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Description:


This document shows the simulation results for the paper above. The simulations were conducted 


in two cases, the orthogonal basis between two levels (case 1) and the non-orthogonal case 

(case 2). Each case is complicated by the amount of noise, with no noise, with low noise, or with high noise. Some results are included in the paper already, but some are not. This document includes simulation results for every case. 
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1. Simulation Settings

Sample size: 


M=200 subjects, J=2 visits per subject

Functional response:
each function is measured at N=100 equally spaced grid points 

in [0,1]

n=1000 simulations are conducted in a variety of settings, according to different choice of

eigenvalues, eigenfunctions, and amount of noise. 

Case 1 (Case 1.1, 1.2, 1.3)

(1) Eigenvalues and eigenfunctions 

(Level 1 eigenfunctions are orthogonal to level 2 eigenfunctions.)



Level 1 eigenvalues:
1,

0.5,

0.25,

0.125



Level 1 eigenfunctions:
sqrt(2) * sin(2kπt), 
sqrt(2)*cos(2kπt),

k = 1, 2



Level 2 eigenvalues: 
1,

0.5,

0.25,

0.125



Level 2 eigenfunctions:
sqrt(2) * sin(2kπt), 
sqrt(2)*cos(2kπt),

k = 3, 4

(2) Noise:



Case 1.1:

0



Case 1.2:

N(0, 1)



Case 1.3:

N(0, 22)

Case 2 (Case 2.1, 2.2, 2.3)

(1) Eigenvalues and eigenfunctions

(Level 1 eigenfunctions are NOT orthogonal to level 2 eigenfunctions.)



Level 1 eigenvalues:
1,

0.5,

0.25,

0.125



Level 1 eigenfunctions:
sqrt(2) * sin(2kπt), 
sqrt(2)*cos(2kπt),

k = 1, 2



Level 2 eigenvalues: 
1,

0.5,

0.25,

0.125



Level 2 eigenfunctions:
1,





sqrt(3) * (2 t – 1),








sqrt(5) * (6t2 – 6t + 1), 

sqrt(7) * (20t3 – 30t2 + 12t – 1)

(2) Noise


Case 2.1:

0



Case 2.2:

N(0, 1)



Case 2.3:

N(0, 22)


Format of simulation results:

(1) In each case, simulated functions from the first 6 subjects (two visits per subjects) are plotted.

(2) If the functions are perfectly observed (without noise), boxplots of eigenvalues at both level 1 and level 2 out of 1000 simulations are shown. For eigenfunctions, 20 randomly selected simulations are displayed.

(3) If the functions are observed with noise, results from both unsmoothed and smoothed MFPCA are shown.

(4) Note: in the results below, we only show the first 4 eigenvalues and eigenfunctions at each

level, because they are the ones that we can compare with the truth. We found that the fifth eigenvalues and beyond are often very small and negligible. 

2. Results for Case 1 (orthogonal basis between level 1 and level 2)

Case 1.1: no noise

Simulated functions for the first 6 subjects:
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Estimated level 1 eigenvalues from 1000 simulations

(The dotted lines represent the true eigenvalues.)
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Estimated level 1 eigenfunctions from 20 (randomly selected among 1000) simulations

(The solid black lines represent the true eigenfunctions.)
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Boxplot of estimated level 2 eigenvalues from 1000 simulations
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Estimated level 2 eigenfunctions from 20 (randomly selected among 1000) simulations
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Case 1.2: with noise N(0,1)


unsmoothed

Simulated functions for the first 6 subjects:
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Boxplot of estimated level 1 eigenvalues from 1000 simulations
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Estimated level 1 eigenfunctions from 20 (randomly selected among 1000) simulations
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Boxplot of estimated level 2 eigenvalues from 1000 simulations:
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Estimated level 2 eigenfunctions from 20 (randomly selected among 1000) simulations
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Case 1.2: with noise N(0,1)


smoothed

Boxplot of estimated level 1 eigenvalues from 1000 simulations
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Estimated level 1 eigenfunctions from 20 (randomly selected among 1000) simulations
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Boxplot of estimated level 2 eigenvalues from 1000 simulations:
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Estimated level 2 eigenfunctions from 20 (randomly selected among 1000) simulations
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Case 1.3: with noise N(0,22)



unsmoothed

Simulated functions for the first 6 subjects:
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Boxplot of estimated level 1 eigenvalues from 1000 simulations
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Simulated level 1 eigenfunctions from 20 (randomly selected among 1000) simulations
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Boxplot of estimated level 2 eigenvalues from 1000 simulations
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Estimated level 2 eigenfunctions from 20 (randomly selected among 1000) simulations
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Case 1.3: with noise N(0,22)



smoothed

Boxplot of estimated level 1 eigenvalues from 1000 simulations
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Simulated level 1 eigenfunctions from 20 (randomly selected among 1000) simulations
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Boxplot of estimated level 2 eigenvalues from 1000 simulations
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Estimated level 2 eigenfunctions from 20 (randomly selected among 1000) simulations
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