 andÃλ1 = 0.046 orÃt0 = 17.172 andÃt1 = 15.010 orÃc = 1.145)

due to chance or a systematic difference between groups? In symbols:Is b1 = 0 or

b1 ≠ 0? Threeessentially equivalent approaches help provide an answer. They are:

(1) A statistical test:the maximum likelihood estimateÃb1 has an approximate normal

distribution with estimated variance of 0.026 (Table 2.0) yielding the test statistic

z =
Ãb1 − 0

√ variance( Ãb1)
=

0. 135 − 0

√ 0. 026
= 0. 835.

The valuez has an approximate standard normal distribution when no difference exists

between the compared groups (b1 = 0 or λ0 = λ1 or c = 1). Thecorrespondingp-value is

P(|Z | ≥ 0. 835 |b1 = 0) = 0.404 providing little evidence of a systematic difference. As

mentioned, such a test of a maximum likelihood estimated model coef®cient is frequently

called Wald's test (z2).
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(2) A con®dence interval: anapproximate 95% con®dence interval based on the esti-

mated parameterÃb1 and the normal distribution is

Ãb1 ± 1. 960√ variance( Ãb1) = 0. 135 ± 1. 960(0.161 ).

Thus, the probability is 0.95 that the underlying model parameterb1 is contained in the

estimated con®dence interval (­0.181, 0.451).The value zero is also contained in the

interval. Thevalue zero is, thus, a plausible value for the parameterb1 again providing

no persuasive evidence of a systematic in¯uence of smoking exposure. Theconjecture

thatb1 = 0 (c = 1) appears to be entirely consistent with the range of likely parameter val-

ues (-0.181 to 0.451) in light of the sampled data.

(3) A likelihood comparison:two likelihood values potentially identify systematic

differences between nested survival time models from two groups. First,a likelihood

value is estimated under the condition thatb1 = 0 (h0(t) = h1(t) or c = 1) and then under

the condition thatb1 ≠ 0 (h0(t) ≠ h1(t) or c ≠ 1). Thecomparison of likelihood values

calculated from these two nested models likely indicates important (signi®cant?) differ-

ence between the sampled groups, particularly when the sample size is large. For the

AIDS smoking data, the two log-likelihood values are

no differenceexists (b1 = 0) : log(Lb1=0) = − 641. 566

and

a difference exists(b1 ≠ 0) : log(Lb1≠0) = − 641. 216.

The likelihood ratio test statistic



-16-

X2 = − 2[log(Lb1=0) − log(Lb1≠0)] = − 2[(−641. 566 )− (−641. 216 )] = 0. 699

has an approximate chi-square distribution with one degree of freedom whenb1 = 0. The

p-value isP(X2 ≥ 0. 699 |b1 = 0) = 0.403 (note:X2 = 0.699≈ (0.835 )2 = z2). Thethree

methods agree.These three approaches to a two-sample comparison rarely give very dif-

ferent results.

A visual "analysis" provides another prospective on the importance of the observed

difference between hazard functions.A graphic comparison is clearly less rigorous than

a statistical test but yields a direct and more intuitive measure of the two-sample differ-

ence. Aspreviously noted, a "log-log" transformation of an exponential survival function

produces a straight-line with interceptlog(λ) and slope 1.0 when plotted for valueslog(t).

The plots oflog(−log[ ÃS0(t)] ) for nonsmokers andlog(−log[ ÃS1(t)] ) for smokers are dis-

played in Figure 2.0.The vertical distance between the two parallel lines (slopes = 1) is

Ãb1 = log( Ãλ0/ Ãλ1) = log( Ãλ0) ­ log( Ãλ1) and is a direct geometric display of the distance

between the two samples. For the smoking data, this distance is 0.135.Visually, these

two lines show almost no separation.Again, difference in survival times between the

nonsmokers and smokers at best appears slight.

Formal statistical tests exist to evaluate the correspondence between an exponential

model and the sampled data.These goodness-of-®t tools will be discussed.In addition

to a formal statistical assessment, a graphic comparison between the model generated and

the observed survival probabilities is always a good idea.The estimated hazard ratesÃλ0

and Ãλ1 allow the visual comparison of the corresponding parametric estimated survival
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Figure 2.0 "Log-log" transformed survival functions using the SFMHS data -- non-
smokers (n0 = 80) versus smokers (n1 = 94)
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probabilities for both smokers and nonsmokers to their corresponding product-limit non-

parametric estimated survival probabilities. Figure3.0 displays this goodness-of-®t com-

parison between nonsmokers and smokers.

Figure 3.0 Estimated exponential survival functions -- nonsmokers and smokers
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Tw o-sample Analysis:Weibull distribution

A comparison of survival times between two groups can be based on a number of

parametric descriptions of the sampled data.The two parameter Weibull probability dis-

tribution is a common and frequently effective choice. Althougha two parameter distri-

bution increases the complexity of the estimation process, a second parameter potentially

improves the description of the sampled data.Statistical models always involve a trade-

off between detail (additional parameters, for example) and obtaining a clear and simple

sense of the relationships within a data set.

As with exponential survival model, the ratio of two hazard functions is the founda-

tion of a two-sample comparison.The two hazard functions are again postulated to be

proportional. Insymbols,

h1(t) = h0(t) × c.

However, the Weibull hazard function is a bit more complicated than the exponential
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case. Theexplicit Weibull distribution two-sample survival model becomes

hF(t | F) = e(b0 + b1F)γ γ tγ − 1,

then

whenF = 0: h0(t) = eb0γ γ tγ − 1 = λ0γ tγ − 1 baseline hazardfunction

and

whenF = 1: h1(t) = e(b0 + b1)γ γ tγ − 1 = h0(t)e
b1γ

making the ratio of the two hazard functionsc = eb1γ .

The Weibull distribution hazard model has the same property as many survival

analysis models.The in¯uences of the explanatory variables are represented by changes

in the scale parameters.In addition, the shape parameter is required to be the same for

both groups compared, guaranteeing proportionality (constant hazard ratio).

A fundamental reason for applying a hazard function model is to capture the con-

tinuous nature of survival time data.When a logistic model is applied, for example, the

measure of risk is an odds ratio that re¯ects risk in terms of a binary variable that does

not account for the time of occurrence of the event under study. Furthermore, the odds

ratio summarizes binary outcomes for only complete observations. Acomprehensive and

usually more sensitive description of the pattern of risk is achieved using a comparison

that varies over the time period that the study individuals were observed and accounts for

censoring.

Once a model is postulated, the data provide estimates of the parameters values;

in the Weibull case,b0, b1 (scale parameters) andγ (shape parameter).Using again the
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AIDS smoking data, the model estimates (Table 3.0) produce a comparison of survival

times between nonsmokers and smokers in terms of maximum likelihood estimated

parameters, speci®cally the estimates of the coef®cientb1.

Table 3.0 Weibull model parameter estimates from the San Francisco Men’s Heath
Study -- nonsmokers (n0 = 80) versus smokers (n1 = 94)

variables symbols estimates std.errors p-values

baseline b0 -3.240 -- --
nonsmoker/smoker b1 0.135 0.139 0.331
shape γ 1.160 0.072 0.017

The estimated shape parameterÃγ is given in Table 3.0 but thep-value is calculated

based on the logarithm of the parameter. As with most bounded parameters (γ > 0), the

distribution of the logarithm of the estimateÃγ is more symmetric ("normal-like"). That

is,

z =
log(Ãγ ) − log(1 .0)

√ variance[log(Ãγ )]
=

log(1 .16 0) − 0

√ 0. 00389
= − 2. 379

has an approximate normal distribution whenγ = 1, yielding ap-value of

P(|Z | ≥ 2. 379 |γ = 1. 0) = 0.017.

The Weibull hazard function model based on these estimated parameters becomes

ÃhF(t | F) = e(−3. 240 + 0.13 5F)1 .1601. 160t0.16 0.

More speci®cally,

whenF = 0: Ãh0(t) = 0. 023(1 .16 0)t0.16 0 baseline hazardfunction

and
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whenF = 1: Ãh1(t) = Ãh0(t)e
0.13 5(1 .160) = Ãh0(t)(1. 170)

making the ratio of hazard functionsÃh1(t)/ Ãh0(t) =  Ãc = 1.170 (orÃc = e
Ãb1Ãγ = e0.13 5(1 .160) =

1.170). Thetwo estimated hazard functionsÃh0(t) and Ãh1(t) are displayed in Figure 4.0.

Figure 4.0 Weibull model hazard functions estimated from the AIDS smoking data
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The fundamental property of a Weibull distribution survival model is that the ratio

of hazard functions is constant.Although it is not visually obvious from Figure 4.0, the

ratio of model hazard functions is the same (Ãh1(t)/ Ãh0(t) = e
Ãb1Ãγ = 1.170) for all values of

time t. That is, the model hazard functions are proportional (constant hazard ratio).The

critical importance of this property is that a single estimate then completely summarizes

the differences between groups.This summary becomes the focus of testing, con®dence

intervals, interpretations and inferences unaffected by survival time. Whenhazard ratio is

not constant, the analysis that follows is not easily interpreted.

Using the expression for the mean survival time (Lecture 7)
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µ F = λ F
−1/γ Γ(1 + 1/γ ) where λ F = e(b0 + b1F)γ

yields an estimated mean survival time for each smoking exposure group.Applied to the

AIDS data (n = 174), the estimates areÃµ0 = 24.245 months for nonsmokers andÃµ1 =

21.180 months for smokers. Theratio of estimated mean values is, like the hazard ratio,

constant and isÃµ0/ Ãµ1 = e
Ãb1 = 1.145 for all timest.

The median survival time is calculated as before where

S(tm) = 1
2 = e−λ F tγ

m = e−exp[(b0 + b1F)γ ]tγ
m

giving the model estimated median value

Ãtm = [log(2 )]1/ Ãγ e−( Ãb0 + Ãb1F).

For the two-sample smoking data, the estimated median values are

nonsmokers (F = 0) : Ãt0 = [log(2 )]1/1.16 0e3. 240 = 18.622

and

smokers (F = 1) : Ãt1 = [log(2 )]1/1.16 0e3.105 = 16. 268.

As with the mean value, this ratio isÃt1/Ãt0 = e
Ãb1 = 1.145 for any time t.

The key parameter in the comparison of two groups is again the coef®cientb1. For

the AIDS data, the Weibull model estimated value isÃb1 = 0.135 (Table 3.0).Although

the estimate ofb1 is essentially equal to the estimate from the exponential model, an

increase in the precision is achieved from the two parameter Weibull model [standard
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errors: 0.139(Weibull) and 0.161 (exponential)].

Whenb1 = 0, thenh1(t)/h0(t) = 1.0. Thus,the model coef®cientb1 is a single mea-

sure of the difference between the two proportional Weibull hazard functions, much like

the exponential model.As described in the context of the exponential model, three essen-

tially equivalent ways allow the assessment of the in¯uence of random variation on the

estimated value Ãb1. Again, the question becomes:Is b1 = 0 or b1 ≠ 0? Thecomparison

of likelihood values is one of these methods.For the smoking data, the speci®c estimated

log-likelihood values are

no differenceexists (b1 = 0) : log(Lb1=0) = − 63 9. 078

and

a difference exists(b1 ≠ 0) : log(Lb1≠0) = − 638. 605

producing the likelihood ratio chi-square test statisticX2 = −2[log(Lb1=0) ­ log(Lb1≠0)] =

0.945. Theassociatedp-value isP(X2 ≥ 0. 945 |b1 = 0) = 0.331. Asigni®cance probabil-

ity of 0.331 indicates that the estimateÃb1 = 0.135 and the parameter valueb1 = 0 likely

differ by chance alone, providing no substantial evidence of a systematic in¯uence on

survival f rom smoking exposure.

The two estimated Weibull survival functions are:

ÃS0(t) = e− Ãλ0t Ãγ
= e−0. 023t1.16 0

nonsmokers

and

ÃS1(t) = e− Ãλ1t Ãγ
= e−0. 027t1.16 0

smokers
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whereλ F = e(−3. 240 + 0.13 5F)1 .160 and, as before,F = 0 (nonsmokers) andF = 1 (smokers).

The graphic comparison of the estimated survival curves associated with smokers and

nonsmokers is displayed in Figure 5.0.Visually, these estimated survival functions are

consistent with the likelihood analysis and show only a slight difference between non-

smokers and smokers in the SFMHS data.

Figure 5.0 Weibull model estimated survival curves for nonsmokers and smokers --
SFMHS data
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It is necessary that the shape parameterγ be the same for both groups when a

Weibull survival model is used to identify differences between two samples. Ifthe shape

parameterγ differs between the two compared groups, then the hazard ratio is no longer

accurately summarized by a single value.

As noted, essential to all hazard models is the question:Are the hazard functions

proportional? A®rst step in exploring this question is to divide the data into groups (for

example, nonsmokers and smokers) and plot the log-log transformed probabilities from a
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product-limit estimated survival functions for each group (Figure 6.0).Proportionality

requires that these lines be parallel (give or take random variation).

Figure 6.0 Plots of the log-log transformation log(-log[S(t)]) for value of the loga-
rithm of the survival time log(t) -- nonsmokers versus smokers
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This graphic assessment of proportionality is useful when the data structure is relatively

simple and can be divided into meaningful groups.A more sophisticated data set (for
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example, one containing several continuous explanatory variables) requires a more

sophisticated approach.

Log-likelihood values provide a frequently used and straight-forward way to assess

statistically (supplemented by visual comparisons) the differences in the Weibull shape

parameters from two samples, such as the nonsmoking and smoking AIDS patients.

First, the log-likelihood values are calculated separately for each group (hypothesis:

γ0 ≠ γ1). Then, for a combined analysis, a single log-likelihood value is calculated

(hypothesis: γ0 = γ1 = γ ). By combined it means that the model accounts for differences

between nonsmoking and smoking groups but is based on one shape parameter common

to both groups, namely γ . The sum of the two log-likelihood values compared to the sin-

gle log-likelihood value measures the difference between a two-sample model using two

shape parameters rather than one. For the AIDS data, the estimated shape parameters and

the associated log-likelihood values are given in Table 4.0.

Table 4.0 Summary values for the assessment of the assumption of proportionality
(γ0 = γ1 = γ )

n λ̂0 λ̂1 γ̂ −2log(L)

nonsmoker ( γ̂0) 80 0.024 -- 1.151 595.587

smoker ( γ̂1) 94 -- 0.027 1.168 681.610

combined ( γ̂ ) 174 0.023 0.027 1.160 1277.210

The resulting chi-square test statistic is X2 = 1277.210 - (681.610 + 595.587) = 0.013.

The observed X2-value has an approximate chi-square distribution with one degree of

freedom when the Weibull hazard functions are proportional. The obvious similarity in

the log-likelihood values (1277.210 versus 1277.197) is reflected by a p-value of
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P(X2 ≥ 0. 013 | γ0 = γ1 = γ ) = 0.908. No evidence exists to suspect the assumption that the

Weibull hazard functions from each smoking exposure group are proportional (same

shape parameter).

One last property of the Weibull distribution two-sample comparison provides a

further interpretation of the two-sample differences based on the parameter estimates.

The ratio of the hazard rates (multiplicative comparison)

hazard ratio =
h1(t)

h0(t)
= c = eb1γ

estimated from the AIDS data is 1.170. In addition, the ratio of the mean and median val-

ues

µ0

µ1
=

t0

t1
= eb1

estimated from the AIDS data is e0.13 5 = 1.145. Algebraically, the relationship between

the ratio of mean values, the ratio of median values and the ratio of hazard rates is





t0

t1





γ

=




µ0

µ1





γ

=
h1(t)

h0(t)
= c

and estimated from the AIDS data is ĉ = 1.1451.16 0 = 1.710.

The hazard function survival model dictates that the measure of two-sample differ-

ences be multiplicative in terms of a ratio of hazard functions (hazard ratio = ĉ = 1.710).

Because µ̂0/ µ̂1 = t̂0/ t̂1 = e b̂1 , the differences between two groups can also be expressed in
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terms of means or medians for a Weibull survival model. For the smoking data, in terms

of means or median values the ratio is µ̂0/ µ̂1 = t̂0/ t̂1 = e0.13 5 = 1.145. That is, nonsmoking

"accelerates" the survival time by a factor of 1.145 when compared to smokers

( µ̂0 = 1. 145 µ̂1 or t̂0 = 1. 145 t̂1). Other accelerated failure time models exist based on mul-

tiplicative comparisons on the time scale (not the hazard scale), which would be a topic in

a more extensive presentation. The Weibull proportional hazards model is the only sur-

vival model that applies to both scales.


