
Chapter 10

Intr oduction to Time SeriesAnalysis

A timeseriesis acollectionof observationsmadesequentiallyin time. Examples
aredaily mortality counts,particulateair pollution measurements,andtempera-
turedata. Figure1 shows thesefor thecity of Chicagofrom 1987to 1994. The
publichealthquestionis whetherdaily mortality is associatedwith particlelevels,
controllingfor temperature.
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Werepresenttimeseriesmeasurementswith Y1; : : : ; YT whereT is thetotalnum-
berof measurements.In orderto analyzea time series,it is usefulto setdown a
statisticalmodelin theform of a stochasticprocess. A stochasticprocesscanbe
describedasa statisticalphenomenonthatevolvesin time. While moststatistical
problemsareconcernedwith estimatingpropertiesof apopulationfrom asample,
in timeseriesanalysisthereis a differentsituation.Althoughit mightbepossible
to varythelengthof theobservedsample,it is usuallyimpossibleto makemultiple
observationsat any singletime (for example,onecan't observe today's mortality
countmorethanonce).This makestheconventionalstatisticalprocedures,based
on largesampleestimates,inappropriate.Stationarityis a convenientassumption
thatpermitsusto describethestatisticalpropertiesof a timeseries.
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10.1 Stationarity

Broadly speaking,a time seriesis saidto be stationaryif thereis no systematic
trend,no systematicchangein variance,andif strictly periodicvariationsor sea-
sonalitydo not exist. Most processesin natureappearto be non-stationary. Yet
muchof the theoryin time-seriesliteratureis only applicableto stationarypro-
cesses.

Oneway of describinga stochasticprocessis to specifythe joint distribution of
the observationsY(t1); : : : ; Y(tn ) for any setof times t1; : : : ; tn andany value
of n. A time seriesis said to be strictly stationaryif the joint distribution of
Y(t1); : : : ; Y(tn ) is thesameasthatof Y(t1 + h); : : : Y(tn + h) for all t1; : : : ; tn

andh. To seehow this is a usefulassumption,notice that the above condition
impliesthat theexpectedvalueandcovariancestructureof any two components,
Ya(t) andYb(t), of a timeseriesareconstantin time

Ef Ya(t)g = � a ; varf Ya(t)g = � 2
a andcorrf Ya(t); Yb(t + h)g = 
 ab(h): (10.1)

Thefunction
 ab(h) is calledthecross-correlationfunctionif a 6= bandtheauto-
correlationfunctionif a = b.

In practiceit is oftenusefulto de�ne stationarityin a lessrestrictedway thanthat
describedabove. In many cases,the statisticalstructureof the processescanbe
completelydescribedwith thesecond-orderpropertiesof equation(10.1).Wecan
estimatethequantitiesin (10.1)usingstandardstatisticalprocedures,for example
wemayestimatethecross-correlationat lag h, 
 a;b(h) with thesamplecorrelation
of Ya(1); : : : ; Ya(T � h) andYb(h + 1); : : : ; Yb(T).

10.1.1 An example:Fetal Monitoring

Measurementsof fetalheartrate(FHR)andfetalmovement(FM) aregeneratedby
maternal-fetalmonitoring. Approximately5 measurementspersecondaretaken
during50 minuteson 120subjectsthataremonitoredat 20,24,28,32,36,and38-
39 weeksof gestation.Both FHR andFM arerecordedgiving usa multiple time
seriesY(t); t = 1; : : : ; 50� 60� 5, whereY(t) is avectorwith 2 entries.
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Theassociationbetweenaccelerationsof FHRandFM hasbeendocumentedsince
the 1930s. For example, it hasbeenobserved that in the third trimestermost
large fetal heartaccelerationsare associatedwith fetal activity. In Section4.2
we will describehow relatively straight-forwardtime seriestechniquesprovide a
visual descriptionsof how theseassociationsvary with weeksgestation.These
descriptionhave motivateda methodologythat will provide us is with a more
rigorousassessmentof this relationship.

If we considerthe FM andFHR measurements,seenin Figure5, asoutcomes
from atwo componenttimeseries,wemayconsiderthecross-correlationfunction
of thesetwo componentsasa descriptionof the associationbetweenthesetwo
processes.Notice that the measurementstaken for eachfetusat eachgestation
week hasa cross-correlationfunction associatedwith them. In Figure 6, as a
descriptive plot, we show the average,over individuals, of thesefunctionsfor
eachgestationweek. Notice that a peakat aroundthe � 6 secondlag startsto
appearin the plot for the 24 weekgestation.As the fetusgetsolder, this peak
grows andbecomesmorede�ned. This resultcanbeconsidereda �rst stepin the
characterizationof therelationshipbetweenFM andFHR.
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Time Series Plots of Fetal Activity and Heart Rate
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10.2 SpectralAnalysis

Sometimesit is usefulto describethepropertiesof thetime seriesin a frequency
domain.Thespectrumis de�ned as

f ab(� ) =
� 2

2�

1X

h= �1


 ab(h) exp(� i�h )

Thereis a one-to-onecorrespondencebetweenthespectrumandtheautocovari-
ancefunction

� 2
 ab(h) =
Z �

� �
f (� ) exp(i�h )d�

Wecall jf aaj2 thepowerspectrum.A naturalwayof estimatingapowerspectrum
is usingtheperiodogramwhichis themodulusof theFouriertransformof thedata

I (� ) =
1

2� T
j

TX

t=1

Yt exp(� i�t )j2

WeusuallycomputetheperiodogramattheFourierfrequencies� j = (2� j )=T; j =
1; : : : ; T=2. Thesehavedesirablestatisticalproperties

Theperiodogramis alsousefulfor detectingperiodicities(deterministicones)in
thesignal.It is amathematicalfactthatif thedataY1; :::YT hasaperiodp, thethe
periodogramwill havepeaksat frequencies� = 2� T=pandits multiples.
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10.2.1 An Application

Figured4aand4cshowsrecordedECoGsignalfor two channelsfor asubjectthat
hasreceivedasensorystimulusatsomepointduringtherecording.A straightfor-
wardwayof estimatingthespectrumof astationaryprocessis theperiodogram

I (� ) =
1

2� T

�
�
�
�
�

X

t

Y(t) exp(i�t )

�
�
�
�
�

2

:

In Figures4band4ctheperiodogramof thisdatais shown. Brainresearchershave
speculatedthat theso-called� (8 � 13H z:), � (15 � 25H z:), and
 (> 30H z:)
bandsof humanbrain signalscanindicatefunctionalactivation of sensorimotor
cortex. Notice that the periodogramexhibits a peakaroundfrequencies10 Hz.,
20 Hz. and60 Hz.. If we wereto approximatethe ECoGsignalasa stationary
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processes,we would describeit ashaving periodiccomponentsaroundthesefre-
quencies.However, weareinterestedin learninghow thesignalchangeswhenthe
subjectsaregivena stimuli. Thusit seemsmoreappropriateto modelthesignal
asanon-stationaryprocessesandstudythetime-varyingspectraldensity.

A straightforward estimateof a time-varying spectraldensitywould be the dy-
namicperiodogram.Basically, for eachtimet0 weconsiderawindow aroundthat
pointof sizeh(t0) andestimateaweightedperiodogram

I (t0; � ) =
1

2� h(t0)

�
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�
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t
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�
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�
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�
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2

:

Figures4c and4eshow theestimatedtime-varyingspectraldensitiesfor thesig-
nals of channels19 and 20 (lighter colors representhigher values)The �gure
seemsto suggestthatthe� bandchangespower andfrequency afterthestimulus
(time0).
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