Chapter 10

Intr oduction to Time SeriesAnalysis

A time seriess acollectionof obserationsmadesequentiallyin time. Examples
aredaily mortality counts,particulateair pollution measurementgndtempera-
ture data. Figure 1 shaws thesefor the city of Chicagofrom 1987to 1994. The

public healthquestions whetherdaily mortality is associateavith particlelevels,

controllingfor temperature.
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berof measurementdn orderto analyzea time series,t is usefulto setdown a

statisticalmodelin theform of a stochastiqprocess A stochastiqrocessanbe

describedasa statisticalphenomenothatevolvesin time. While moststatistical
problemsareconcernedvith estimatingpropertieof apopulationfrom asample,
in time seriesanalysighereis a differentsituation.Althoughit mightbe possible
tovarythelengthof theobsenedsampleijt is usuallyimpossibletco make multiple

obsenationsat ary singletime (for example,onecant obsere today's mortality

countmorethanonce). This makesthe corventionalstatisticalprocedureshased
on large sampleestimatesinappropriate Stationarityis a convenientassumption
thatpermitsusto describehe statisticalpropertieof atime series.
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10.1 Stationarity

Broadly speakinga time seriesis saidto be stationaryif thereis no systematic
trend,no systematichangen variance andif strictly periodicvariationsor sea-
sonalitydo not exist. Most processe# natureappearto be non-stationary Yet

much of the theoryin time-seriediteratureis only applicableto stationarypro-

cesses.

Oneway of describinga stochastigrocesss to specifythe joint distribution of

andh. To seehow this is a usefulassumptionnotice that the above condition
impliesthatthe expectedvalueandcovariancestructureof arny two components,
Ya(t) andYy(t), of atime seriesareconstanin time

Ef Ya(t)g= a;varfYa(t)g= 2 andcorr Ya(t); Yp(t + h)g= a(h): (10.1)

Thefunction ,y(h) is calledthecross-correlatiofunctionif a 6 bandtheauto-
correlationfunctionif a = b.

In practiceit is oftenusefulto de ne stationarityin alessrestrictedwvay thanthat
describedabove. In mary casesthe statisticalstructureof the processesanbe
completelydescribedvith thesecond-ordepropertieof equation(10.1). We can
estimatehequantitiesn (10.1)usingstandardstatisticalproceduresfor example
we mayestimatehecross-correlatioatlag h, ,.,(h) with thesamplecorrelation

10.1.1 An example: Fetal Monitoring

Measurementsf fetalheartrate(FHR) andfetalmovement(FM) aregeneratedby
maternal-fetamonitoring. Approximately5 measurementger secondaretaken
during 50 minuteson 120 subjectghataremonitoredat 20,24,28,32,36and 38-
39 weeksof gestation Both FHR andFM arerecordedyiving usa multiple time
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Theassociatiometweeraccelerationsf FHRandFM hasbeendocumentedince
the 1930s. For example,it hasbeenobsenred that in the third trimestermost
large fetal heartaccelerationg@re associatedvith fetal actvity. In Section4.2
we will describenow relatively straight-forvardtime seriestechniquegrovide a
visual descriptionsof how theseassociationyary with weeksgestation. These
descriptionhave motivateda methodologythat will provide us is with a more
rigorousassessmemf this relationship.

If we considerthe FM and FHR measurementseenin Figure5, asoutcomes
from atwo componentime serieswe mayconsidethecross-correlatiofunction
of thesetwo componentsas a descriptionof the associatiorbetweenthesetwo
processesNotice that the measurementtaken for eachfetus at eachgestation
week hasa cross-correlatioriunction associatedvith them. In Figure 6, asa
descriptve plot, we shawv the average,over individuals, of thesefunctionsfor
eachgestationweek. Notice that a peakat aroundthe 6 secondlag startsto
appearin the plot for the 24 week gestation. As the fetus getsolder, this peak
grows andbecomesnorede ned. Thisresultcanbeconsidered rst stepin the
characterizationf therelationshipbetweer-M andFHR.



138 CHAPTER10. INTRODUCTION TO TIME SERIESANALYSIS

Time Series Plots of Fetal Activity and Heart Rate
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10.2 Spectral Analysis

Sometimest is usefulto describethe propertiesof thetime seriesin afrequeng
domain.Thespectrums de ned as

b3

fab( ) = ab(h) eXp( ih )

2
2

h=1

Thereis a one-to-onecorrespondencbetweenhe spectrumandthe autocwari-
ancefunction

Z
Za(h)= f()exp(h)d

We call jf ,,j the power spectrumA naturalway of estimatinga power spectrum
Is usingtheperiodogranwhichis themodulusof the Fouriertransformof thedata

1 X o
|()=ﬁ1 Yeexp( it)j

t=1
We usuallycomputetheperiodogranattheFourierfrequencies; = (2 j)=T,j =

The periodogranis alsousefulfor detectingperiodicities(deterministicones)in
thesignal.lt is amathematicalactthatif thedataYy;:::Yr hasaperiodp, thethe
periodogranwill have peaksatfrequencies = 2 T=pandits multiples.
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Time Representation
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10.2.1 An Application

Figured4aand4cshavsrecordedECoGsignalfor two channeldor asubjecthat
hasreceveda sensorystimulusat somepointduringtherecording.A straightfor
wardway of estimatingthe spectrunof a stationaryprocesss the periodogram

2

1 X
— Y(t)exp(it)

'O)=57 t
In FiguresAband4ctheperiodogranof thisdatais shavn. Brainresearchersave
speculatedhattheso-called (8 13Hz:), (15 285Hz),and (> 30Hz)
bandsof humanbrain signalscanindicatefunctionalactivation of sensorimotor
cortex. Notice thatthe periodogramexhibits a peakaroundfrequencieslO Hz.,
20 Hz. and60 Hz.. If we wereto approximatehe ECoG signalasa stationary



142 CHAPTER10. INTRODUCTION TO TIME SERIESANALYSIS

processesye would describat ashaving periodiccomponentsroundthesefre-
guenciesHowever, we areinterestedn learninghow thesignalchangesvhenthe
subjectsaregivena stimuli. Thusit seemamoreappropriatdo modelthe signal
asanon-stationaryprocesseandstudythetime-varying spectraldensity

A straightforvard estimateof a time-varying spectraldensitywould be the dy-
namicperiodogramBasically for eachtime to we considerawindow aroundthat
pointof sizeh(ty) andestimateaweightedperiodogram

2

X
t fo Y (t)exp(it )

! w
2 h(to)) h(to)

|(t0; ):

Figures4c and4e shav the estimatedime-varying spectraldensitiesor the sig-
nals of channelsl9 and 20 (lighter colors representigher values)The gure
seemdo suggesthatthe bandchangegpower andfrequeny afterthe stimulus
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