LECTURE 7

Analysis of Two-sample Data

Rigorous statistical comparisons between small sets of data (20 athmes\or so)
began with W. S. Gossetts t-distribution (1908). The statistical comparison of dw
groups is fundamental to data analysis in general and central teesanalysis. Both
parametric and nonparametric methoxisteto identify diferences in survel experience

of two groups.

Two-sample AnalysislLog-rank test

A popular nonparametric wvsample comparison technique, calledltgerank
test, begns with classifying survial data into a sequence of intats based on the times
of death to compare twgroups. Rrallel to the product-limit estimation of surali prob-
abilities, a sequence 2 by 2 tables is created from this sequence of timasntégain
avading general terminologyhe surwal variable is referred to as died/swed and the
two groups are referred to as the riskctor presentH) or absent F). For each time
interval, the collected obseations are classiCEed by suavand risk factor status.Thus,
a 2 by 2 table is created for each complete suahiimet; (each interalt;_; tot;). The

notation for this 2 by 2 table describingat-risk indviduals at surwial timet; is



t; death ale otal

F a bj a + by

F C o c +d
total | & +c¢; b +d n;

The data are classiCEed into these tables to address the queshienisk actor
associated with the ldtihood of death?lo dfectively answer this question, a useful
measure of association must be free from ineuences fromvsuitime. To isolate the
ineuence of a risk &ctor the data are stratiCEed by time of dedtien, a measure of
association calculated within each stratum and summanzedibstrata resects the

association between risadtor and outcome unineuenced by the passage of time.

Considem = 23 African-American participants in the San Francisco Méfgalth
Study The surwal times are months from AIDS diagnosis to death or the end of the

study period.The surwal times classiEed by nonsreolF) and smoler (F) are:

nonsmoler (F): 2%, 42", 27%, 22, 26', 16, 31, 37, 15, 30, 125, 80, 29,

13,1 and 14

smolers F): 21%, 4, 25, 8, 23 and 18.

There areny = 17 nonsmolers with & censored survel times andy, = 6 amokers with

one censored obseaion.

The simplest approach to comparing suaMbetween African-American nonsmok-

ers and smades is a plot of the product-limit estimated sual/functions. Thiglot



(Figure 1.0) has the admtage that it is contrasts swalitimes in natural units aleing a

subjectve evaluation of the nonsmoking/smoking f#ifences.

Figure 1.0 Survival function for SFMHS African-Americans comparing nonsmok-
ersand smokers
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The disadantage is that a subjeati evaluation does not formally account for the in u-
ence of samplingariation on the estimatedles. Thdog-rank test brings this element
to a comparison and together both methods produce an assumption-free description of the

survival experience of tw groups of sampled obsextions.

The nonsmoking/smoking obseations produce a sequence of log-rank 2 by 2
tables (one for each complete suaitime). Rarallel to the product-limit estimation,

censored surval times are included only in those intaly (tables) completed by the



censored indiduals. For the AIDS data, the time of dedih= 1 month (time interal O

to 1 month) generates the ®rst 2 by 2 table where

=1 ceath alke | fbtal
smoler 0 6 6

nonsmoler 1 16 17

total 1 22 23

For the second complete suai time, t, = 4 months (time interal 1 to 4 months), the

next 2 by 2 table is

t,=4 death ale | fotal
smoler 1 5 6

nonsmoler 0 15 15

total 1 20 21

The indvidual censored after tnmonths £%) is included in the ®rst tableubis ecluded

from consideration in subsequent tables because hivaumie does not span the entire

second interal. Thethird table,t; =5 (time intenal 4 to 5 months), is

t3=5 ceath ale | mtal
smoler 0 5 5

nonsmoler 1 14 15

total 1 19 20

Table 1.0 displays the complete sequence of 17 tables (one 2 by 2 table for each com-

plete/unique surval time).

After accounting for the censored obsdions (Bble 1.0), a log-rank procedure is




Table 1.0 The 17 tables (strata) generated to assess the association between smoking
exposure and survival in SFMHS data (African-Americans, n = 23)

Data Estimates
intenal | a b, C d n A ¢ !

0-1 0O 6 1 16 23| 0.261 0.739 0.193

1-4 1 5 0 15 21| 0.286 0.714 0.204

4-5 0 5 1 14 20| 0.250 0.750 0.188

5-8 1 4 0 14 19| 0.263 0.737 0.194
8-13 0O 4 1 12 17 || 0.235 0.765 0.180
13-14 0 4 1 11 16| 0.250 0.750 0.188
14-15 0O 4 1 10 15| 0.267 0.733 0.196
15-16 0O 4 1 9 14 || 0.286 0.714 0.204
16-18 1 3 0 9 13| 0.308 0.692 0.213
18-22 0 2 1 8 11 | 0.182 0.818 0.149
22-23 1 1 0 8 10 || 0.200 0.800 0.160
23-25 1 0 0 8 9 | 0111 0.889 0.099
25-29 0O O 1 5 6 | 0.000 1.000 0.000
29-30 0O O 1 4 5 | 0.000 1.000 0.000
30-31 0O O 1 3 4 | 0.000 1.000 0.000
31-37 0O O 1 2 3 || 0.000 1.000 0.000
37-80 0O O 1 1 2 | 0.000 1.000 0.000
total 5 - 12 -- - || 2.898 14.102 2.166

no different in principle from an analysis of a series of 2 by 2 tables in general (some-
times referred to as thdantel-Haenszel procedure). For each table (stratum), an esti-
mated number of deaths is calculated as if the aistof and survel outcome are unre-
lated (null lypothesis). Thestimated number of deaths in tHetable when the riskatc-

tor is presentK) is then

a; + b)(a +¢)

estimated number of deaths (F): A = ( .
:




and the corresponding obsedvnumber is denoteaj. The diferencea, - A reects
either random ariation or both randomaviation and a systematic in uence of the risk
factor F. The comparison is not in uenced by the time of death because, tzott 63‘,

are calculated from the same stratum (the samevslivine, t;).
The wariance of the distriltion of thea;-counts (smoé&rs who died) is estimated
by

(& +by)(& +c)(c + di)(b +dy)

variance(a) = A =
I | nf(n —1)

and wherg; + b; = 1 (the case when no identicalues oft; occur)

(& + by)(c +dy)

variance(a) = A; = =
i

This estimatedariance is encountered as part of a speci®c analysis of a 2 by 2 table
calledFisher’'sexact test. A description of this test used to assess association in a 2 by 2

table is found in man®rst-year statistics xs.

Each complete obseation generates a tabl&ach table generates an observ
vaue (&), an estimatedalue (63\;) and an estimatedariance &;). For the ®rst 2 by 2 ta-
ble (0 to 1 month), one deats, = 1) occurred among smeks, Al =6(1)/23 =0.261
deaths arexpected when smoking and death are unrelated and the estiraatet® of

a is Ay = 6(17)2%F = 0.193. Theother 16 stratumaluesa,, A and % are gien in Table

1.0.

The statistics summarizing the association betweenattkifand surval for the



entire sequence of 2 by 2 tables are: (1) the total number of deaths amwicly ahsli
with risk factor > a;, (2) the total number of deaths among wundiials with the riskdc-
tor estimated as if risk and death are unrelaZeeﬁi and (3) the ariance ofy_a;, 3 A;,.
These sums are found in the last/fEable 1.0 for the AIDS datalhe comparison of
> a; with > 63\, summarizes the deee of risk/death associatioA.formal test of this
comparison is

w2 (Cla- A (Za-3 Ay
variance(J. a;) SA

The test statistiX? has an approximate chi-square disttion with one dgree of free-
dom wheny a; and> 63\, differ by chance alone (no associatioRjy the AIDS data (&-

ble 1.0), these summarglhaes are
Sa =5 Y A=2898 and Y A; = 2.166.

An excess number of deaths occurs among o) relative o the number estimated

(5 versus 2.898)However, the chi-square test statistic

,_ (5-2.808f

X
2.166

=2.040

generates @-value of P(X? > 2. 040 |no association) = 0.153 indicating that thexeess

is plausibly due to samplingaxiation.

This kind of chi-square procedure is frequently applied to a series of 2 by 2 tables.

However, when the sequence of tables is generated from censoredbksdata, the



procedure is calledlag-rank test. To this point, the description of the log-rank test
refers to neither lagyithms nor ranksThese terms come from an altermateerivation

of the same approach.

The application of a chi-square distriton is not strictly correctThe estimated
variance of a sumY &) is the sum of the estimatednances ¥ A;) only when the tables
are unrelated (Lecture 5Yhis is not the case among the "log-rank” tabkeibut the
®rst 2 by 2 table are composed of participates from earlier tables, inducing a table to table
association. Thiassociation, nertheless, has only a minor in uence on the acgwfc

the summary chi-square test statistic.

It is important to remember that the log-rank procedure requires that censoring be
random (noninformate). In addition, it is implicitly required that censoring and group
membership be unrelateth light of these tw requirements (typically assumptions), it is
always a good idea taxamine the censored obsations for nonrandom patternsor
example, the simple counts of the censored olagierns in each group should be approxi-

mately proportional to the size of each group.

An alternatve gproach to assessing an association between adtk and sur
vival measured across a sequence of strata is based on contrasting the number of deaths
among the indiiduals with and without the rislkaétor Differences likly re ect the
degree of in uence of a risla€tor on the liklihood of surwal. Analogousto the log-
rank test, the number of deaths among theviddals with {_ a;) and without the risk

factor Q_¢;) are counted.The corresponding number of deaths amongiddals with



& Ai) and without '@i) the risk fictor are estimated aig as if risk &ctor and death
are unrelatedFor thei'-interval (table), the number of obse/deaths is; and the

estimated number of estimated deaﬁaisis

estimated number of deaths (F): :E:i _ (e + Ci:](Ci +d;)
i

for individuals without the riskector (column eight indble 1.0). The sum of the tav
summary alues) c¢; and_ éi and the preiously calculated sums a; and) 6&, form
the natural test statistic

(observed, ~ expected)’ _ (Za -3 AP (Zc -3 &Y
expected; - S A > E

X2=3

The alue X? has an approximate chi-square disttibn with one dgree of freedom
when risk &ctor and survil are unrelated Again for the SFMHS data, the filifence in
summary @alues) a, =5 versusy_ A, = 2.898 among nonsmeks and)_c; = 12 versus

> E\?i = 14.102 among smaks (Bble 1.0) arevaluated with the test statistic

, (5-2 88y , 12-14 1027

X 2.88 14102

=1. 838,

yielding ap-value of P(X? =1.88|risk and death unrelated) = 0.175. Thetest statistic
X2 from this \ersion of a chi-square test isvays less than the log-rank chi-squastue
calculated from the same datA.feature of this alternat goproach is the possibility of

exploring the association between risk and stavin a £quence of 2 bi tables. Br
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example, if smoking xposure status &s classi®ed as none, light, moderate anshhea

then for each 2 by 4 table (stratum), four counts of deaths and four estimated counts of
deaths (for each completed swalitime) produce totals (sums of the tabédues) that

can be compared with a chi-square test statistic to assess the association between risk and

outcome.

Two-sample AnalysisExponential distribtion

The log-rank test is a nonparametric comparison ofsaanples of survia data.
From an entirely dferent prospecte, the exponential surwial distribution provides an
alternatve goproach to the same dasample comparisorA statistical model based on
this parametric distriltion completely de®nes the underlying structure of thesam-

pled population pnading an assessment of the risk/outcome association.

A parametric two-sample model lgens with two hazard functions, one from each
population sampled denotég(t) and hy(t). Thedifference between thesedwazard

functions is measured by a ratio or

hy(t) = ho(t) x c.

Whenc is greater than one, thég(t) > hy(t) and whenc is less than one, thdn(t) <
ho(t) for all values oft. An dbvious and important case occurs when1 making hy(t)
= hy(t). For the &ponential model, these hazards functions are constant (do not depend

on time).
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When the relationship between theothazard functions isxpressed in terms of

two parameters, the wvsample hazard model becomes

he(t|F) = e F

whereF = 0 produces a hazard rate called Haseline hazard rate andF = 1 produces a
proportional second hazard ratepeci®cally the model based on the parametgrand
b, is

F=0: hyt)=e and F=1: hy(t) =P = hyt)e™

makingc = e the ratio of the hazard functions.

B+ BiF for several reasonslt

A hazard function model is based on tlpressiore
requires the risk associated with one of the sampled populations to be a prodact of tw
components, a baseline hazard function and a multipicatnstant. Thusghe compari-
son between groups results inanliar form similar to the relate risk or odds ratio
measures of association and is approximately a raticecd@e ratesIn addition, the
hazard ratio naturally generalizes (as will be seen) to othewaltstributions and is

easily etended to incorporate ymumber of @planatory ariables. Andthe estimated

hazard ratic is positve uinder all circumstances.

As with all statistical models, the data are used to estimate the model parameters;
for the xponential model, parametdsg andb,. Agan the two groups of white study

participants from the AIDS data € 174) illustrate: men who smo&d (y = 94 with d; =
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84 deaths and; — d; = 10 censored obseations) and men who did not sneofay = 80
with dy = 71 deaths anahy — dy = 9 censored obseations). Althoughthe components of
the more complicated suvad models (more sophisticated hazard functions) typically
require computer estimation, the maximunelikood estimates for the basample gpo-
nential model parameters are easily calculatgghin, the estimated mean swalitimes
are the ky. For each group theare:

_24

= 24.775 months
do

nonsmolers: estimatedhean surwvial time = 4

= % 1 1
making A\(t) = A, == ——— = 0.040 and
0 07 Kp24 775

_ 2t
cy

smolers: estimatechean surwial time = A, = 21.655 months

1 1

=_ "~ =0.046.
&, 21.655

making /T\l(t) = Al =

The symbols represented by and A, (Lecture 4) represent the hazard rates from tloe tw
groups of AIDS patientsThe estimatedx@onential model parameters are th‘%@:
log( A) = 10g(0. 040) = - 3.210 and, = log( A,/ Ao) = log( Ao/ A,) = log(24 775121665 =

0.135. Theestimated model becomes

"RF(U F) = oBo+ BF _ 320+0135%

More speci®cally
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F=0: MAyt)= A,=eM=6320=0 010 taseline hazartuinction

and

F=1: At)= A =ebo+ b = 32040135 - (0 0401 U5)= 0. 046

making the ratio of hazard functiods= e™ = &35 = 1.145. Theestimates®, and A, are
maximum likelihood estimates becauseWtlae functions of the maximum kEihood
estimated meanalues 4 and A (Lecture 4). The maximum likelihood estimated model
parameters are summarized able 2.0.

Table 2.0 Parameter estimatesfrom the San Francisco Men'sHeath Study -- non-
smokers (ny =80) versussmokers (n, = 94)

variables symbols| estimates  stcerrors  p-values
baseline by -3.210 - -
nonsmoler/smoler b, 0.135 0.161 0.404

Two survival curves based on the estimated hazard r&@s 0. M0 and él =0.046
are directly estimated (also maximumelikkood estimates)The estimated>g@onential

survia functions are

A(t) = € %ot = %% for nonsmokers and  A(t) = e At = g% for smokers

The surwal curve /~5‘:O(t) is dways abwe the surwal curve Z&(t) because@l is greater

than zero, which only occurs Whef}al is greater thanébo (making 'Fbl > 0).

Once the model parameters are estimateg,déscribe the dierences in surval

experience in aariety of ways. For exkample, the estimated median sua/times are a
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function of the estimated parameters where

AF = IOQ(Z)e‘(é’O + byF) = |Og(2)e3.210—0135|:

Thus, for nonsmadss, the estimated median swebitime isﬁto = 0.693(24.775) =17.172
(F = 0) and, for smokrs, the estimated median swualitime isf‘tl =0.693(21.655) =
15.010 € = 1). Furthermoretatios of the model hazard functions, mealugs and

median alues are the sam&rom the gample, &= A,/ A, = A/ Ay = Ay My = 1.145.

The question certainly arisets the obsered diference between sample estimates
(for the example, &, = 0.040 andA, = 0.046 orA, = 17.172 andh, = 15.010 or/k = 1.145)
due to chance or a systematideliénce between groups? In symbdkshb; =0 o

b, # 0? Threeessentially equelent approaches help pide an answerThey are:

(1) A statistical test:the maximum likelihood estimatezbl has an approximate normal

distribution with estimatedariance of 0.026 @ble 2.0) yielding the test statistic

A -0 0.15-0
Z= — :ﬁl;___N =————=0.85
Vvariance(d,) V0.(Q6
The \aluez has an approximate standard normal distidm when no dierence gists
between the compared groujps € 0 or 15 = 4, or c = 1). Thecorrespondingp-value is
P(|Z| = 0.85|b; = 0) = 0404 prwiding little evidence of a systematic thfence. As

mentioned, such a test of a maximunelikood estimated model ca&ient is frequently

called Wald's test ).
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(2) A con®dence interad: anapproximate 95% con®dence intahbased on the esti-

mated paramete’i}l and the normal distrition is

A, + 1. B0Vvariance(d,) = 0.135 + 1. B0(0.161)

Thus, the probability is 0.95 that the underlying model pararbetsrcontained in the
estimated con®dence inted-0.181, 0.451).The \alue zero is also contained in the
intenval. Thevalue zero is, thus, a plausiblalue for the parameté; again providing
no persuase evzidence of a systematic in uence of smokirgasure. The&onjecture
thatb; = 0 (c = 1) appears to be entirely consistent with the range efyibarameter al-

ues (-0.181 to 0.451) in light of the sampled data.

(3) Alikelihood comparisontwo likelihood \alues potentially identify systematic
differences between nested sua/time models from tw groups. Firsta likelihood
value is estimated under the condition that 0 (hy(t) = hy(t) or c =1) and then under
the condition thab; # 0 (hy(t) # hy(t) or c #1). Thecomparison of liklihood \alues
calculated from these tmwnested models I&y indicates important (signi®cant?) feif
ence between the sampled groups, particularly when the sample sige.isRarthe

AIDS smoking data, the wiog-likelihood \alues are
no differenceexists @, = 0): log(Lp,-g) = — 64L. 566

and
a dfference existgb; # 0): log(Lp,z) = — 64L. 26

The likelihood ratio test statistic
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X2 = = 2[10g(Lp,=0) — 109(Lpz0)] = — 2[(-64L. 566) - (-64L. 216)] = 0. 69

has an approximate chi-square digttibn with one dgree of freedom whely = 0. The
p-value isP(X? = 0. @9 |b;, = 0) = 0403 (note: X? = 0.699= (0.835y = 7). Thethree
methods agreeThese three approaches to atsample comparison rarelygivey dif-

ferent results.

A visual "analysis" prades another prospeesi m the importance of the obsexd
difference between hazard functiodsgraphic comparison is clearly less rigorous than
a datistical test bt yields a direct and more intwé measure of the tersample diier-
ence. A9reviously noted, a "log-log" transformation of axpenential surwial function
produces a straight-line with intercéptj(1) and slope 1.0 when plotted foaleslog(t).
The plots oflog(-log[ /Z%(t)]) for nonsmolkrs andog(-log[ /NSL(t)]) for smolers are dis-
played in Figure 2.0The \ertical distance between thedyarallel lines (slopes = 1) is
;bl =log( 50/ él) = log( ébo) - log( ébl) and is a direct geometric display of the distance
between the tvsamples. Br the smoking data, this distance is 0.18bsually, these
two lines shay aimost no separationAgain, diference in surwia times between the

nonsmolers and smakrs at best appears slight.

Formal statistical testsxest to evaluate the correspondence between>groaential
model and the sampled daf@hese goodness-of-®t tools will be discusskdaddition
to a formal statistical assessment, a graphic comparison between the model generated and
the obsergd surwal probabilities is alvays a good ideaThe estimated hazard ratéeb

and Al allow the visual comparison of the corresponding parametric estimatedasurvi
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Figure2.0 "Log-log" transformed survival functionsusing the SFMHS data -- non-
smokers (ny =80) versussmokers (n, = 94)

—— nonsmokers
-- smokers

log(time)

probabilities for both smaks and nonsmeks to their corresponding product-limit non-
parametric estimated suval probabilities. Figure.0 displays this goodness-of-®t com-
parison between nonsmais and smais.

Figure 3.0 Estimated exponential survival functions -- nonsmokers and smokers
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smoker

Survival probability

Two-sample AnalysisWeibull distribution

A comparison of survil times between tawgroups can be based on a number of
parametric descriptions of the sampled dathe two parameter Wibull probability dis-
tribution is a common and frequentlyfeftive choice. Althougha two parameter distri-
bution increases the compigy of the estimation process, a second parameter potentially
improves the description of the sampled daftatistical models ®alays involve a tade-
off between detail (additional parameters, feample) and obtaining a clear and simple

sense of the relationships within a data set.

As with exponential surwial model, the ratio of tw hazard functions is the founda-
tion of a two-sample comparisonThe two hazard functions are ag postulated to be

proportional. Insymbols,

hy(t) = ho(t) x c.

However, the Weibull hazard function is a bit more complicated than tipoaential
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case. Thexplicit Weibull distribution two-sample survial model becomes
he(t]F) = & " iRyt -2,

then

whenF =0: hg(t) = e®”yt7 "1 = gopt” 71 baseline hazarflinction
and

whenF =1: hy(t) = P * 27y t7 =1 = h(t)eP”

making the ratio of the twhazard functions = e*”.

The Weihull distribution hazard model has the same property ay mawival
analysis modelsThe in uences of thexplanatory wariables are represented by changes
in the scale parameteri addition, the shape parameter is required to be the same for

both groups compared, guaranteeing proportionality (constant hazard ratio).

A fundamental reason for applying a hazard function model is to capture the con-
tinuous nature of survdl time data.When a logistic model is applied, foxaample, the
measure of risk is an odds ratio that re ects risk in terms of a bimaapie that does
not account for the time of occurrence of tkiené under study Furthermore, the odds
ratio summarizes binary outcomes for only complete obens. Acomprehense and
usually more sensite description of the pattern of risk is ached using a comparison
that \aries oer the time period that the study inadluals were obseed and accounts for

censoring.

Once a model is postulated, the datavjgt® estimates of the parameteatues;

in the Weibull case by, b; (scale parameters) apdshape parameter)Jsing agin the



-20-

AIDS smoking data, the model estimateal{lé 3.0) produce a comparison of suai
times between nonsmeis and smaks in terms of maximum lédihood estimated
parameters, speci®cally the estimates of the®aeht by.

Table 3.0 Weibull model parameter estimates from the San Francisco Men’s Heath
Study -- nonsmokers (ny = 80) versus smokers (n, =94)

variables symbols| estimates  stcerrors  p-values
baseline by -3.240 -- -
nonsmoler/smoler by 0.135 0.139 0.331
shape y 1.160 0.072 0.017

The estimated shape paramelers given in Table 3.0 bt the p-value is calculated
based on the Iagithm of the parameteAs with most bounded parameteysX 0), the
distribution of the logrithm of the estimatér is more symmetric ("normal-l&’). That
is,

_ log(A) ~log1.0) _ log(1.169 -0 _ _,, .o

- yvariancelog(A)] V0. B9
has an approximate normal distriton wheny = 1, yielding ap-value of

P(Z|=2.3719]|y =1.0 = 0.017.

The Weihull hazard function model based on these estimated parameters becomes

mF(t | F) = e(—3.24O+ 0135:)1.]601. ].60t016().

More speci®cally

whenF =0:  Ay(t) = 0. @31.160t°16° baseline hazartiinction
and
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whenF =1: A1) = Ay(t)e”35180 = A (1)L 170)

making the ratio of hazard functiors(t)/ Ay(t) = & = 1.170 (or& = ™A = 1391160 —
1.170). Thewo estimated hazard functiorfbo(t) and fT\l(t) are displayed in Figure 4.0.

Figure 4.0 Weibull model hazard functions estimated from the AIDS smoking data
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The fundamental property of aditaull distribution survval model is that the ratio
of hazard functions is constamilthough it is not visually owous from Figure 4.0, the
ratio of model hazard functions is the san‘i‘q(()/ 'quo(t) = e;blzy =1.170) for all alues of
timet. That is, the model hazard functions are proportional (constant hazard Tateo).
critical importance of this property is that a single estimate then completely summarizes
the diferences between groupshis summary becomes the focus of testing, con®dence
intenals, interpretations and inferences teeted by surwial time. Wherhazard ratio is

not constant, the analysis that fel®is not easily interpreted.

Using the gpression for the mean suvai time (Lecture 7)
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wur = Ag T +1ly) where Ap = ePo* bR

yields an estimated mean swalitime for each smokingxposure groupApplied to the
AIDS data (1 = 174), the estimates arfx, = 24.245 months for nonsmeks and; =

21.180 months for smeks. Theatio of estimated mearalues is, lile the hazard ratio,

constant and isk,/ &, = e®™ = 1.145 for all timeg.
The median surval time is calculated as before where

giving the model estimated mediaalwe

A =[log) e b+ BF)

For the two-sample smoking data, the estimated medaines are
nonsmokersi = 0): A, = [log(2)]**16%3>#° = 18 622

and
smokers F =1): A; =[log(2)]***6%31® =16 268

As with the meanalue, this ratio id, /&, = e™ = 1.145 for ay timet.

The key parameter in the comparison ofdwgroups is agin the coedcientb;. For
the AIDS data, the ¥hull model estimatedalue is& =0.135 (Table 3.0).Although
the estimate dlb, is essentially equal to the estimate from tkggomential model, an

increase in the precision is acked from the tvo parameter Wibull model [standard
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errors: 0.139Weihull) and 0.161 (eponential)].

Whenb,; = 0, thenhy(t)/hg(t) = 1.0. Thusthe model coécientb; is a single mea-
sure of the dierence between the owproportional Vibull hazard functions, much kk
the exponential model As described in the conteof the &xponential model, three essen-
tially equivalent ways allav the assessment of the in uence of randarnation on the
estimated alue /Nbl Agan, the question becomess b; =0 or by # 0? Thecomparison
of likelihood \alues is one of these method=or the smoking data, the speci®c estimated

log-likelihood \alues are
no differenceexists @, =0): log(Ly,-o) = —632078

and
a dfference existgb, # 0): log(Lp,z0) = —638. €5

producing the liklihood ratio chi-square test statiské = -2 [log(Lp,=0) - 109(Lp20)] =
0.945. Theassociateg-value isP(X? = 0. %5 |b, = 0) = 0331. Asigni®cance probabil-
ity of 0.331 indicates that the estimaﬁ = 0.135 and the parametealueb, = 0 likely
differ by chance alone, prialing no substantiaMidence of a systematic in uence on

survival from smoking gposure.

The two estimated Veibull survival functions are:
Ry(t) = e Aot” = g 0@ nonsmokers

and

A1) = e MY = g 0@ smokers
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whereip = gl320+0135)1.160

and, as beford; = 0 (honsmolers) and- = 1 (smolers).
The graphic comparison of the estimated s@hdurves associated with smeds and
nonsmolers is displayed in Figure 5.%¥isually, these estimated suva functions are
consistent with the lélihood analysis and siwonly a slight diference between non-

smolkers and smadrs in the SFMHS data.

Figure 5.0 Weibull model estimated survival curvesfor nonsmokers and smokers --
SFMHS data
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It is necessary that the shape parameta the same for both groups when a
Weibull survival model is used to identify dérences between twsamples. Ifthe shape
parametey differs between the wvcompared groups, then the hazard ratio is no longer

accurately summarized by a singhdue.

As noted, essential to all hazard models is the quesfiomthe hazard functions
proportional? A®rst step in gploring this question is to dde the data into groups (for

example, nonsmaks and smades) and plot the log-log transformed probabilities from a
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product-limit estimated sunal functions for each group (Figure 6.0roportionality
requires that these lines be parallelégr take random wariation).

Figure 6.0 Plotsof thelog-log transformation log(-log[S(t)]) for value of the loga-
rithm of the survival timelog(t) -- nonsmoker s ver sus smokers
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This graphic assessment of proportionality is useful when the data structurevslyelati

simple and can bewdded into meaningful groupsA more sophisticated data set (for
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example, one containing several continuous explanatory variables) requires amore

sophisticated approach.

Log-likelihood values provide a frequently used and straight-forward way to assess
statistically (supplemented by visual comparisons) the differences in the Weibull shape
parameters from two samples, such as the nonsmoking and smoking AIDS patients.

First, the log-likelihood values are calculated separately for each group (hypothesis:

% % 11). Then, for acombined analysis, asinglelog-likelihood value is calculated
(hypothesis: y = n = 7). By combined it means that the model accounts for differences
between nonsmoking and smoking groups but is based on one shape parameter common
to both groups, namely y. The sum of the two log-likelihood values compared to the sin-
gle log-likelihood value measures the difference between a two-sample model using two
shape parameters rather than one. For the AIDS data, the estimated shape parameters and
the associated log-likelihood values are given in Table 4.0.

Table 4.0 Summary valuesfor the assessment of the assumption of proportionality
(=n=7)

n Ao A vy —2log(L)
nonsmoker (“yp) 80 0.024 - 1151 595.587
smoker ("x) A -- 0027 1168 681.610
combined (*y) 174 0.023 0.027 1160 1277.210

The resulting chi-square test statistic is X? = 1277.210 - (681.610 + 595.587) = 0.013.
The observed X2-value has an approximate chi-square distribution with one degree of
freedom when the Weibull hazard functions are proportional. The obvious similarity in

the log-likelihood values (1277.210 versus 1277.197) is reflected by a p-value of
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P(X?=0.013|y = 71 = 7) = 0.908. No evidence exists to suspect the assumption that the
Weibull hazard functions from each smoking exposure group are proportiona (same
shape parameter).

One last property of the Weibull distribution two-sample comparison provides a

further interpretation of the two-sample differences based on the parameter estimates.

The ratio of the hazard rates (multiplicative comparison)

Wt

— = a7
=C=¢
ho(t)

hazard ratio =

estimated from the AIDS datais 1.170. In addition, the ratio of the mean and median val-

ues

estimated from the AIDS datais €*** = 1.145. Algebraically, the relationship between

the ratio of mean values, the ratio of median values and the ratio of hazard ratesis

10 ho(t)

and estimated from the AIDS datais "¢ = 1.145"%° = 1.710.

The hazard function survival model dictates that the measure of two-sample differ-

ences be multiplicative in terms of aratio of hazard functions (hazard ratio = “c = 1.710).

Because ug/ uy = "to/ ty = eAbl, the differences between two groups can also be expressed in
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terms of means or medians for a Weibull survival model. For the smoking data, in terms

of means or median valuestheratiois g/ Ty = "to/ t; = €™ = 1.145. That is, nonsmoking
"accelerates’ the survival time by afactor of 1.145 when compared to smokers

(w0 =1.145u, or "ty =1.145"t;). Other accelerated failure time models exist based on mul-
tiplicative comparisons on the time scale (not the hazard scale), which would be atopic in
amore extensive presentation. The Weibull proportional hazards model is the only sur-

vival model that applies to both scales.



