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Recap: Statistical Inference

Estimation
Point estimation
Con�dence intervals

Hypothesis Testing
Application to means of distributions for continuous variables,
extension to proportions
Relation between con�dence intervals and hypothesis testing
P-values, Type I error (� ), Type II error (� ), Power ((1 � � ))
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Basic steps of Hypothesis Testing

De�ne the null hypothesis,H0

De�ne the alternative hypothesis,Ha, whereHa is usually of
the form \not H0"

De�ne the type I error (probability of falsely rejecting the
null), � , usually 0.05

Calculate the test statistic

Calculate the p-value (probability of getting a result `as or
more extreme' than observed if the null is true)

If the p-value is� � , reject H0

Otherwise,fail to reject H0
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Hypothesis test for a single mean I

Birthweight example

Assume a population of normally distributed birth weights
with a known standard deviation,� = 1000 grams

Birth weights are obtained on a sample of 10 infants; the
sample mean is calculated as 2500 grams

Question: Is the mean birth weight in this population di�erent
from 3000 grams?

Set up a two-sided test of

H0 : � = 3000

vs. Ha : � 6= 3000

Let � = 0 :05 denote a 5% signi�cance level
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Hypothesis test for a single mean II

Calculate the test statistic:

zobs =
�X � � 0

�=
p

n
=

2500� 3000

1000=
p

10
= � 1:58

What does this mean? Our observed mean is 1.58 standard
errors below the hypothesized mean

The test statistic is the standardized value of our data
assuming the null hypothesis is true

Question: If the true mean is 3000 grams, is our observed
sample mean of 2500 \common" or is this value unlikely to
occur?
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Hypothesis test for a single mean III

Calculate the p-value to answer our question:

p-value = P(Z � �j zobsj)+ P(Z � j zobsj) = 2 � 0:057 = 0:114

If the true mean is 3000 grams, our data or data more
extreme than ours would occur in 11 out of 100 studies
(of the same size, n=10)

In other words, in 11 out of 100 studies with sample size
n = 10, just by chance we are likely to observe a sample mean
of 2500 or more extreme if the true mean is 3000 grams

What does this say about our hypothesis?

General guideline: if p-value� � , then rejectH0

Conclusion: we fail to reject the null hypothesis since we
chose� = 0 :05 and our p-value is 0:114
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A note about approaches to two-sided hypothesis testing

p-value Calculate the test statistic (TS), get a p-value from
the TS and then reject the null hypothesis if
p-value� � or fail to reject the null if p-value> �

Critical RegionAlternate, equivalent approach: calculate a critical
value (CV) for the speci�ed� , compute the TS and
reject the null if jTSj > jCVj saying that the p-value
is < � and fail to reject the null ifjTSj < jCVj
saying p-value> � . You never calculate the actual
p-value.

Con�dence Interval (CI)Another equivalent approach: create
100(1� � )% CI for the population parameter. If the
CI does not contain the null hypothesis, you fail to
reject the null hypothesis saying that the p-value is
> � . If the CI contains the null hypothesis, you
reject the null saying p-value< � . You don't
calculate the actual p-value. 7 / 29

Hypothesis test for a single mean: critical value

Birthweight example, cont...

Could also use the\critical value" approach

Based on our signi�cance level (� = 0 :05) and assumingH0 is
true, how \far" does our sample mean have to be from
H0 : � = 3000 in order to reject?

Critical value = zc where 2� P(Z > jzc j) = 0 :05

In our example,zc = 1 :96 and test statisticzobs = � 1:58

The rejection region is any value of our test statistic that is
� � 1:96 or � 1:96

jzobsj < jzc j sincej � 1:58j < j1:96j, so wefail to reject the
null with p-value> 0:05

Decision is the same whether using the p-value or critical value
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Hypothesis test for a single mean: con�dence interval

Birthweight example, cont...

An alternative approach for two sided hypothesis testing is to
calculate a100(1- � )% con�dence interval for the mean �

We are 95% `con�dent' that the interval (1880, 3120)
contains the true population mean�

�X � z�= 2
�

p
10

! 2500� 1:96
1000
p

10

The hypothetical true mean 3000 is a plausible value of the
true mean given our data since it is in the CI

We cannot say that the true mean is di�erent from 3000

We fail to reject the null hypothesis with p-value> 0:05

Same conclusion as with p-value and critical value approach!
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General rule on the 100(1-� )% con�dence interval
approach to two-sided hypothesis testing

If the null hypothesis value is not contained in the con�dence
interval, youreject the null hypothesis with p-value� �

If the null hypothesis value is contained in the con�dence
interval, youfail to reject the null hypothesis with p-value> �

Note: The con�dence interval approach doesn't work with
one-sided tests but the critical value and p-value approaches do
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P-values

De�nition: The p-value for a hypothesis test is the probability of
obtaining a value of the test statistic as or more extreme than the
observed test statisticwhen the null hypothesis is true

The rejection region is determined by� , the desired level of
signi�cance, or probability of committing a type I error or the
probability of falsely rejecting the null

Reporting the p-value associated with a test gives an
indication of how common or rare the computed value of the
test statistic is, given thatH0 is true

We often usezobs to denote the computed value of the test
statistic
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Choosing the correct test statistic

Depends onpopulation sd ( � ) assumption andsample size

The test statistic depends on your assumptions on�

When � is known, we have a standard normal test statistic
When � is unknown and

our sample size is relatively small, the test statistic has a
t-distribution
our sample size is large, we have a standard normal test
statistic (CLT)

The only di�erence in the procedure is the calculation of the
p-value or rejection region uses a t- instead of normal distribution
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Summary table: Hypothesis tests for one mean
H0 : � = � 0; Ha : � 6= � 0

Population Sample Population Test
Distribution Size Variance Statistic

Normal
Any � 2 known zobs =

�X � � 0

�=
p

n

Any � 2 unknown tobs =
�X � � 0

s=
p

n

usess2, df=n-1

Not Normal/ Large � 2 known zobs =
�X � � 0

�=
p

n

Unknown
Large � 2 unknown zobs =

�X � � 0

s=
p

n

usess2

Small Any Non-parametric methods
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Summary table: Hypothesis tests for one proportion
H0 : p = p0; Ha : p 6= p0

Population Sample Test
Distribution Size Statistic

Binomial
Large zobs = p̂� p0q

p0(1� p0)
n

Small Exact methods
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Moving from one to two means

So far, we've been looking at only a single mean. What happens
when we want to compare the means in two groups?

We can compare two means by looking at the di�erence in the
means

Consider the question: is� 1 = � 2?
This is equivalent to the question: is� 1 � � 2 = 0 ?

The work done for testing hypotheses about single means
extends to comparing two means

Assumptions about the two population standard deviations
determine the formula you'll use
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Summary: Hypothesis tests for a di�erence of two means
H0 : � 1 � � 2 = � 0; Ha : � 1 � � 2 6= � 0

Population Sample Population Test
Distribution Size Variances Statistic

Normal

Any Known zobs = ( �X1� �X2)� � 0r
� 2

1
n1

+
� 2

2
n2

Any unknown
tobs = ( �X1� �X2)� � 0r

s2
p

n1
+

s2
p

n2

assume� 2
1 = � 2

2;
df = n1 + n2 � 2

s2
p = (n1� 1)s2

1 +( n2� 1)s2
2

n1+ n2� 2

Any unknown
tobs = ( �X1� �X2)� � 0r

s2
1

n1
+

s2
2

n2

assume� 2
1 6= � 2

2;

df = � =
(

s2
1

n1
+

s2
2

n2
)2

(s2
1 = n1)2

n1� 1 +
(s2

2 = n2)2

n2� 1
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Example: Hypothesis test for di�erence of two means
(two independent samples) I

The EPREDA Trial: randomized, placebo-controlled trial to
determine whether dipyridamole improves the e�cacy of
aspirin in preventing fetal growth retardation

Pregnant women randomized to placebo (n=73) or to
treatment (n=156)
Mean birth weight was statistically signi�cantly di�erent in
the two groups, with the mean weight in the treatment group
being higher than the mean birthweight in the placebo group

Treatment group: 2751 (SD 670) grams
Placebo group: 2526 (SD 848) grams

We now have the knowledge to reproduce this result
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Example: Hypothesis test for di�erence of two means
(two independent samples) II

Test the hypothesis:

H0 : � placebo = � treated

vs. Ha : � placebo 6= � treated

at the 5% signi�cance level (� = 0 :05)

The data are:

Treatment n mean SD
Placebo 73 2526 848
Treated 156 2751 670
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Example: Hypothesis test for di�erence of two means
(two independent samples) III

Calculate the test statistic assuming the variances are unequal:

tobs =
( �Xp � �Xt ) � � 0q

s2
p

np
+ s2

t
nt

=
2526� 2751
q

8482

73 + 6762

156

= � 1:99

The observed di�erence in mean birth weight comparing the
placebo to treated groups is approximately 2 standard errors
below the hypothesized di�erence of 0

The degrees of freedom are:

� =
( 8482

73 + 6702

156 )2

(8482=73)2

73� 1 + (6702=156)2

156� 1

� 116

Our sample size is pretty large, so the test statistic will behave
similar to a standard normal variable
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Example: Hypothesis test for di�erence of two means
(two independent samples) IV

What is the p-value in this example?
p-value= 0:047 using standard normal2 *pnorm(-1.99)
p-value= 0:049 usingt116 2*pt(-1.99,df=116)

What is your decision in this case?
Not straightforward since p-value is very close to� = 0 :05
There may be a di�erence in birth weight comparing the two
groups, there may not
Need to consider the practical implications

Is the treatment expensive?
Does the treatment produce adverse side e�ects?
Is the observed di�erence in mean birthweightsscienti�cally
important?

One possible conclusion
`marginally statistically signi�cant' di�erence in mean
birthweights
need to perform more studies
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Example: Hypothesis test for di�erence of two means
(two independent samples) V

Can also give 95% con�dence interval for the di�erence in the
two means: (-446.13, -3.87)

The CI is a plausible range of values for the true di�erence in
birth weights comparing the placebo to treated groups

What is your null hypothesis? No di�erence!

Given this con�dence interval, is \no di�erence (0)" a
plausible value? Almost?
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Additional Considerations:
We're not always right

Conclusion based on \Truth"
Data (sample) H0 true H0 false

RejectH0 Type I error Correct
Fail to rejectH0 Correct Type II error

Type I error: Probability of falsely rejecting the null when it is
really true.

Type II error: Probability of failing to reject the null when it is
false.
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Errors in hypothesis testing�

� = P(Type I error)

= probability of rejecting a true null hypothesis

= \level of signi�cance"

Aim: to keep Type I error small by specifying a small rejection
region

� is usually set before performing a test, typically at level
� = 0 :05

23 / 29

Errors in hypothesis testing�

� = P(Type II error)

= P(fail to reject H0 givenH0 is false)

Power = 1 � �

= probability of rejectingH0 whenH0 is false

Aim: to keep Type II error small and achieve large power
� depends on sample size,� , and the speci�ed alternative
value
The value of� is usually unknown since the true mean (or
other parameter) is generally unknown
Before data collection, scientists should decide on

the test they will perform
the desired Type I error rate�
the desired� , for a speci�ed alternative value

Only then can an appropriate sample size can be determined
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Critical Regions I

A one-sided hypothesis test
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Critical Regions II

Another one-sided hypothesis test
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Critical Regions III

Two-sided hypothesis test
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Type II error
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Summary of Lecture 5

Today we've �nished talking about a key foundational topic for
statistical analysis -Statistical Inference

Con�dence Intervals (CI)

Hypothesis testing

Relation between CI and hypothesis testing

Type I error (� ), Type II error (� ), Power ((1 � � ))

You will �nd these topics mentioned in (nearly) every scienti�c
journal article you read!
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