
LECTURE 6

Weibull Survival Probability Distribution

Postulating that a sample of survival times was selected from a population

described by a single constant hazard rate is undoubtedly unrealistic in many situations.

The Weibull probability distribution of survival times is deŒned by two parameters; a

parameter (denotedl ) called thescale parameterand a parameter (denotedg ) called the

shape parameter. The two parameters of the Weibull parametric distribution provide

additional •exibility that potentially increases the accuracy of the description of collected

survival data. For example, the shape parameter allows the hazard function to increase or

decease with increasing time.

To repeat (Lecture 5), the Weibull survival probabilities are given by the relation-

ship

S(t) = P(T ≥ t) = e−l tg

.

The corresponding hazard function follows directly from the general deŒnition of a rela-

tive rate or
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h(t) = −

d
dt

S(t)

S(t)
=

λγ tγ −1e−λ tγ

e−λ tγ = λγ tγ −1.

Figures 1.0 and 2.0 display the two parameter Weibull survival and hazard functions (λ =

0.04 andγ = 0.8, 1.1 and 1.2).

Figure 1.0 Three Weibull survival functions S(t) (λ = 0.04, γ = {0.8, 1.1 and 1.2})
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S(t) = exp(-0.04t^0.8)

S(t) = exp(-0.04t^1.1)

S(t) = exp(-0.04t^1.2)

For γ = 1.0, the Weibull and the exponential survival probabilities are identical (constant

hazard). For γ > 1.0, the hazard rate strictly increases in a nonlinear pattern with increas-

ing time. Human mortality and disease patterns typically have increasing hazard rates

with age. For γ < 1.0, the hazard rate strictly decreases also in a nonlinear pattern with

increasing time.For example, the risk of a recurrence of a tumor after surgery might

decrease as time passes.Decreasing hazard rates are less commonly encountered in epi-

demiologic and medical survival data. Furtherillustrations of Weibull survival and haz-

ard functions are displayed at the end of the lecture.
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Figure 2.0 Three Weibull hazard functions h(t) (λ = 0.04, γ = {0.8, 1.1 and 1.2})
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h(t): shape parameter = 0.80

scale parameter for all curves = 0.04

h(t): shape parameter = 1.1

h(t): shape parameter = 1.2

Maximum likelihood estimates of the two de®ning parameters of the Weibull distri-

bution are the most ef®cient estimates (lowest variances) but are numerically complex

and are usually calculated with a computer program (Lecture 4).The maximum likeli-

hood estimation process takes into account censored observations making the estimates

unbiased. Maybethe most important property of the maximum likelihood process is that

it produces an estimate of the variance of the distribution of the estimated quantities.

This estimated variance is also adjusted to compensate for the incomplete information

from the censored observations. Asmentioned, the in•uence of censored values is rarely

a concern once it is accounted for in the estimation process.

For the AIDS survival data (n = 174), the computer generated maximum likelihood

estimates of the Weibull parameters and estimates of their associated variances are:

scale parameter:̂λ = 0.0256 with estimatedvariance(λ̂) = 0.000044
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and

shape parameter:Ãγ = 1.156 with estimatedvariance(Ãγ ) = 0.00519.

The estimated survival and hazard functions follow directly from the estimated parame-

ters. For the AIDS mortality data, they are

estimated survivalfunction: ÃS(t) = e−0. 0256t1.156

and

estimated hazardfunction: Ãh(t) = 0. 0256(1. 156 )t0.156.

Con®dence intervals based on each of the estimated Weibull parameters are again

more accurately constructed using a logarithmic transformation.The estimatedÃλ and Ãγ

from 174 AIDS patients illustrate.A log-transformation yields

log( Ãλ) = ­ 3.662 with an estimatedvariance[log( Ãλ)] =
1

Ãλ
2variance( Ãλ) = 0.066

and

log(Ãγ ) = 0.145 with an estimatedvariance[log(Ãγ )] =
1

Ãγ 2variance(Ãγ ) = 0.0039.

An approximate 95% con®dence interval based on the normal distribution and the trans-

formed log-estimates is log(estimate) ± 1. 960√ variance[log(estimate)]. As before, the

log-transformation improves the normal distribution approximation by creating a more

symmetric distribution. Speci®cally, for log(λ), the 95% con®dence interval is

−3. 662 ± 1. 960√ 0. 066 or (­4.167, ­3.157) and forlog(γ ), it is 0. 145 ± 1. 960√ 0. 003 9or

(0.023, 0.267).Exponentiating these estimated bounds yields approximate con®dence
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intervals for the Weibull parameters.They are:

scale parameter:Ãλ = 0.0256 produces the 95% con®dence interval (0.016, 0.043)

and

shape parameter:Ãγ = 1.156 produces the 95% con®dence interval (1.023, 1.306).

The estimated mean survival time based on the conjecture of a Weibull survival dis-

tribution is

Ãµ = Ãλ
−1/ Ãγ Γ(1 + 1/ Ãγ ) .

The symbolΓ(1 + 1/γ ) represents a gamma function evaluated at 1 +1/γ . (The symbolΓ

is the capital Greek letter gamma.) Agamma function and the derivation of the mean sur-

vival time expression are mathematically sophisticated and are not discussed in detail.

The plot for the gamma values for 0 to 3 are displayed in Figure 3.0.However, the appli-

cation is straight-forward because values of a gamma function can be looked up in tables,

found on the internet or calculated with computer routines.It is worth noting that whenγ

= 1.0, the estimated mean survival time is Ãµ = 1/ Ãλ (constant hazard) becauseΓ(2 ) = 1.0.

For the AIDS data, the estimated parametersÃλ = 0.0256 andÃγ = 1.156 along with the

corresponding gamma valueΓ(1 + 1/1.156) =Γ(1.865) = 0.950 produce an estimated

mean survival time of Ãµ = 0. 0256−1/1.156(0. 950) = 22.597 months.

Estimates of the median value or other percentiles of a Weibull distribution follow

directly from the estimated survival function ÃS(t). For the probabilityp, the correspond-

ing p-level percentile (denotedt p) is estimated by
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Figure 3.0 Gamma values displayed for x equal 0.3 to 3.5 with Γ(x = 1) = 1, Γ(x = 2)
= 1 and Γ(x = 3) = 2 on the plot (o)
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Ãt p =




− log (1 − p)
Ãλ





1/ Ãγ

.

The technical/mathematical name for this expression is theinverse Weibull survival func-

tion. The percentile estimate is found by solving the relationshipS(Ãt p) = 1 − p for the

value Ãt p. Applied to the AIDS survival data, the estimated median survival time (p = 0.5

-- the50th-percentile) is

Ãt0. 5 =




− log (0. 5)
0. 0256





1/1.156

= 17.315 months.

The expression forÃt p produces estimates of any number of percentiles characterizing the

entire survival distribution. To illustrate, nine selected percentiles from the estimated

Weibull distribution ( Ãλ = 0.0256 andÃγ = 1.156) are:
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p 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Ãt p 3.4 6.5 9.7 13.3 17.3 22.0 27.9 35.9 48.9

For example, the estimated Weibull parameters yield the estimated 30th-percentile (p =

0.3) of 9.8 months.Thus, for the SF Men's Health Study population, 30% are expected

to die within 9.8 months after diagnosis of AIDS based on the estimated Weibull distribu-

tion.

A rough measure of the symmetry of a distribution of data is the difference

between the mean and the median.Based the Weibull estimates, these two summaries

are: the mean =Ãµ = 22.597 and the median =Ãt0. 50 = 17.315. TheAIDS data, therefore,

show the typical asymmetry (skewed to the right -- excess of large values) often found in

survival data.

The expression that links a percentile to the corresponding survival time also

allows the generation of random "data" sampled from a speci®ed Weibull distribution.

For parameters (or estimates)λ andγ , arandomly generated probability ofp substituted

into the expression for a percentile produces a randomly generated "survival time." For

example, the randomly generated probability 0.440 produces the associated random sur-

vival time t = [−log(1 − 0. 440)/0. 0256]1/1.156 = 14.868. Mostcomputer systems, even

some hand-held calculators, produce random probabilities (uniformly likely values

between 0 and 1).Such computer generated Weibull distributed "data" are then available

to verify theories or estimate variances of complicated functions of the parameters or

explore empirically the properties of summary values or describe just about any property
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of the Weibull and exponential (γ = 1) distributions. For example, generating a large

number of random "survival times" directly produces an accurate estimate of the mean

survival time µ without theory or mathematics.The mean value of such a computer gen-

erated distribution based on the AIDS survival data (parametersÃλ = 0.0256 andÃγ =

1.156) is Ãµ0 =t = 22.672 with an estimated variance of the distribution of survival times

of 384.7 using 10,000 random "survival times" (Figure 4.0).

Figure 4.0 Computer simulated distribution of randomly sampled survival times
from a Weibull probability distribution ( Ãλ = 0.0256 and Ãγ = 1.156)
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Parallel to applying an exponential probability distribution to describe survival time

data, the adequacy of the Weibull distribution as a description of the sampled data must

be explored as part of a complete analysis.The goodness-of-®t evaluation of the corre-

spondence between the estimated Weibull distribution and the collected data follows the
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same pattern suggested for the exponential distribution.

The comparison of the parametrically estimated Weibull and the nonparametrically

estimated product-limit survival probabilities is the ®rst step in assessing the goodness-

of-®t. Theestimated Weibull survival probabilities (parametersÃλ = 0.0256 andÃγ =

1.156) and the corresponding product-limit survival probabilities from the SFMHS data

are displayed in Figure 5.0.From the example, for timet = 20, the Weibull estimated

probability isP(T ≥ 20) = ÃS(2 0) = e−0. 0256( 20)1.156
= 0.441 and the corresponding product-

limit estimated survival probability is 0.442 is almost identical.

Figure 5.0 Goodness-of-fit: Two survival curves (parametric and nonparametric)
for the SF Men’s Health Study AIDS data
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Again, parallel to the exponential distribution case, transformed values of both the

Weibull and product-limit survival probabilities improve the visual goodness-of-®t
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comparison by contrasting straight lines.The Weibull distribution estimated line isÃs(t) =

log (− log [ ÃS(t)] ) = log( Ãλ) + Ãγ log(t) =  � 3.662 +1. 156 log(t). Theproduct-limit estimated

line is again the usual least squares estimate based on the pairs of valueslog(ti) and

log(−log[ ÃPi]). The estimated line for the SFMHS data islog(−log[ ÃPi]) = �3.696 +

1. 195log(ti) where ÃPi -values are the product-limit estimated survival probabilities. Both

straight lines are displayed in Figure 6.0 as well as the transformed product-limit values

log(−log[ ÃPi]) plotted for the corresponding values of log(ti).

Figure 6.0 Goodness-of-fit: Weibull model estimates versus product-limit estimates
of their respective log-log transformed survival functions
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The comparison leaves little doubt that the Weibull distribution based on estimatesÃλ =

0.0256 andÃγ = 1.156 closely corresponds to the less parsimonious but model-free prod-

uct-limit estimate.The comparison provides considerable evidence that the AIDS
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survival times are accurately described by a two parameter Weibull model. This two

parameter model then allows an extremely ef®cient and useful and, most of all, a simple

representation of the survival pattern that the data were collected to describe.

Parameters for the three straight lines (intercepts and slopes) calculated from the

transformed exponential, the product-limit and the Weibull estimated survival probabili-

ties are summarized in Table 1.0 (SFMHS data).

Table 1.0 Summary intercepts and slopes of lines representing the transformed
exponential, product-limit and Weibull survival distributions (SFMHS data)

intercepts slopes

exponential distribution* log(λ) 1.0
exponential model estimates* �3.139 1.0

product-limit estimates �3.696 1.195

Weibull distribution log(λ) γ
Weibull model estimates �3.662 1.156

* f rom Lecture 5

The question arises:Is the Weibull distribution a better description of the sampled

data than the exponential survival probability distribution? Theanswer to this question

is: yes. Improvement in the correspondence between estimates and data ("®t") always

occurs when a two parameter model is compared to a one parameter model (more compli-

cate of two nested models always ®t better).The important question becomes:Is the

improvement greater than would be expected by chance?Comparing the correspondence

between a survival function estimated from the model and a survival function estimated
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directly from the data [Figure 6.0 (exponential -- previous lecture) and Figure 6.0

(Weibull)] is a start but when large differences do not occur, the question frequently

remains unanswered.

A comparison of log-likelihood values, however, provides a statistically rigorous

and quantitative evaluation. TheWeibull and exponential survival models are "nested"

because the exponential distribution (γ = 1) is a special case of the Weibull distribution.

The corresponding log-likelihood values are

log(Lγ =1) = − 641. 566 (exponential distribution− − γ = 1)

and

log(Lγ ≠1) = − 63 9. 078 (Weibull distribution− − γ ≠ 1)

yielding the likelihood ratio test statisticX2 = −2[log(Lγ =1) − log(Lγ ≠1)] = 4.976. The

test statisticX2 has a chi-square distribution with one degree of freedom when the

observed difference re•ects only the random in•uences of sampling variation. Thatis,

the difference arises because a two parameter model always more ef®ciently capitalizes

on random variation and is the only source of improved ®t. The p-value

P(X2 ≥ 4. 976 |γ = 1) = 0.026 indicates that random variation is not likely the entire

explanation of the observed difference. Itis, therefore, likely that the Weibull model

takes advantage of a systematic pattern within the AIDS data to more accurately represent

the survival times. Moresimply, evidence exists that the hazard rate is not constant (γ is

not equal to one).This result is consistent with the fact that the previous 95% con®dence

interval based on the estimateÃγ (1.022, 1.306) does not contain the value 1.0.From both
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perspectives, the shape parameter appears to re¯ect a systematic pattern in the SFMHS

data not captured by the exponential model.

Table 2.0 Summary of the estimated values from the exponential and Weibull distri-
butions (SFMHS, n = 174)

parameter symbol exponential Weibull

estimate Ãλ 0.043 0.026

standard error √ variance( Ãλ) 0.004 0.007

estimate Ãγ -- 1.156

standard error √ variance(Ãγ ) -- 0.007

mean Ãµ 23.083 22.597

median Ãt0. 50 16.005 17.315
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Weibull/exponential distribution -- λ = 0.5 and γ = 1.0 or S(t) = e−0. 5t and h(t) = 0.5
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Weibull distribution -- λ = 0.5 and γ = 2.0 or S(t) = e−0. 5t2
and h(t) = 1.0t
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Weibull distribution -- λ = 0.5 and γ = 3.0 or S(t) = e−0. 5t3
and h(t) = 1. 5t2
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_______________________________________________________

Statistical Tools: properties of inverse functions

The mathematical terminverse functionis familiar in statistics.The standard nor-
mal function allows a probability to be calculated from a percentile and the inverse func-
tion allows a percentile to be calculated from a probability. The standard normal and
inverse normal distributions are complicated functions but a table of values produces
probabilities from percentile and inversely produces percentile from probabilities.For
example, the normal distribution produces the probabilityp = 0.95 from the percentilez
= 1.645 and the inverse normal distribution produces the percentilez = 1.645 from the
probability p = 0.95.

Some functions have simple and easily derived inv erses. For example, for the func-
tion F(x) = x2, the inverse function isG(x) = √ x. The test of an inverse is the property
thatF[G(x)] = G[F(x)] = x. Speci®cally, (√ x)2 = √ x2 = x.

Another example is

F(t) = e−t = p and G(p) = − log(p) = t where F[G(t)] = G[F(t)] = t.

Geometrically, the functionF(t) describes the path from the valuet to the probabilityp.
From the plot, the valuet = 1.5 produces the valueF(1 .5) = e−1. 5 = p = 0.223. The
inverse functionG(p) describes the path from the probabilityp to the valuet. From the
plot, the probabilityp = 0.4 producesthe valueG(0. 4) = −log(0. 4) = t = 0.916.
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