LECTURE 6

Weibull Survival Probability Distribution

Postulating that a sample of swalitimes was selected from a population
described by a single constant hazard rate is undoubtedly unrealisticyisitnations.
The Weibull probability distritution of surwal times is de(Ened bydysarameters; a
parameter (denoted) called thescale paameterand a parameter (denotgjlcalled the
shape paameter The two parameters of the ®bull parametric distribtion provide
additional s&ibility that potentially increases the accwadf the description of collected
surviva data. For example, the shape parameterakahe hazard function to increase or

decease with increasing time.
To repeat (Lecture 5), the &bull survival probabilities are gien by the relation-

ship

St)=P(T=t)=e"'?.

The corresponding hazard function fel®directly from the general deEnition of a rela-

tive rate or
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Figures 1.0 and 2.0 display theatywarameter Wibull survival and hazard functionsi(=
0.04 andr =0.8, 1.1 and 1.2).

Figure 1.0 Three Weibull survival functions S(t) (1 =0.04, y ={0.8, 1.1 and 1.2})
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For y = 1.0, the Veibull and the gponential surwial probabilities are identical (constant
hazard). Bry > 1.0, the hazard rate strictly increases in a nonlinear pattern with increas-
ing time. Human mortality and disease patterns typicallyehacreasing hazard rates

with age. For y < 1.0, the hazard rate strictly decreases also in a nonlinear pattern with
increasing time.For example, the risk of a recurrence of a tumor aftegeyr might

decrease as time pass&ecreasing hazard rates are less commonly encountered in epi-
demiologic and medical sumal data. Furtheillustrations of V¢ibull survival and haz-

ard functions are displayed at the end of the lecture.



Figure 2.0 Three Weibull hazard functionsh(t) (1 =0.04, y ={0.8, 1.1and 1.2})
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Maximum likelihood estimates of the onde®ning parameters of theaull distri-
bution are the most @fcient estimates (lwest \ariances) bt are numerically compke
and are usually calculated with a computer program (Lecturéh®.maximum lileli-
hood estimation process txkinto account censored obs#ions making the estimates
unbiased. Maybthe most important property of the maximunelikood process is that
it produces an estimate of thariance of the distriltion of the estimated quantities.
This estimatedariance is also adjusted to compensate for the incomplete information
from the censored obsemions. Asmentioned, the ineuence of censorealues is rarely

a ancern once it is accounted for in the estimation process.

For the AIDS surwal data f = 174), the computer generated maximunelitxood

estimates of the Whull parameters and estimates of their associsddnces are:

scale parameter{ = 0.0256 with estimatedariancg{) = 0.000044



and

shape parameterd = 1.156 with estimategariance A) = 0.00519.

The estimated sunvél and hazard functions folle directly from the estimated parame-

ters. for the AIDS mortality data, tlyeare

. . . it | 115%
estimated survivafunction At) = ¢ %®%t

and

estimated hazardunction M(t) = 0. @56(L 1556)°2%.

Con®dence inteiads based on each of the estimatezldll parameters are am
more accurately constructed using adiodpmic transformationThe estimated3 and A

from 174 AIDS patients illustrateA log-transformation yields

log( gb) = - 3.662 with an estimatedhriancglog( é)] =—1§/§riance( gb) =0.066
and

log(A) = 0.145 with an estimatedariancdlog(A)] ;é(/griance(@() =0.0039.

An approximate 95% con®dence intaelbased on the normal diswiiion and the trans-
log-transformation impnees the normal distribtion approximation by creating a more
symmetric distrilation. Speci®callyfor log(1), the 95% con®dence intexvis

-3. 62+ 1. B0V0. ®6 a (-4.167, -3.157) and forlog(y), it is 0. 145 + 1. B0V0. MW390r

(0.023, 0.267).Exponentiating these estimated bounds yields approximate con®dence



intenvals for the V@ibull parameters.They are:

scale parameter:gb = 0.0256 produces the 95% con®dence irae(0.016, 0.043)

and
shape parameterd = 1.156 produces the 95% con®dence iraé(e.023, 1.306).
The estimated mean suvai time based on the conjecture of aiWdll survival dis-
tribution is

A= A+ k).

The symbol (1 + 1/y) represents asgnma functionealuated at 1 4/y. (The symbol”

is the capital Greek letteagima.) Agamnma function and the destion of the mean sur
vival time expression are mathematically sophisticated and are not discussed in detail.
The plot for the gmma alues for 0 to 3 are displayed in Figure 3-bwever, the appli-
cation is straight-forard becausealues of a gmma function can be loel up in tables,
found on the internet or calculated with computer routitieis. worth noting that whem

= 1.0, the estimated mean swalitime is & =1/ A (constant hazard) becaus@) = 1.0.

For the AIDS data, the estimated parametérs 0.0256 and = 1.156 along with the
corresponding gmma aluel (1 + 1/1.156) 4 (1.865) = 0.950 produce an estimated

mean surwial time of A& = 0. 0256 41%(0. 950) = 22.597 months.

Estimates of the mediamle or other percentiles of agibull distribution follow
directly from the estimated suva function é(t). For the probabilityp, the correspond-

ing p-level percentile (denotet),) is estimated by



Figure 3.0 Gamma valuesdisplayed for x equal 0.3to 3.5withI'(x=1)=1,T(x =2)
=landl(x =3)=2ontheplot (0)
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The technical/mathematical name for thipression is theverse Véibull survival func-
tion. The percentile estimate is found by solving the reIationS('ﬁ)p) =1 - pforthe
value ﬁtp. Applied to the AIDS survil data, the estimated median swelitime (p = 0.5
-- the50"-percentile) is

A _D—Iog(O.S)ﬂ

05= B s
DO.C256D

n156
W =17 315 nonths.

The &pression forftp produces estimates ofyanumber of percentiles characterizing the
entire surwal distribution. To illustrate, nine selected percentiles from the estimated

Weibull distribution (4 = 0.0256 andh = 1.156) are:



p‘O.l 02 03 04 05 06 07 08 09

Ap‘ 34 65 97 133 173 220 279 359 489

For example, the estimated &ull parameters yield the estimated™3percentile p =
0.3) of 9.8 monthsThus, for the SF Mer'Health Study population, 30% anepected
to die within 9.8 months after diagnosis of AIDS based on the estimatiad|IMdistribu-

tion.

A rough measure of the symmetry of a disttibn of data is the dérence
between the mean and the medi8ased the \&fbull estimates, these tsnsummaries
are: the mean # = 22.597 and the medianfto.a) =17.315. TheAIDS data, therefore,
shaw the typical asymmetry (skved to the right --)ecess of lage \alues) often found in

survival data.

The pression that links a percentile to the corresponding\alitime also
allows the generation of random "data” sampled from a speci®@soul\distribution.
For parameters (or estimatesandy, arandomly generated probability pfsubstituted
into the epression for a percentile produces a randomly generatedvaumvie." For
example, the randomly generated probability 0.440 produces the associated random sur
vival timet =[-log(1 — 0. 440)/0. @56]*1% = 14.868. Mostomputer systemsyen
some hand-held calculators, produce random probabilities (uniforrely l&lues
between 0 and 1)Such computer generateceibull distributed "data" are thervailable
to verify theories or estimateaviances of complicated functions of the parameters or

explore empirically the properties of summaglues or describe just aboutygmoperty



of the Weibull and exponential § = 1) distributions. For example, generating a &
number of random "surval times" directly produces an accurate estimate of the mean
survival time u without theory or mathematic§.he mean alue of such a computer gen-
erated distribbtion based on the AIDS suval data (parameter& =0.0256 and =
1.156) is A, = = 22.672 with an estimatedariance of the distriltion of surwal times

of 384.7 using 10,000 random "swalitimes" (Figure 4.0).

Figure4.0 Computer simulated distribution of randomly sampled survival times
from a Weibull probability distribution (4 = 0.0256 and A = 1.156)
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Paallel to applying anx@onential probability distriltion to describe surval time
data, the adequgof the Weibull distribution as a description of the sampled data must
be eplored as part of a complete analysiie goodness-of-®tveluation of the corre-

spondence between the estimatesityl distribution and the collected data foNs the



same pattern suggested for tkpa@nential distrilation.

The comparison of the parametrically estimatezlball and the nonparametrically
estimated product-limit sunval probabilities is the ®rst step in assessing the goodness-
of-®t. Theestimated Wibull survival probabilities (parameteré =0.0256 andA =
1.156) and the corresponding product-limit sualprobabilities from the SFMHS data
are displayed in Figure 5.0crom the ®ample, for tima = 20, the Wihull estimated
probability isP(T > 20) = &(20) = e *@B@** = 0441 and the corresponding product-
limit estimated surwia probability is 0.442 is almost identical.

Figure 5.0 Goodness-of-fit: Two survival curves (parametric and nonparametric)
for the SF Men’s Health Study AIDS data
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Again, parallel to thex@onential distrilation case, transformedbhes of both the

Weibull and product-limit surwial probabilities impree the visual goodness-of-®t
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comparison by contrasting straight linéghe Weibull distribution estimated line ig(t) =
log (—Iog[@‘(t)]) = log( éé) + Adog(t) = 3.662 +1.156 log(t). Theproduct-limit estimated
line is a@in the usual least squares estimate based on the paisedlog(t;) and
log(-log[ #&.]). The estimated line for the SFMHS datdoig(-log] #.]) = 3.696 +
1.195log(t;) where @?i -values are the product-limit estimated sualvprobabilities. Both
straight lines are displayed in Figure 6.0 as well as the transformed productlumes v
log(—log[ @Di]) plotted for the correspondin@glues of logt;).

Figure 6.0 Goodness-of-fit: Weibull model estimates versus product-limit estimates
of their respective log-log transformed survival functions
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The comparison le@s little doubt that the \lbull distribution based on estimate =
0.0256 andd = 1.156 closely corresponds to the less parsimoniatismbdel-free prod-

uct-limit estimate.The comparison pkades considerablevelence that the AIDS
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survival times are accurately described by a parameter \Wibull model. This two
parameter model then alis an &tremely e®cient and useful and, most of all, a simple

representation of the suvel pattern that the data were collected to describe.

Paameters for the three straight lines (intercepts and slopes) calculated from the
transformed xponential, the product-limit and theéilull estimated surval probabili-
ties are summarized iralble 1.0 (SFMHS data).

Table 1.0 Summary intercepts and slopes of linesrepresenting the transformed
exponential, product-limit and Weibull survival distributions (SFMHS data)

intercepts  slopes
exponential distribtion log(A) 1.0
exponential model estimafes  3.139 1.0
product-limit estimates 3.696 1.195
Weibull distribution log(A) 14
Weibull model estimates 3.662 1.156

*from Lecture 5

The question ariseds the Weibull distribution a better description of the sampled
data than thexponential surwia probability distritution? Theanswer to this question
is: yes. Imprgement in the correspondence between estimates and data (&aysal
occurs when a twparameter model is compared to a one parameter model (more compli-
cate of tvo nested models alys ®t better). The important question becomds:the
improvement greater thanauld be &pected by chance€omparing the correspondence

between a surva function estimated from the model and a swahfiunction estimated
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directly from the data [Figure 6.0x@onential -- preious lecture) and Figure 6.0
(Weihull)] is a start It when lage diferences do not occuhe question frequently

remains unanswered.

A comparison of log-liklihood \alues, hwever, provides a statistically rigorous
and quantitatie evaluation. TheWeibull and exponential surwial models are "nested"
because thexponential distrilation (» = 1) is a pecial case of the ¥bull distribution.

The corresponding log-l&kihood \alues are
log(L,~) = —641. 356 Eexponential distributior— y =1)

and

log(L,«) = -632078 (Weibull distribution—— y #1)
yielding the lilelihood ratio test statisti¥? = —2 [log(L,=1) — log(L,x)] = 4.976. The
test statisticX? has a chi-square disttition with one dgree of freedom when the
obsenred diference resects only the random ineuences of sampliagation. Thais,
the diference arises because atparameter model aiays more e®ciently capitalizes
on random ariation and is the only source of imped ®t. The p-value
P(X? = 4.976 |y =1) = 0026 indicates that randonanation is not lilely the entire
explanation of the obseed diference. lis, therefore, likly that the Wibull model
takes adantage of a systematic pattern within the AIDS data to more accurately represent
the surwal times. Moresimply, evidence a&ists that the hazard rate is not constarns (
not equal to one)This result is consistent with thadt that the prgous 95% con®dence

interval based on the estimafe (1.022, 1.306) does not contain traue 1.0.From both
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perspecties, the shape parameter appears to re ect a systematic pattern in the SFMHS
data not captured by th&monential model.

Table2.0 Summary of the estimated values from the exponential and Weibull distri-
butions (SFMHS, n = 174)

parameter symbol exponential  Veibull
estimate A 0.043 0.026
standard error| Vvariancd A4) 0.004 0.007
estimate A - 1.156
standard error| yvarnancg ) -- 0.007
mean A 23.083 22.597
median Ay s 16.005 17.315
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Weibull/exponential distribution -- 2 =0.5and y = 1.0 or (t) = € %* and h(t) = 0.5
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Weibull distribution -- 2 =0.5and y =3.0 or (t)

Histogram of t

[ I I I I I I |
00 05 10 15 20 25 3.0 35

time

Survival function

o -
N
~ -
o -
o -
5_

12

rate

05 0.6

0.4

0.3

0.2

0.0

800 1000

400 600

200

= 9% and h(t) =1. &2

distribution of survival times

-1 0 1 2 3 4 5
time
Hazard function
T T T T T T T
0 2 4 6 8 10 12
time




-17-

Statistical Tools: propertiesof inverse functions

The mathematical termverse functionis familiar in statistics.The standard ner
mal function allevs a probability to be calculated from a percentile and treese func-
tion allows a percentile to be calculated from a probabilitie standard normal and
inverse normal distribtions are complicated functionstta table of &lues produces
probabilities from percentile andversely produces percentile from probabilitid=or
example, the normal distrittion produces the probabilify = 0.95 from the percentile
= 1.645 and the werse normal distribtion produces the percentite= 1.645 from the
probability p = 0.95.

Some functions hee smple and easily dered invases. Br example, for the func-
tion F(x) = x?, the inverse function i<3(x) = Vx. The test of an werse is the property

that F[G(x)] = G[F(X)] = x. Speci®cally (¥x)? = VX2 = x.
Another kample is

Ft)=e'=p and G(p)=-log(p)=t where F[G(t)] =G[F()] =t.

Geometricallythe functionF(t) describes the path from thaluet to the probabilityp.
From the plot, thealuet = 1.5 produces thealueF (1.5) = e°= p= 0.223. The
inverse functionG(p) describes the path from the probabilyo the \aluet. From the
plot, the probabilityp = 0.4 produceshe \alueG(0.4) = -log(0.4) =t = 0.916.

F(t) = exp(-t) —— function G(t) = —log(t) —— inverse function
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