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Definition: An m X n matrix, A,,«,, iS a rectangular array of real numbers with m rows and n
columns. Element in the i row and the j** column is denoted by ;.
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Definition: A vector a of length n is an n x 1 matrix with each element denoted by a;. The 7"

element is called the i"* component of the vector and n is the dimensionality.
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Matrix Operations

1. Two matrices A and B of the same dimensions can be added. The sum A + B has (i, j) entry

Qi + b” So
an 2| bir bi2 _ lay + b a2+ bio
a1 Qg2 ba1 b2 |ao1 + ba1  aza + oy
1 3 (3 2 4 5
Example: A = | 2 6 B=(9 5 A+B =11 11
-1 -3 13 0 2 -3
e A+B=B+A

e A+B)+C=A+B+0)

2. A matrix may also be multiplied by a constant c. The product cA is the matrix that results
from multiplying each element of A by c. Thus
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3. The transpose operation A” or A’ of a matrix changes the columns into rows so that the first

column of A becomes the first row of AT , the second column becomes second row, and etc.

So the (i,j)™ element in A,,,,, becomes the (j,i)™ in the transpose A’ .
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4. We can define matrix multiplication A B if the number of elements in a row of A is the same
as the number of elements in the columns of B. E.g. when A is (p x k) and B is (k X n). An
element of the new matrix AB is formed by taking the inner product of each row of A with
each column of B. The matrix product AB is

n
A mxn X B pxm = C mxn with Cij = Z (O bkj
k=1

ary arz| b biz| _ a1 -bin+awg-bay o an by a1 b
Qg1 Q22 a1 by a1 - b1y + ag - bar  ao1 - bia + agz - bay

e (AB)C=ABC)

e A(B+C)=AB+AC

e (A+B)C=AC+BC

e AB does not generally equal to BA!

Special Square Matrix

1. A square matrix A is said to be symmetric if A = AT or a;; = a;; for all i and j.

3 5

6 —2

A = [3 g } is symmetric; A = [
5 =2
2x2

] is not symmetric
2x2
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ai 0 0
' ) ) 0 a9 0
2. Diagonal Matrix: A, = diag(ay,...,a,) = . 0
0 0 ap
1 0 0
. . 0 1 0
3. Identity Matrix: I,,,, = diag(1,,) = . 0
O --- 0 1

The identity matrix is a square matrix with ones on the diagonal and zeros elsewhere. It
follows from the definition of matrix multiplication that the (i, j) enrty of Al is a;; X 0 +
oot a1 X0+ a; X T4+a; 501 X0+ ...+ ay X 0=aqa;. SoAl=A . Similarly, JA = A .
Therefore matrix I acts like 1 in ordinary multiplication.

The fundamental scalar relation about the existence of an inverse number ¢! such that

al a=a-a"'=1,if a # 0, has the following matrix algebra extension.

B i Akxk = A i B sk = Lixi

then B is called the inverse of A and is denoted by A~

Other Matrix Properties

1. Trace: The sum of the diagonal elements, t7(A,x,) = > .| i

2. A square matrix that does not have a matrix inverse is called a singular matrix
The inverse of a 2 X 2 matrix is given by

a b _ 1 d -b
A2X2:[c d} A2X12:ad—bc[—c a}

3. A matrix is singular if and only if its determinant is 0. The determinant of a matrix A is
denoted as |A |. The determinant of a 2 x 2 matrix is given by

Aoy = {Z Z} . det(A) = ad — be
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Examples 1: Simultaneous equations

Sr+3y+z=1
20+ 3y + 52 =2
r+9y+6z2=3

We can rewrite the above three equations as a single matrix equation:

5 3 1 T 1
2 35 yl = |2
1 96 z 3
Example 2: Variance/Covariance Matrix
For a vector of random variables, (Y1, Ys, ..., Y}, ), we can write a matrix containing their variances
and their covariances. Let o7 be the variance of Y; and let cov;; be the covariance between Y; and
Y, i < j. Then the variance/covariance matrix for (Y;,Y5,...,Y},) is
O'% COoU12 ... COUyp
COU19 O'% ... COUgp
coVi, COVoy ... O
Also note that the above can be written as
or 0 ... 0 1 pi2 ... pin| o O ... O
0 o9 ... O pr2 1 ... pon 0 o9 0
0 0 ... On Pin Pon - -- 1 0 0 ... On

where p;; is the correlation of Y; and Y. Note that all of these matrices are symmetric. Further-
more, the terms on the diagonal of the variance/covariance matrix must be positive and terms off
the diagonal of the correlation matrix are bounded by -1 and 1.

Example 3: Multiple Linear Regression

We have a response Y and a set of p independnet variables X, X, ..., X,. Assume we have n
observations and for each i = 1, ..., n observation, we assume

Yi=0o+Bixin+ ...+ BpTip+ ¢

where &; ~ Normal (0, 02).
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We can represent n observations simultaneously in matrix form as

Yn><1 == anp+1 /Bp+1><1 + €nx1

U1 1 11 x12 - T1p Bo €1
Y2 1 xo1 xo2 -+ Top B &9
Y=|. X=1. . ) B=]. e=|.
Yn 1 Tnl Tp2 Lnp 5]) En

The residual Y; — (8y + 1 i1 + ... + B, ;) can be written as

y1— (Bo+Prxig+ Poaxio+ ...+ Bpziyp)

(Y—XB): y2—(50+51$2,1+ﬁ.2$2,2+---+ﬁp$2,p)
Yn — (50 + ﬂl Tn1 + ﬁZ Tn2 +... .+ ﬁp zn,p) nxl
The residual sum of squares (RSS) is
T
3/1—50—51951,1—52951,2—---—51»1'1,;9
—Bo—Prxo1 — Paas— ... — Bpao,
(Y—XIB)T(Y—Xﬁ): Y2 0 1421 :2 2,2 o L2,p
yn_ﬁo_ﬁlxn,l_62xn,2_~~'_ﬁpxn,p nxl
yl—ﬁo—ﬁlxl,l—52131,2—---—5p$1,p
y2—50—ﬁ1$2,1—52132,2—---—5;;@,;)
yn_ﬁo_ﬁlxn,l_ﬁ2xn,2_'--_ﬁpxn,p nxl
:Z(K_ﬁo_ﬁlmi,l_-~-_ﬁpxi,p)2
i=1

Minimizing the above RSS gives the usual least-squared estimate for 3

Bovs = argming (Y — XB)" (Y - XB) = (X"X)"'X"Y



