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Chapter 6

Statistical Inference: Major
Approaches

6.1 Introduction

The problem addressed by “statistical inference” is as follows:

Use a set of sample data to draw inferences (make statements) about some
aspect of the population which generated the data. In more precise terms we
have data y which has probability model specified by f(y; @), a probability
density function, and we want to make statements about the parameters 6.
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The three major types of inferences are:

e Estimation: what single value of the parameter is most appropriate.?

e Interval Estimation: what region of parameter values is most consis-
tent with the data?

e Hypothesis Testing: which of two values of the parameter is most

consistent with the data?

Obviously inferences must be judged by criteria as to their usefulness and
there must be methods for selecting inferences.
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There are three major approaches to statistical inference:

e Frequentist: which judges inferences based on their performance in

repeated sampling i.e. based on the sampling distribution of the statistic
used for making the inference. A variety of ad hoc methods are used to
select the statistics used for inference.

Bayesian: which assumes that the inference problem is subjective and
proceeds by

o Elicit a prior distribution for the parameter.

o Combine the prior with the density of the data (now assumed to be
the conditonal density of the data given the parameter) to obtain
the joint distribution of the parameter and the data.

o Use Bayes Theorem to obtain the posterior distribution of the pa-
rameter given the data.

No notion of repeated sampling is needed, all inferences are obtained by
examining properties of the posterior distribution of the parameter.

Likelihood: which defines the likelihood of the parameter as a function
proportional to the probability density function and states that all in-
formation about the parameter can be obtained by examination of the
likelihood function. Neither the notion of repeated sampling or prior
distribution is needed.
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6.2 Illustration of the Approaches

In this section we consider a simple inference problem to illustrate the three
major methods of statistical inference.

Assume that we have data vy, s, ..., ¥y, which are a random sample from
a normal distribution with parameters 1 and o2, where we assume, for sim-
plicity, that the parameter o2 is known. The probability density function of
the data is thus
1 n

2 2 —n/2 o
(2mo”) exp{ 207 2=

(yi — M)Q}
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6.2.1 Estimation

The problem is to use the data to determine an estimate of pu.

Frequentist Approach: The frequentist approach uses as estimate 7, the
sample mean of the data. The sample mean is justified on the basis of
the facts that its sampling distribution is centered at p and has sam-
pling variance o /n. (Recall that the sampling distribution of the sample
mean Y of a random sample fron a N (u, 02) distribution is N(u, 02 /n)).
Moreover no other estimate has a sampling distribution which is cen-
tered at p with smaller variance. Thus in terms of repeated sampling
properties the use of 7j ensures that, on average, the estimate is closer to
1 than any other estimate. The results of the estimation procedure are
reported as:

“The estimate of y is § with standard error (standard deviation of the
sampling distribution) o/y/n”
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Bayesian: In the Bayesian approach we first select a prior distribution for p,
p(p). For this problem it can be argued that a normal distribution with
parameters po and o, is appropriate. ji is called the prior mean and UZ
is called the prior variance. By Bayes theorem the posterior distribution
of u is given by

ouly) = P
f(y)

where
p(p) = (2m02) 2 exp {4 (0 — uo)?}
Flyip) = (2mo?) 2 exp {55 Sy (yi — 1)}
fy) =123 f(y; wp(p)dp
It can be shown, with considerable algebra, that the posterior distribu-
tion of p is given by
1
202

(1 — 77)2}

i.e. a normal distribution with mean 7 and variance v. 7, is called the
posterior mean and v is called the posterior variance where

pluly) = (2r0®) H2exp |-

1= (& +a) [Euw+ a7

-1
2 1 n
vt = (,2 + ,2)

m

Note that the posterior mean is simply a weighted average of the prior
mean and the sample mean with weights proportional to their variances.
Also note that if the prior distribution is “vague” i.e. OZ is large relative
to o2 then the posterior mean is nearly equal to the sample mean. In
the Bayes approach the estimate reported is the posterior mean or the

posterior mode which in this case coincide and are equal to 7.
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Likelihood Approach: The likelihood for 1 on data y is defined to be pro-
portional to the density function of y at u. To eliminate the proportion-
ality constant the likelihood is usually standardized to have maximum
value 1 by dividing by the density function of y evalued at the value
of p, i which maximizes the density function. The result is called the
likelihood function.

In this example, [i, called the maximum likelihood estimate can be shown
to be i = 7 the sample mean. Thus the likelihood function is

[y m)
f(y;7)

Fairly routine algebra can be used to show that the likelihood in this
case is given by
n(p —7)° }

lik (u;y) =

lik (p;y) = exp {— 53

The likelihood approach uses as estimate 3 which is said to be the value
of p which is most consistent with the observed data. A graph of the
likelihood function shows the extent to which the likelihood concentrates
around the best supported value.
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6.2.2 Interval Estimation

Here the problem is to determine a set (interval) of parameter values which
are consistent with the data or which are supported by the data.

Frequentist: In the frequentist approach we determine a confidence interval
for the parameter. That is, a random interval, [0;, 0,] is determined such
that the probability that this interval includes the value of the parameter
is 1 — o where 1 — « is the confidence coefficient. (Usually a = .05).
Finding the interval uses the sampling distribution of a statistic (exact
or approximate) or the bootstrap.

For the example under consideration here we have that the sampling
distribution of ¥ is normal with mean p and variance o/n so that the
following is a valid probability statement

V(Y —p

P <_Z1—a/2 <
g

< Zl—a/2) =1—-a«
and hence

_ o
P (Y - Zl—a/2ﬁ <

Thus the random interval defined by

_ o
/«LSY‘}_Zl_a/Q\/ﬁ) :1—04

7n

has the property that it will contain 4 with probability 1 — a.

Y + Fl—a/2
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Bayesian: In the Bayesian approach we select an interval of parameter values
6;, 0, such that the posterior probability of the interval is 1 — a. The
interval is said to be a 1 — « credible interval for 6.

In the example here the posterior distribution of x4 is normal with mean
n and variance v? so that the interval is obtained from the probability

statement
H— .
Pl —=z1_qp < .’ <Zilap)=1—a
Hence the interval is
n + “1—a/2V
or . .
1 n\ |1 n _ 1 ny\
2t |pht Rl Elat 2
o, O o o o, O

We note that if the prior variance o7, is large relative to the variance o

then the interval is approximately given by

_ o
y=+ Zl—a/zﬁ

Here, however, the statement is a subjective probability statement about
the parameter being in the interval not a repeated sampling statement
about the interval containing the parameter.
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Likelihood: In the likelihood approach one determines the interval of pa-
rameter values for which the likelihood exceeds some value, say 1/k
where k is either 8 (strong evidence) or 32 (very strong evidence). The
statement made is that we have evidence that this interval of parameter
values is consistent with the data (constitues a 1/k likelihood interval
for the parameter).

For this example the parameter values in the interval must satisfy

lik (p;y) = exp {—W} > ]1
—n(p—7)*/20° > —In(k)

which leads to
o

jn =71 < V2In(k)

so that the 1/k likelihood interval is given by

7+ 211’1(]4;)\(/%
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6.2.3 Significance and Hypothesis Testing

The general area of testing is a mess. Two distinct theories dominated the
20th century but due to common usage they became mixed up into a set
of procedures that can best be described as a muddle. The basic problem
is to decide whether a particular set of parameter values (called the null
hypothesis) is more consistent with the data than another set of parameter
values (called the alternative hypothesis).

Frequentist: The frequentist approach has been dominated by two over-
lapping procedures developed and advocated by two giants of the field of
statistics in the 20th century; Fisher and Neyman.

Significance Testing (Fisher): In this approach we have a well defined
null hypothesis Hy and a statistic which is chosen so that “extreme values”
of the statistic cast doubt upon the null hypothesis in the frequency sense of
probability.

example: If yq,yo, ..., 1y, are observed values of Y7, Y5, ..., Y, assumed inde-
pendent each normally distributed with mean value ;2 and known variance o
suppose that the null hypothesis is that . = py. Suppose also that values of i
smaller than py are not tenable under the scientific theory being investigated.
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It is clear that values of the observed sample mean 3 larger than pg suggest
that Hj is not true. Fisher proposed that the calculation of the p-value be
used as a test of significance for Hy : u = pg. If the p-value is small we
have evidence that the null hypothesis is not true. The p-value is defined as

p — value = (sample statistic as or more extreme than actually observed)

- Hy Y>yobs

( VI (Yops — NO))

Fisher defined three levels of “smallness”, .05, .01 and .001 which lead to

a variety of silly conventions such as

* — statistically significant
« — strongly statistically significant
x * —very strongly statistically significant
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Hypothesis Testing (Neyman and Pearson): In this approach a null
hypothesis is selected and an alternative is selected. Neyman and Pearson
developed a theory which fixed the probability of rejecting the null hypothesis
when it is true and maximized the probability of rejecting the null hypothesis
when it is false. Such tests were designed as rules of “inductive behavior”
and were not intended to measure the strength of evidence for or against a
particular hypothesis.

Definition: A rule for choosing between two hypotheses Hy and H; (based
on observed values of random variables) is called a statistical test of Hy vs
H;.

If we represent the test as a function, d, on the sample space then a test
is a statistic of the form

5y) = 1 H; chosen
Y71 0 H, chosen

The set of observations which lead to the rejection of Hy is called the critical
region of the test i.e.

Cs={y : d(y) =1}
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Typical terminology used in hypothesis testing is:

choose Hy when Hy is true = Type I Error
choose Hy when H; is true = Type II Error

The probability of a Type I Error is called o and the probability of a Type
IT Error is called 3. 1 — 3, the probability of rejecting the null hypothesis
when it is false is called the power of the test. The Neyman Pearson theory
of inductive behavior says to fix the probability of a Type I Error at some
value «, called the significance level, and choose the test which maximizes
the power.

In terms of the test statistic we have
a=FEy[0(Y)] ; power = E; [0(Y)]

Thus the inference problem has been reduced to a purely mathematical op-
timization problem: Choose §(Y) so that F; [0(Y)] is maximized subject to
Ey [6(Y)] = a.
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example: If the Vs are i.i.d. N (u,0?) and
Ho : p=po and Hy : p=p1 > po
consider the test which chooses Hy if 4 > c i.e. the test statistic d is given by

1 y>c
0 otherwise

5(y) = {

The critical region is
Co={y :y>c}

In this case

power = Pi({y : y>c})

where Z is N(0, 1).
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Thus if we want a significance level of .05 we pick ¢ such that

145 = YT RO L 16450
o N4

The power is then

P(ZzM):P(ZZW;’“H.Ms;ﬁ)

Note that o and the power are functions of n and ¢ and that as o decreases
the power decreases. Similarly as n increases the power increases and as o
decreases the power increases.

In general, of two tests with the same «, the Neyman Pearson theory
chooses the one with the greater power.
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The Neyman Pearson Fundamental Lemma states that if C' is a critical
region satisfying, for some k > 0

(1) fo.(y) = kfo,(y) forally € C

(2) fo.(y) < kfo,(y) forally ¢ C
(3) P (YeC)=a

then C' is the best critical region for testing the simple hypothesis Hy 6 = 6,
vs the simple alternative Hy 8 = 0,. i.e. the test is most powerful.

The ratio
fo,(y)

f90 (Y)

is called the likelihood ratio.

The test for the mean of a normal distribution with known variance obeys
the Neyman-Pearson Fundamental Lemma and hence is a most powerful
(best) test.

In current practice the Neyman Pearson theory is used to define the crit-
ical region and then a p-value is calculated based on the critical region’s
determination of extreme values of the sample. This approach thoroughly
confuses the two appraoches to testing.
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Note: If instead of minimizing the probability of a Type II error (maximizing
the power) for a fixed probability of a Type I error we choose to minimize a
linear combination of @ and 3 we get an entirely different critical region.

Note that
a+ A3 = Eo(Y)] +A{1—-E[6(Y)]}
= [ fa)dy + A=A [ fo,(v)dy
= At [fa(y) = Mo (v)]dy

which is minimized when

C = Ay : foy) = Mo(y) <0}
1
_ {y Jay) }
f90 (y) A
which depends only on the relative importance of the Type II Error to the
Type I Error.
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Bayesian: In the Bayesian approach to hypothesis testing we assume that
Hy has a prior probability of py and that H; has a prior probability of p;.
Then the posterior probability of Hy is given by

Jo,(¥)po
fo,(¥)po + fo.(y)1

Similarly the posterior probabilty of H; is given by

f91 (Y)pl
f¢90 (y)pO + f91 (y)pl

It follows that the ratio of the posterior probability of H; to Hy is given by

)

Po
We choose Hy over H if this ratio exceeds 1, otherwise we choose Hj. Note
that the likelihood ratio again appears, this time as supplying the factor
which changes the prior odds into the posterior odds. The likelihood ratio in
this situation is an example of a Bayes factor.

For the mean of the normal distribution with known variance the likelihood
ratio can be shown to be

o+ nlpn — o
exp Yy — 9 0_2

so that data increase the posterior odds when the observed sample mean
exceeds the value (ug + p1)/2.
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Likelihood: The likelihood approach focuses on the Law of Likelihood.

Law of Likelihood: If

e Hypothesis A specifies that the probability that the random variable X
takes on the value z is pp ()

e Hypothesis B specifies that the probability that the random variable X
takes on the value z is pg(x)

then

e The observation x is evidence supporting A over B if and only if
pA(x) > pp(x)

e The likelihood ratio
pa ()

rp()
measures the strength of that evidence.

The Law of Likelihood measures only the support for one hypotheis rel-
ative to another. It does not sanction support for a single hypothesis, nor
support for composite hypotheses.
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example: Assume that we have a sample yi,ys,...,y, which are realized
values of Y1,Y5s,...,Y, where the Y; are iid N (u, 0?) where o2 is known. Of
interest is Hy : pu = po and Hy : p = 1 = po + 6 where § > 0.

The likelihood for p is given by

L(0;y) = T1(270%) exp {_ (v —n? }

i=1 20

After some algebraic simplification the likelihood ratio for p; vs g is given

by
Ly - o\ nd
f=ew (7m0 3) o)

It follows that

Ly
— >k
Lo —
if and only if
_ 0\ nd
(Z/ — Ho — 2> — > In(k)
l.e.
> o+ o N o2 In(k)
Y = Ho 9 s
or

ot o”In(k)
>
Y= i no
Choice of k is usually 8 or 32 (discussed later).
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6.3 General Comments

6.3.1 Importance of the Likelihood

Note that each of the approaches involve the likelihood. For this reason
we will spend considerable time using the likelihood to determine estimates
(point and interval), test hypotheses and also to check the compatability of
results with the Law of Likelihood.

6.3.2 Which Approach?

Each approach has its advocates, some fanatic, some less so. The impor-
tant idea is to use an approach which faithfully conveys the science under
investigation.
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6.3.3 Reporting Results

Results of inferential procedures are reported in a variety of ways depending
on the statistician and the subject matter area. There seems to be no fixed
set of rules for reporting the results of estimation, interval estimation and
testing procedures. The following is suggestion by this author on how to
report results.

e Estimation

o Frequentist The estimated value of the parameter 6 is 6 with stan-

dard error s.e. (/). The specific method of estimation might be given
also.

o Bayesian The estimated value of the parameter is # (the mean or
mode) of the posterior distribution of §. The standard deviation of
the posterior distribution is s.e.(f). The prior distribution was g(@).
A graph of the posterior could also be provided.

o Likelihood The graph of the likelihood function for 6 is as follows.
The maximum value (best supported value) is at 6. The shape of
the likelihood function provides the information on “precision”.
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e Interval Estimation

o Frequentist Values of 6 between 0, and 6, are consistent with the
data based on a (1 — «) confidence interval. The specific statistic or
method used to obtain the confidence interval should be mentioned.

o Bayesian Values of 6 between 0, and 6, are consistent with the data
based on a (1 — «) credible interval. The prior distribution used in
obtaining the posterior should be mentioned.

o Likelihood Values of 6 between 6; and 0, are consistent with the
data based on a 1/k likelihood interval. Presented as a graph is
probably best.
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e Testing

o Frequentist
o Bayesian
o Likelihood

25
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Chapter 7

Point and Interval Estimation

7.1 Point Estimation - Introduction

The statistical inference called point estimation provides the solution to the following
problem

Given data and a probability model find an estimate for the parameter
There are two important features of estimation procedures:

e Desirable properties of the estimate

e Methods for obtaining the estimate

27
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7.2 Properties of Estimators

Since the data in a statistical problem are subject to variability:

e Statistics calculated from the data are also subject to variability.

e The rule by which we calculate an estimate is called the estimator and the actual
computed value is called the estimate.

o An estimator is thus a random variable.

o Its realized value is the estimate.
e In the frequentist approach to statistics the sampling distribution of the estimator:

o determines the properties of the estimator

o determines which of several potential estimators might be best in a given situation.
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7.2.1 Properties of Estimators

Desirable properties of an estimator include:

e The estimator should be correct on average i.e. the sampling distribution of the esti-
mator should be centered at the parameter being estimated. This property is called
unbiasedness

e In large samples, the estimator should be equal to the parameter being estimated i.e.
P ~0)~1 forn large
where ~ means approximately. Equivalently

20

D>

This property is called consistency.

e The sampling distribution of the estimator should be concentrated closely around its
center i.e. the estimator should have small variability. This property is called effi-
ciency.

Of these properties most statisticians agree that consistency is the minimum criterion
that an estimator should satisfy.
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7.2.2 Unbiasedness

Definition: An estimator 4 is an unbiased estimator of a parameter 6 if

E0) =6

An unbiased estimator thus has a sampling distribution centered at the value of the parameter

which is being estimated.

examples:

e To estimate the parameter p in a binomial distribution we use the estimate p =
where x is the number of successes in the sample. The corresponding estimator
unbiased since

X)ZE(X) np

B =F () == ==

e To estimate the parameter A in the Poisson distribution we use the estimate A=
where ¥ is the sample mean. The corresponding estimator is unbiased since

~

EQ) = E(X) = A

e To estimate the parameter y in the normal distribution we use the estimate g =
where ¥ is the sample mean. The corresponding estimator is unbiased since

E(j) = E(X) =

38

e In fact the sample mean is always an unbiased estimator of the population mean,

provided that the sample is a random sample from the population.
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Statisticians, when possible, use unbiased estimators.

e The difficulty in finding unbiased estimators in general is that estimators for certain
parameters are often complicated functions.

e The resulting expected values cannot be evaluated and hence unbiasedness cannot be
checked.

e Often such estimators are, however, nearly unbiased for large sample sizes; i.e. they
are asymptotically unbiased.

examples:
e The estimator for the log odds in a binomial distribution is

(%)
I-p

The expected value of this estimate is not defined since there is a positive probability
that it is infinite (p =0 or p = 1)
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e The estimator s? of o2 defined by

o i (T — 5)2

ST =
n—1

is an unbiased estimator of o2 for a random sample from any population with variance

a2

To see this note that

o

n

Y (X - X)) = znjxf —nX?

=1 =1

Since we know that

@)

var (X;) = B(X?) — p? = 0* and var (X) = E(X?) —pu? = —

o we have )

E(X}) =0+ 42 and BE(X?) =" 42
n

Thus

@)

E (i(xi - X)?) = n(0” + %) = (= + %) = (n = 1)o”

=1

so that s? is an unbiased estimator of o2 as claimed.
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7.2.3 Consistency

Definition: An estimator § is consistent for the parameter 6 if

ie.
lim P(|§ —0] <€) — 1 as n— oo

n—oo

For an estimator 6 of a parameter 6 it can be shown that

B - 0)?

P(6—0] <8)>1-— %

for any 0 > 0

It follows that an estimator is consistent if

~

E@—-0)?—0

The quantity E(6 — 0)? is called the mean square error of the estimator.

It can be shown that the mean square error of an estimator satisfies

~

E( —0)? = var () + [E(0) — 0))?

~

The quantity E(0) — 6 is called the bias of the estimator.

An estimator is thus consistent if it is asymptotically unbiased and its variance ap-
proaches zero as n, the sample size, increases.
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examples:
e p in the binomial model is consistent since

E(p)=p and var(p) = p(ln_p)

e )\ in the Poisson model is consistent since

. . A
E(A) =X and var (\) =

e /i = X in the normal model is consistent since
E(i) = p and var (i) = 2
n

e The estimators of the log odds and log odds ratio for the binomial distribution are
consistent as will be shown later when we discuss maximum likelihood estimation.
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7.2.4 Efficiency

Given two estimators él and éz which are both unbiased estimators for a parameter 6

o We say that 0, is more efficient than 6 if

~ ~

var (09) < var (6;)

e Thus the sampling distribution of 65 is more concentrated around # than is the sampling
distribution of 6.

e In general we choose that estimator which has the smallest variance.

example:
For a random sample from a normal distribution with mean p and variance o2 the variance

of X is "—: while the variance of the sample median is g"—: Since
2 2
- o T (o
var (X) = — < = () = var (sample median)
n 2\ n

we see that the sample mean is preferred for this situation.
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7.3 Estimation Methods

An enormous variety of methods have been proposed for obtaining estimates of parameters
in statistical models.

Three methods are of general importance:

e “the analog or substitution method”
e the method of maximum likelihood.

e estimating equations.
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7.3.1 Analog or Substitution Method

The analog or substitution method of estimation is based on selecting as the estimate the
sample statistic which is the analog to the population parameter being estimated.

examples:

e In the binomial estimate the population proportion p by the sample proportion p = .

e In the case of a random sample from the normal distribution estimate the population
mean g by the sample mean 7.

Estimate the population median by the sample median.

Estimate the population range by the sample range.

Estimate the upper quartile of the population by the upper quartile of the sample.

Estimate the population distribution using the empirical distribution.
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While intuitively appealing,

e The analog method does not work in complex situations because there are not sample
analogs to population parameters.

e There are also few general results regarding desirable properties of estimators obtained
using the analog method.
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7.3.2 Maximum Likelihood

The maximum likelihood method of estimation was introduced in 1921 by Sir Ronald Fisher
and chooses that estimate of the parameter which “makes the observed data as likely as
possible”.

Definition: If the sample data is denoted by y, the parameter by 6 and the probability
density function by f(y;#) then the maximum likelihood estimate of ¢ is that value of 0,

¢ which maximizes f(y;0)

o Recall that the likelihood of 0 is defined as

lik (6;) =

e The likelihood of # may be used to evaluate the relative importance of different values
of 0 in explaining the observed data i.e. if

lik (6;y) > lik (61;y)
then 0, explains the observed data better than 6;.

e As we have seen likelihood is the most important component of the alternative theories
of statistical inference.
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Maximum likelihood estimates are obtained by:

e Maximizing the likelihood using calculus. Most often we have a random sample of size
n from a population with density function f(y;#). In this case we have that

n

fy:0) = 1] f(y::0)

=1

Since the maximum of a function occurs at the same value as the maximum of the
natural logarithm of the function it is easier to maximize

n

> In[f(y:; 0)]

i=1

with respect to . Thus we solve the equations

. dIn[f(y;0)]

—0
e

2

which is called the maximum likelihood or score equation.
e Maximizing the likelihood numerically. Most statistical software programs do this.

e Graphing the likelihood and observing the point at which the maximum value of the
likelihood occurs.
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examples:

e In the binomial, p =  is the maximum likelihood estimate of p.
e In the Poisson, A = Z is the maximum likelihood estimate of .
e In the normal,

o i = Z is the maximum likelihood estimate of p.
o 5% is the maximum likelihood estimate of o2

o v s? = s is the maximum likelihood estimate of o

41
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In addition to their intuitive appeal and the fact that they are easy to calculate using
appropriate software, maximum likelihood estimates have several important properties.

~

e Invariance. The maximum likelihood estimate of a function g(0) is g(f) where 6 is the
maximum likelihood estimate of 6.

Assuming that we have a random sample from a distribution with probability density
function f(y;6):

e Maximum likelihood estimates are usually consistent i.e.
o L 6
where 6 is the true value of 6.

e The distribution of the maximum likelihood estimate in large samples is usually normal,
centered at #, with a variance that can be explicitly calculated. Thus

V(0 — 8o) = N (0,v(6))

where 6y is the true value of 6 and

I o [ ()56
v(0y) = 0 where i(6y) = — Ejy, [ o ]

Thus we may obtain probabilities for 6 as if it were normal with expected value 6, and

-~

variance v(6p). We may also approximate v(6y) by v().
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-~

e If g(0) is a differentiable function then the approximate distribution of g(#) satisfies

Vnlg(8) — g(6o] = N (0,v,(6))

where
vg(60) = [9" (60)]*v(60)

-~

v4(6p) may be approximated by v, (6)

e Maximum likelihood estimators can be calculated for complex statistical models using
appropriate software.

A major drawback to maximum likelihood estimates is the fact that the estimate, and
more importantly, its variance, depend on the model f(y;#), and the assumption of large
samples. Using the bootstrap allows us to obtain variance estimates which are robust (do
not depend strongly on the validity of the model) and do not depend on large sample sizes.
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7.4 Interval Estimation

7.4.1 Introduction

For estimating ;1 when we have Y1, Y5, ..., Y, which are i.i.d. N(u,0?) where o2 is known we
know that the maximum likelihood estimate of u is Y. For a given set of observations we
obtain a point estimate of u, y. However, this does not give us all the information about
that we would like to have.

In interval estimation we find a set of parameter values which are consistent with the
data.
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One approach would be to sketch the likelihood function of p which is given by

)

202

L(p,y) = exp {—

which shows that the likelihood has the shape of a normal density, centered at y and gets
narrower as n increases.

Another approach is to construct a confidence interval. We use the fact that
2
_ o
n
i.e. the sampling distribution of Y is normal with mean p and variance o2/n. Thus we find

that B
Y _
P (' o 1.96) — 95

o/~
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It follows that

P(Y—1.960§,u§§7+1.960> — 95

Vi Vi

This last statement says that the probability is .95 that the random interval

_ [0} _ o
Y -196— .Y +1.96 —
l VAR ﬁ]

will contain p.

Notice that for a given realization of Y, say ¢, the probability that the interval contains
the parameter p is either 0 or 1 since there is no random variable present at this point.
Thus we cannot say that there is a 95% chance that the parameter p is in a given observed
interval.

Definition: An interval I(Y) C ©, the parameter space, is a 100(1 — «)% confidence
interval for 0 if
P(I(Y)D0)=1—«

for all # € ©. 1 — « is called the confidence level.
Note that we cannot say
P(I(y)20)=1—-«

but we can say
PIY)D0)=1—-«

What we can say with regard to the first statement is that we used a procedure which
has a probability of 1 — « of producing an interval which contains #. Since the interval
we observed was constructed according to this procedure we say that we have a set of
parameter values which are consistent with the data at confidence level 1 — a.



7.4. INTERVAL ESTIMATION 47
7.4.2 Confidence Interval for the Mean-Unknown Variance
In the introduction we obtained the confidence interval for p when the observed data was a

sample from a normal distribution with mean g and known variance o2. If the variance is
not known we use the fact that the distribution of

Y-
NG

is Student’s ¢ with n — 1 degrees of freedom where

T

1

s? =
n—1

> -V

is the bias corrected maximum likelihood estimator of 2.
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It follows that

Thus the random interval

— S
Y + tl,a/g(n — 1)ﬁ

is a 1 — « confidence interval for p. The observed interval
@ + tl_a/g(n — 1)7

has the same interpretation as the interval for y with o2 known.
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7.4.3 Confidence Interval for the Binomial

Since p is a maximum likelihood estimator for p we have that the approximate distribution
of p may be taken to be normal with mean p and variance
p(1 — p)/n which leads to an approximate confidence interval for p given by

p(1 —p)

ﬁ + fl1—a/2
n

Exact confidence limits for p may be obtained by solving the equation

" (n
Z<Z>pL(1_pL :_Z< )pUl—PU)
i=y

where y is the observed number of successes. This is the procedure STATA uses to obtain
the exact confidence intervals. The solutions can be shown to be

_ annl,nQ,a/Q
pL - n2+n1Fn1,n2,a/2
_ mlle,mQ,lfa/Q
pu = m2+m1Fm1,m2,1—a/2

where
n=2y,ny=2n—y+1), m =2y+1), me=2(n—y)

and F, ., is the v prcentile of the F' distribution with 7 and ry degrees of freedom.

We can also use the bootstrap to obtain confidence intervals for p.

7.4.4 Confidence Interval for the Poisson

If we observe Y equal to y the maximum likelihood estimate of A is y. If A is large we
have that A is approximately normal with mean A\ and variance A. Thus an approximate
confidence interval for A is given by

X + Zlfa/2\/§

Exact confidence interval can be obtained by solving the equations

00 7 Yy J
e—mzﬁzﬁze—ka Au
1] 9 1]



50 CHAPTER 7. POINT AND INTERVAL ESTIMATION

This is the procedure STATA uses to obtain the exact confidence interval. The solutions can
be shown to be L
AL 1: 2§X2y,a/2
AU = 5Xa(y41),1—a/2
where X?w is the v percentile of the chi-square distribution with r degrees of freedom.

The bootstrap can also be used to obtain confidence intervals for .
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7.5 Point and Interval Estimation - Several Parameters

7.5.1 Introduction

We now consider the situation where we have a probability model which has several param-
eters.

e Often we are interested in only one of the parameters and the other is considered a
nuisance parameter. Nevertheless we still need to estimate all of the parameters to
specify the probability model.

e We may be interested in a function of all of the parameters e.g. the odds ratio when
we have two binomial distributions.

e The properties of unbiasedness, consistency and efficiency are still used to evaluate the
estimators.

e A variety of methods are used to obtain estimators, the most important of which is
maximum likelihood.
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7.5.2 Maximum Likelihood

Suppose that we have data y which are a realization of Y which has density function f(y;@)
where the parameter 6 is now k-dimensional i.e.

0=(01,0,, .. 0

As in the case of one parameter the maximum likelihood estimate of @ is defined as that
value @ which maximizes f(y;8).

For a k dimensional problem we find the maximum likelihood estimate of @ by solving
the system of equations:

Oln[f(y;0)]

=0 for j=1,2,...,k
89] or J )< )

which are called the maximum likelihood equations or the score equations.
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example: If V1,5, ...,Y, are i.i.d. N(u,o?) then

fyip,o®) = (27302)3 exp {—2; g(yi —~ u)Q}

and hence s )2
n n = P —
In f(y;p,0) = =3 In(2m) - S In(0?) — == R 2322 o
It follows that
O[f(y;pm o)l 2304 —w)
ol 207
O[f(y;p, o)l Xy —p)’
0o? o2 2(02)?

Equating to 0 and solving yields

n L m\2
o and 7= S 0)
fi=y and & -

Note that the maximum likelihood estimator for o2 is not the usual estimate of 2 which is

o Silyi —0)?

5= n—1
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7.5.3 Properties of Maximum Likelihood Estimators

Maximum likelihood estimators have the following properties:

e By definition they are the parameter values best supported by the data.

e The maximum likelihood estimator of v(8) is v(8) where 8 is the MLE of 6. This is
called the invariance property.

e Consistency is generally true for maximum likelihood estimators. That is

In particular each component of 0 is consistent.

e The maximum likelihood estimator in the multiparameter situation is also asymptot-
ically (approximately) normal under fairly general conditions. Let f(y;@) denote the
density function and let and let the maximu likelihood estimate of @ be the solution
to the score equations

Oln[f(y; 0)]

=0 7=12,... )k
ae] J )y < )
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Then the sampling distribution of 0 is approximately multivariate normal with mean
vector 8 and variance covariance matrix V(6,) where

V(0) = [I<90)]71
and the i-j element of I(8) is given by

0 1n[f (y; 60)]
B { 96,00, }

o I(6y) is called Fisher’s information matrix.

o As in the case of one parameter we may replace @y by its estimate to obtain an
estimate of V(6y)

e If g(0) is a function of @ then its maximum likelihood estimator, g(é), is approximately
normal with mean ¢(6) and variance v,(6y) where

vg(80) = V]V (6,)V,

and the ith element of V is given by

89(90)
00,

o We replace @, by 6 to obtain an estimate of v4(80)
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7.5.4 Two Sample Normal

Suppose that y1, y12, - - -, Yin, iS a random sample from a distribution which is N (u1, 0?) and
Yo1, Y22, - - -y Yon, 15 an independent random sample from a distribution which is N (pg, 0?).
Then the likelihood of i, po and o2 is given by

Fys 11, pa, 0°) = [ﬁ(2m2)‘1/2 exp {—2;(% — MI)Z}] [ln—2[(27T02)‘1/2 exp {_Qi_Q(ij — ug)Q}]

J=1 J=1

which simplifies to

—(n T —(n n 1 - 1 Z
(2m) (a2 (mtna/2 oxp {_22 D (i —m)* = 55 > (2 — M2>2}
0% 20° 4

It follows that the log likelihood is

1 & 1 &

ny + N9 n1+ ng
- In(27) — In(c?) — 252 Yy —m)? = 592 > (425 — p2)?
0% i3 0?3
The partial derivatives are thus
Oln L, 2,072 n
o1 f(yal;ﬁ = 2) - ﬁ Zjil(ylj — )
A

. 2
IniFmpme) — _mama L [Z?Q(ylj — p1)? 252 (25 — M2)2]
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Equating to 0 and solving yields the maximum likelihood estimators:

1 =714
H2 = Yoy
6% = b (S (0 = 010 + S5 (02— By )?)

The estimators for j; and s are unbiased while the estimator for o2 is biased. An
unbiased estimator for o2 is

ni

1 n2
=2 _ 2_ - = )2 =2
o =s, g — 2 ;(ylg ?/1+) + ]El(y@ y2+)

which is easily seen to be equal to

2 (n1 —1)s7 4 (ng — 1)s3

P n1+n2—2

s2 is called the pooled estimate of 2.

Since 7, is a linear combination of independent normal random variables it has a sam-
pling distribution which is normal with mean z; and variance o2 /n;. Similarly g,, is normal
with mean o and variance o?/nq. It follows that the sampling distribution of ¥, — ¥y,
is normal with mean s — p; and variance 0(1/ny + 1/ny) and is the maximum likelihood
estimator of s — p.



58 CHAPTER 7. POINT AND INTERVAL ESTIMATION

It can be shown that the sampling distribution of (ny 4 ny — 2)s?/0® is chi-square with
ni + ng — 2 degrees of freedom and is independent of 7, — 7%, . It follows that the sampling
distribution of

o Vor = V1) = (g2 — ) o2 (m + 1/ma) (Vo = Vi) = (2 = 1)

Bl \/ 52/ 0 - sp\/1/n1 4+ 1/ng

is Student’s ¢ with n; + ny — 2 degrees of freedom. Hence we have that

(Yor —Yiy) — (p2 — 1)

spy/1/n1 + 1/ng

It follows that a 1 — a confidence interval for ps — uq is given by

_ _ /1 1
Y2+ — Y1+ + tl_a/2(n1 + ngo — 2)Sp TT + nf
1 2

P (_tla/Q(nl + ng — 2) S S tl,a/g(nl —+ Ng — 2) =1—-«
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7.5.5 Simple Linear Regression Model

Suppose that y1, s, ..., y, are realized values of Y7, Y5, ..., Y, which are independent normal
with common variance o2 and mean

E(Y;) = wi = Bo + frx;

where the x; are known. This is called a simple linear regression model or a regression model
with one covariate and an intercept.

Note that the parameter 3; in this model represents the change in the expected response
associated with a unit change in the covariate x.

The likelihood is given by
f(y; B0, Br, 02) = H(27T<72)71/2 exXp {_M(yi — Bo — 51%‘)2}
Thus the log likelihood is given by
n 1 &
b In(27) — 5 ln ~ 5.2 g — By — Brxi)?

It follows that the partial derviatives are given by

ol 160,01,

% = 202 Yo (yi — Bo — Brx;)
Oln :
infifo o) — ﬁ S (yi — Bo — Brxi)w;

0p1

ol o
% # + ﬁ Z?:l(% — B — 5195@')2
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Equating to 0 and denoting the estimates by by, b; and &2 yields the three equations

nby + nxTb;y = ny
nZhy + 3214 %Zbl = 1Ty
no? = Y0 (y; — by — bya;)?

It follows that
bp =7 — &
Substituting this value of by into the second equation yields
nz(y — hiz) + ) xiby = >z
i=1 i=1
Combining terms and using the facts that

n n n

(ri—z)?*=> 27 —nz® and > (v; —T)(y; —Y) = Y_x;y; — nTY
=1 i=1 i=1 i=1
gives by as:
_ 2in (i —T)(yi — )
by = — —
i (zi —7)
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Define
Ui = by + byz;

to be the estimated or “fitted” value of y; and
Yi — i

to be the residual or error made when we estimate y at x; by 7; Then the estimate of o2 is
equal to

52 _ SSE
T n-—2

where

SSE =) (i — )
i=1

is called the residual or error sum of squares.
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7.5.6 Matrix Formulation of Simple Linear Regression

It is useful to rewrite the simple linear regression model in matrix notation. It turns out
that in this formulation we can add as many covariates as we like and obtain essentially the

same results. Define

1 1 =

1 =z

y = ?J.Q X= | 2
Un 1 =z,

Then the model may be written as

E(Y)=XB var(Y) = Io?
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We now note that

X™Xb =

and

1 T
1 =z

1 1 1] 2y
| T1 T2 o Ty :
1 =z,

D nzT bo
T Y x? by

[ nby +  nzh
_nfbo + Z?ZII% b1

1 Y2 | ny
Tn D1 Ty

Yn

63
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Hence the maximum likelihood equations for by and b; are, in matrix terms,
XTXb = X"y
From this representation we see that

b= (X"X)"'X"y

From our earlier work on expected values and variance-covariances of multivariate mormal
distributions we see that b has a multivariate normal distribution with mean vector

E®) = B[(XTX)'XTy] = (X*X)'XTE(y) = (X"X)"'X"X3 =18 =3
and variance-covariance matrix

var (b) var (XTX)"'X"y)

= (XTX)'XTvar (y[(XTX) ' XT)"
(XTX) X [T X(XTX) ™!
(XTX) I XTX(XTX) to?
(XTX)to?

It follows that by and b; are unbiased estimators of 3y and ;. The variances are obtained

as elements of (X7X) !o? e.g. the variance of b; is the element in the second row and second
column of (X*X) 102
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Since
n

_ -1 _
n nx _ 2 2-2\—1 i=1T; TNL
nz S a2 = (n) o —n'T) —nZT n
=11 i=1
we see that the variance of by is given by

n 9 o

—H0 = =
DR R SNk

Thus b, has a normal distribution with mean (; and variance given by the above expres-
sion.

It can be shown that SSE/c? has a chi-squared distribution with n —2 degrees of freedom
and is independent of by. It follows that the sampling distribution of

R A e R
\/SSE/(n — 2)0? V52 S (i — 7)

is Student’s ¢ with n — 2 degrees of freedom.

T

Hence a 1 — « confidence interval for 3; is given by

6—2
b1 j: tl_a/g(n — 2) w

=1

which may be rewritten as:
b1 + tl_a/g(n — 2)8.6.(b1)
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7.5.7 Two Sample Problem as Simple Linear Regression

In simple linear regression suppose that the covariate is given by

L foi=12.
b 1 i:n1+1,n1—|—2,...,n1+n2

where n; + no = n. Such a covariate is called a dummy or indicator variable since its
values describe which group the observations belong to.

The simple linear regression model
E(Y;) = Bo + B
becomes

50 i:1,2,...,n1
EY;) = .
() {ﬁo+ﬁl t=ni+Llin+2,.0 0 +n

We now note that

n . n o = —
Doic1 T =M 2y Yi = NY = MYy + nalsy
n 2 . n _ n _ -
i=1 Liy = Na Zi:l €TilYi = Eiznﬁ-l Yi = NaYoy
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where we define

Group 1 Group 2

Y11 =% Y21 = Yny+1
Y12 = Y2 Y22 = Yny+2
Y13 = Y3 Y23 = Yn1+3

Ying = Yny | Y2no = Ynidno

Thus the maximum likelihood equations become

(n1+n2)bo + nobi = MYy + naly,
naby + nobi = nol,,

Subtract the second equation from the first to get
niby = n1y,, and hence by =7,

It follows that
bi =Ysy — iy

67
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Moreover the fitted values are given by

_ bo=7,, i=12...,m
Yi = b0+b1:g2+ i:n1+1,n1+2,...,n1+n2

so that the error sum of squares is given by

ni n1+n2

SSE = i(yi —0)? =2 (Ui~ + D (U —Fay)’

i=1 i=n1+1
Thus the estimate of o? is just the pooled estimate s7.

It follows that a two sample problem is a special case of simple linear regression using a
dummy variable to indicate group membership. The result holds for more than 2 groups i.e.
a k sample problem is just a special case of multiple regression on k — 1 dummy variables
which indicate sample or group measurement. This is called a one-way analysis of variance
and will be discussed in a later section.
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7.5.8 Paired Data

Often we have data in which a response is observed on a collection of individuals at two points
in time or under two different conditions. Since individuals are most likely independent but
observations on the same individual are probably not independent a two sample procedure is
not appropriate. The simplest approach is to take the difference between the two responses,
individual by individual and treat the differences as a one sample problem.

Thus the data are

Subject | Response 1 Response 2 Difference
1 Y11 Y21 di = Yo1 — Y11
2 Y12 Y22 dy = Yoz — Y12
n Yin Yon d, = Yon — Yin

The confidence interval for the true mean difference is then based on d with variance s2/n
exactly as in the case of a one sample problem.
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7.5.9 Two Sample Binomial

Suppose that we have two observations y; and y, which come from two independent binomial
distributions. Omne with n; Bernoulli trials having probability p; and the other with ns
Bernoulli trials having probability p..

The likelihood is given by
n - n 2 ng—
f(y1,y2,p1,2) = Kyi)pzlﬂ(l —p1)™ yl] [( 2)#2/ (1 —p2)™ yQ]

Y2

Thus the log likelihood is given by

" KZZ) CZ)] +yiIn(py) + (1 = 1) In(1 = p1) + y2 In(p2) + (2 = y2) In(1 — ps)

Hence the maximum likelihood equations are

On[f(yryaiprp2)l _ y1 _ ma=yi _
Op1 p1 1-p1
Oln[f(yryoipip2)l 2 m2—ya _

Op2 D2 1—p2

It follows that
bhr=— 5 P2—= —
nq (%)
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The second derivatives of the log likelihood are

O In[f(yr,y2:p1p2)l _ _y1 _ nmi—y
op? - 2 (A-p1)?
O In[f(y1,y2:p1,p2)] _ _y2 _ na—ys
op3 — p3 (1-p2)?
8% In[f(y1,y2;p1,p2)] _ 0
Op10p2 o
0% In[f(yr.y2ip1.p2)] _
Op20p1

The expected values are given by

9? In[f(y1,y2;p1,02)] | __ ni ni — ni
2 { op? } P1 (1=p1) p1(1—p1)
E {32 In[f(yry2sp1p2)] \ _ _my _ _mp . my
op? P2 (1—p2) p2(1—p2)
gl 1H[f(y17y2;p1,p2)]} —0
020l (i 2]
n|Jy(y1,Y2;pP1,p2 _
E{ Op20p1 } =0

It follows that Fisher’s Information matrix is given by

p1 (?im) 0
0 no

p2(1—p2)

71

Thus we may treat p; and ps as if they were normal with mean vector and variance

covariance matrix

[Ih ] |: P1(1;p1) 0 ]
p2(1—p2)
D2 0 2n722
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Estimate and Confidence Interval for p, — p;

The maximum likelihood estimate of g(pi, pa) = p2 — p1 is given by

o ~ ~ Y2 n
9(P2; 1) =P2—pr = — — =—
N9 nq
Since
99(p1,p2) _1
V. = op1 —
g 99(p1,p2) +1
Op2

the approximate variance of py, — p; is given by

[_1 1} [pl(};pl) 0 ][—11 pi1—p1) | pa(l—p2)

= -
0 %;m) 1 ny N2

which we approximate by replacing p; and py by their maximum likelihood estimates.

It follows that an approximate 1 — a confidence interval for ps — p; is given by

PO pi(l —p1) | pa(l =P
(Pz—Pl)izl—a/z\/ 1 1)—1- 2( 2)
nq N9

provided both n; and ny are large.
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Estimate and Confidence Interval for the log odds ratio and the odds ratio

The maximum likelihood estimate of the odds ratio is

P2/(1 — Da)
p1/(1—p1)

while the maximum likelihood estimate of the log odds ratio is

If we define

I —po

9g9(p1,p2) 11 1
e 2[5 - [ )

Opo D2 1-p2 p2(1—p2)

g(pl,p2>=1n<( P2 )—m(( P )=1n<p2>—1n<1—p2>—1n<p1>+1n<1—p1)

we have that

Thus the variance of the approximate distribution of the log odds ratio is

p1(1—p1) 0 __ 1 1 1
|: _ 1 1 ni p1(1*p1) — +
pl=p)  p2(1=p2) 0  l-r) . mpi(L—p1)  napa(1—po)

no p2(1—p2)
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We approximate this by
1 1 1 1 1 1
+

= — + —= = = = = =
mpi(l —p1)  nepa(l — po) mpr (1l —=p1)  ngPa ne(l—pa)

It follows that a 1 — a confidence interval for the log odds ratio is given by

=/(1_5 1 1 I ;
In (M) + zla/Q\/ — + 4+ _
p1/(1—p1) mpr m(l—p1)  nePa no(l—po)

To obtain a confidence interval for the odds ratio simply exponentiate the endpoints of
the confidence interval for the log odds ratio.
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7.5.10 Logistic Regression Formulation of the Two sample Bino-
mial

As in the case of the two sample normal there is a regression type formulation of the two
sample binomial problem. Instead of p; and p, we use the equivalent parameters 3y and 3;

defined by
ln< o ):ﬁo 1n< = )Zﬁo+51
1—]71 1_p2

That is we model the log odds of p; and psy. If we define a covariate z by

then the logistic regression model states that

111( b ) = Bo + Bix;
I —p;

Note that f; is the log odds ratio (sample 2 to sample 1).

STATA and other statistical software packages allow one to specify models of the above
form in an easy fashion. STATA has three methods: logistic (used when the responses given
are 0/1), blogit (used when the data are grouped as above) and glm (which handles both
and other models as well).
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Chapter 8

Hypothesis and Significance Testing

The statistical inference called hypothesis or significance testing provides an answer to
the following problem:

Given data and a probability model can we conclude that a parameter 6 has
value 6,7

e 0y is a specified value of the parameter 6 of particular interest and is called a null
hypothesis.

e In the Neyman Pearson formulation of the hypothesis testing problem the choice is
between the null hypothesis Hy : 6 = 6y and an alternative hypothesis H; : 8 = 6.
Neyman and Pearson stressed that their approach was based on inductive behavior.

e In the significance testing formulation due mainly to Fisher an alternative hypothe-
sis is not explicitly stated. Fisher stressed that his was an approach to inductive
reasoning.

e In current practice the two approaches have been combined, the distinctions stressed
by their developers has all but disappeared, and we are left with a mess of terms and
concepts which seem to have little to do with advancing science.

7
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8.1 Neyman Pearson Approach

8.1.1 Basic Concepts

A formal approach to the hypothesis testing problem is based on a test of the null hy-
pothesis that =60, versus an alternative hypothesis about 0 e.g.

o 0 =0, ( simple alternative hypothesis).
e 0> 0y or 0 <0 (one sided alternative hypotheses)

e 0 +# 0y (two sided alternative hypothesis).

In a problem in which we have a null hypothesis Hy and an alternative H 4 there are two
types of errors that can be made:

e [ is rejected when it is true.

e Hj is not rejected when it is false.
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The two types of errors can be summarized in the following table:

“Truth”
Conclusion Hy True | H, False
Reject Hy Type I error no error
Do not Reject Hy no error Type II Error

Thus

o Type I Error = reject Hy when Hj is true.

e Type II Error = do not reject Hy when Hj is false.

e Obviously we would prefer not to make either type of error.

e However, in the face of data which is subject to uncertainty we may make errors of
either type.

e The Neyman-Pearson theory of hypothesis testing is the conventional approach to
testing hypotheses.
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8.1.2 Summary of Neyman-Pearson Approach

e Given the data and a probability model, choose a region of possible data values called
the critical region.
o If the observed data falls into the critical region reject the null hypothesis.
o The critical region is selected so that it is consistent with departures from Hj in
favor of H 4.

e The critical region is defined by the values of a test statistic chosen so that:

o The probability of obtaining a value of the test statistic in the critical region is
< « if the null hypothesis is true. i.e. the probability of a Type I error (called
the size) of the test is required to be < a.

o « is called the significance level of the test procedure. Typically « is chosen to
be .05 or .01.

o The probability of obtaining a value of the test statistic in the critical region is as
large as possible if the alternative hypothesis is true. (Equivalently the probability
of a Type II error is as small as possible).

o This probability is called the power of the test.
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The Neyman-Pearson theory thus tests Hy vs H 4 so that the probability of a

Type I error is fixed at level a while the power (ability to detect the alternative)
is as large as possible.

Neyman and Pearson justified their approach to the problem from what they called the
“inductive behavior” point of view:

“Without hoping to know whether each separate hypothesis is true or false
we may search for rules to govern our behavior with regard to them, in following
which we insure that, in the long run of experience, we shall not be too often
wrong.”

Thus a test is viewed as a rule of behavior.
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8.1.3 The Neyman Pearson Lemma

In the case of a simple hypothesis Hy vs a simple alternative hypothesis H; the Neyman Pear-
son Lemma establishes that there is a test which fixes the significance level and maximizes
the power.

Neyman Pearson Lemma: Define C' to be a critical region satisfying, for some k& > 0

(1) f1(x) > kfo(x) forall x € C
(2) fi(x) < kfo(x) forall x ¢ C
(3) Rh(Xel)=a

then C'is best critical region of size < « for testing the simple hypothesis Hy : f ~ fy vs
the simple alternative H; : f ~ f.
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e All points x for which
fi(x)

fo(x)

>k

are in the critical region C
e Points for which the ratio is equal to k can be either in C or in C.

e The ratio

fi1(x)
fo(x)

is called the likelihood ratio.

e Points are in the critical region according to how strongly they support the alternative
hypotheis vis a vis the null hypothesis i.e. according to the magnitude of the likelihood
ratio.

o That is, points in the critical region have the most value for discriminating between
the two hypotheses subject to the restriction that their probability under the null
hypothesis be less than or equal to a.
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example: Consider two densities for a random variable X defined by

x Probability Probability | Likelihood
value  Under 6, Under 6, Ratio

1 .50 .01 1/50=.02

2 .30 .04 4/30=.13

3 15 45 45/15=3.0

4 .04 .30 30/4=7.5

5) .01 .20 20/1=20

To test Hy: 0 = 6y vs Hy : 8 = #, with significance level .05 the Neyman Pearson Lemma
says that the best test is
Reject Hy if t =4 orx =5

The size is then
size = Py, (X =4,5) = .04+ .01 = .05

and the power is
power = Py (X =4,5) = .30+ .20 = .50

Note, however, that if = 3 (which occurs 15% of the time under Hy and 45% of the time
under H;) we would not reject Hy even though H; is 3 times better supported than Hy.

Thus the formal theory of hypothesis testing is incompatible with the Law of Likelihood.
If a prior distribution for 6 assigned equal probabilities to 6y and 6; then the posterior
probability of #; would be 3 times that of §;. Thus the formal theory of hypothesis testing
is incompatible with the Bayesian approach also.
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example: Let the Y;s be i.i.d. N (i, 0?) where ¢ is known. For the hypothesis
Ho : p=po vs Hy : po=p1 > po

we have that

‘ -

k<f1()’) _ exp{

fo(y) ) [i(yz- ) = (i — M)Q] }

i=1 i=1

‘w
— g

= exp

{
- on]

5 |=2ngu0 + nud + 2ng — n| }

(MC; o) [gj _ Mo ; Ml} }

DO
SN

It follows that

2log(k
fl(y>>k<:>g> o*log(k) +M1+Mo

fo(y) n(p — o) 2
It follows that {y : § > ki} is the critical region for the most powerful test.

=k
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If we want the critical region to have size o then we choose ki so that
Po(Y > ]{51) =«

1.e.

P, (\/5(57 — fo) - Vn(k — MO)>

o o

Thus
ky = po+ 2 -z
1= Ho l-a NG
The test procedure is thus to reject when the observed value of Y exceeds

k1= po+ z1-a

o
Vn
For this test we have that the power is given by

_ _ o
PY>k) = P1<YZM0+Z1—(1\/E>

- P (ﬁ(Y— f1) > _\/ﬁ(ﬂl — Jio) + 21_a>

g o

B PR ETE

o
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If the alternative hypothesis was that = p; < po the test would be to reject if

o

o< oz
Y= Ho— 21 \/ﬁ

and the power of this test would be given by

P (Z < VYl =) —zl_a>

o
There are several important features of the power of this test:

e As the difference between p; and pg increases the power increases.
e As n increases the power increases.

e As 0?2 decreases the power increases.
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8.1.4 Sample Size and Power

application:
In a study on the effects of chronic exposure to lead, a group of 34 children living near a
lead smelter in El Paso, Texas were found to have elevated blood lead levels.

e A variety of tests were performed to measure neurological and psychological function.

e For I1QQ measurements the following data were recorded:
sample mean = ¢ = 96.44 and standard error = 2.36

where y is the response variable and is the IQ of a subject.

e Assuming the data are normally distributed (IQs often are), the 95% confidence interval
for p, defined as the population mean IQ for children with elevated blood lead values,
is given by

96.44 £+ (2.035)(2.36) or 91.6 to 101.2

where 2.035 is the .975 Student’s ¢ value with 33 degrees of freedom.

e Thus values of y between 91.6 and 101.3 are consistent with the data at a 95% confi-
dence level.
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Assuming a population average I1Q of 100 we see that these exposed children appear to
have reduced 1Qs. This example, when viewed in a slightly different way, has implications
for public health policy.

e A difference of say, 5 points in 1Q, is probably not that important for an individual.

e However, if the average IQQ of a population is reduced by 5 points the proportion of
individuals classified as retarded (IQ below 60) can be significantly increased.

To see this, suppose that 1Qs are normally distibuted with mean 100 and standard
deviation 20.

e In this situation the proportion of individuals having 1Q below 60 is

60 — 100

P(IQ < 60) = p(z <=

) — P(Z < —2) = .0228

or about 2 per hundred.

e [f the average 1Q is reduced by 5 points to 95 the proportion having IQ below 60 is

given by
60 — 95

P(IQ < 60) = P (Z < ) — P(Z < —1.75) = .0401

which is nearly double the previous proportion.
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Given this result we may ask the question: How large a study should be performed to
detect a difference of A =5 points in 1Q?

From the general equations given previously we would reject Hy : A = 0 when
_ o
Y < fo— Z1-a 7n

and the power of the test is

g

P (Z < Vilto = ) —z1a>

For the power to exceed 1 — (3 where 3 is the Type II error probability we must have

P (Z < Vil = m)

g

_Zla> 21_5

It follows that
Vn(po — )

— 21 = 21—
o B

or

(21—a + 21-p)0
>
Vi > A
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Thus the sample size must satisfy

n (21704 + Zlfg)202
= A2

For the example with 1Q’s we have that
A=5 21,=1645 z1_3=.84 0 =20
for a test with size .05 and power .80. Thus we need a sample size of at least

o (1645 + 84)° x 20°

> 5 = 98.8

i.e. we need a sample size of at least 99 to detect a difference of 5 IQ points.
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Note that the formula for sample size can be “turned around” to determine what value
of u could be detected for a given sample size and values of g, 3, o and « as follows:

Zl—a + 21—
A==l = o (F220222)

NG

e Thus in the example we have

1.645 + .84
| — 100] = 20 <+> — 8.52

V34

so that we can detect values of p < 91.5 with a sample size of 34, 0 = 20, o = .05 and
power .80.

e This kind of analysis is called power analysis in the social science literature.

e Power and sample size determination can be done for any test procedure although the
formulas frequently become quite complicated.

e The quantity
1 — po
o
is called the effect size and is usually denoted by ES.

Reference: Landigran et al Neuropsychological Dysfunction in Children with Chronic Low-
Level Lead Absorption (1975). Lancet; March 29; 708-715.
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8.2 Generalized Likelihood Ratio Tests

In the typical situation where the alternative and/or the null hypothesis is composite the
Neyman Pearson Lemma is not applicable but can still be used to motivate development of
test statistics.

Consider the problem of testing the null hypothesis that 0 is in @, versus the alternative
that @ is not in ®,. We assume that the full parameter space is ©® and that this set is a
subset of R™.

The test statistic is given by

maxgeo, f(y;0)
maxgco f(y;0)

My) =

and we reject Hy if A(y) is small.

The rationale for the test is clear:

e [f the null hypothesis is true the maximum value of the likelihood in the numerator
wiil be close to the maximum value of the likelihood in the denominator i.e. the test
statistic will be close to one.

e If the null hypothesis is not true then 8 which maximizes the numerator will be different
from the 8 which maximizes the denominator and the ratio will be small.
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Such tests are called generalized likelihood ratio tests and they have some desirable
properties:

e They reduce to the Neyman Pearson Lemma when the null and the alternative are
simple.

e They usually have desirable large sample properties.

e They usually give tests with useful interpretations.
The procedure for developing generalized likelihood ratio tests is simple:

(1) Find the maximum likelihood estimate of @ under the null hypothesis and calculate
f(y;0) at this value of .

(2) Find the maximum likelihood estimate of @ under the full parameter space and calcu-
late f(y;@) at this value of 6.

(3) Form the ratio and simplify to a statistic whose sampling distribution can be found
either exactly or approximately.

(4) Determine critical values for this statistic, compute the observed value and thus test
the hypothesis.
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example: Let the Y;s be i.i.d. N (i, 0?) where ¢? is unknown. For the hypothesis

Ho : p=po vs Hi @ p# po
we have that

Q= {(1,0%) 1 p=p0,0 <0’} ©={(n,0%): —00 < pu < +00,0 < 5%}
The likelihood under the null hypothesis is
n 1 &
fly;0) = (27r02) /2 exp {_M Z(Z/z - MO)Q}
i=1

which is maximized when

and the maximized likelihood is given by

(276%) ™% exp{—n/2}
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Under the full parameter space the likelihood is
n R
Fly:0) = (20 exp {13 2]
i=1

which is maximized when
L=y 5 = ﬁz@i -7)°

The resulting maximized likelihood is given by

(276%) ™% exp{—n/2}

Hence the generalized likelihood ratio test statistic is given by

e A
o2 i1 (Y — po)?
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Since
n n

Z(yi — po) = Z(yz —79)° +n(y — o)’

i=1 =1

the test statistic may be written as

f14 0=

(n—1)s?

Thus we reject Hy when

is large i.e. when the statistic

where t1_,/o comes from the Student’s ¢ distribution with n — 1 degrees of freedom.

This test is called the one sample Student’s ¢ test.
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8.2.1 One Way Analysis of Variance

Consider a situation in which there are p groups and n; observations on a response variable
y in each group. The data thus has the form:

Group 1 | Group 2 Group p
Y11 Y21 Yp1
Y12 Y22 Yp2
y1n1 y2n2 ypnp

Thus y;; is the jth observation in the ith group and define n to be the sum of the n;s.

We assume that the y;; are observed values of random variables, Y;;, assumed to be
independent, normal, with constant variance and

E(Y;))=p; for j=1,2,...,n
This set up is called a one way analysis of variance. The null hypothesis of interest is
Ho:pn=pip == fip

and the alternative hypothesis is not Hy i.e. the null hypothesis is that there are no differences
between the means of the groups while the alternative is that some of the group means are
different.
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Under the full model the likelihood is given by
~1/2 1 2
H H (2ma?) exp {—2(yz~j — 1) }
i=1j=1 20
which reduces to

1 L&
(27T02)—n/2eXp{ 2722 Yij — M }
Hence the log likelihood is given by
" in(2m) - Lin(o?) - 25 33
——In(27) — = In(o
5 5 " o7 2 2 pi)?

The partial derivative with respect to u; is clearly
1 &
) Z(ym — 1)
0?3

The partial derivative with respect to o? is

204 Z S (s — )

i=1j=1
Equating to 0 yields the maximum likelihood estimates to be

1

Hi =Ty CH ZZ Yij — ?/z+ 2

'I’I, i=1j5=1
and hence the maximized likelihood is

(2m6%) 2 exp{—n/2}

99
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Under the null hypothesis the likelihood is
(2 —1/2 L 2
— [T T 2o ™ exp { oy iy —
i=1j=1
which reduces to

(2#02)—71/2 eXp{ 21 ii y,] }

Hence the log likelihood is given by

n
—§ln(27r)—§1n ~ 5 QZZ Yij —

i=1j=1

The partial derivative with respect to u is given by

52 ZZ Yij —

i=1j5=1

The partial derivative with respect to o is

204 Z Z Yij —

=1 7=1

Equating to 0 and solving yields

and hence the maximized likelihood under Hj is

(276°%) /% exp{—n/2}
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The generalized likelihood ratio statistic is thus

~97n/2 n; — -n/2
W o [Zfl Sy = 7)™
1 Egil(yij - §++)2

52
Now we note that
P ng ) P n ) p )
Z Z(yw - y++) = Z Z(?/U - yi+) + Z ni(@H - @++)
i=1j=1 i=1 j=1 i=1
so that the generalized likelihood ratio test statistic may be written as

_ —n/2
{1 L Xlamlye — 7. } /
i1 i (Yis — Uiy )?

so that we reject Hy when
Z€:1 i (Yo — y++>2
1 20 (Ui — Uiy )?

is large or when
b Yy — y++)2/(p —1)
P 2 (Wi — T )/ (n = p)

is large.
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The sampling distribution of this later statistic is F' with p — 1 and n — p degrees of
freedom.

Thus the generalized likelihood ratio test is to reject Hy, all group means equal when the
statistic » S
i (i —Yiy)? /(P — 1)
1 g (Wi — Yir)?/ (0 — p)

exceeds the critical value of the F' distribution with p — 1 and n — p degrees of freedom.

Fobs -

Preliminary exploration of the data should include calculation of the sample means and
a boxplot for each group. These provide rough conclusions about equality of the groups and
a quick check on the equality of variability between groups.
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8.3 Significance Testing and P-Values

Long before the development of the Neyman-Pearson theory significance tests were used to
investigate hypotheses. These tests were developed on the basis of intuition and were used
to determine whether or a not a given hypothesis was consistent with the observed data.
An alternative hypothesis was not explicitly mentioned. Fisher’s thoughts about significance
tests were that they are part of a process of “inductive reasoning” from the data to scientific
conclusions. After Neyman and Pearson the tests developed by their theories began to be
used as significance tests. Thus the two approaches merged and are today considered as
branches of the same theory.

8.3.1 P Values

Definition: The P-value associated with a statistical test is the probability of obtaining
a result as or more extreme than that observed.

e Note that the probability is calculated under the assumption that the null hypothesis
is true.
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8.3.2 Interpretation of P-values

In this sction we discuss the conventional interpretation of P-values. By definition the P-
value gives the chance of observing a result as or more extreme when the null hypothesis is
true under the assumed model.

Thus finding a small P-value in an analysis means either:

e the model is wrong or
e a rare event has occurred or

e the null hypothesis is not true

Given that we assume the model to be true and that it is unlikely that a rare event has
occurred, a small P-value leads to the conclusion that Hj is not true.

By convention, the P-value for a two-sided test is taken to be the twice the one-sided
P-value.
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By convention statisticians have chosen the following guidelines for assessing the magni-
tude of P values:

P value greater than .10, not statistically significant.

P value between .10 and .05, marginally statistically significant (R)

P value between .05 and .01, statistically significant, (*)
e P value between .01 and .001, statistically significant, (**)

e P value less than .001, statistically significant, (***)
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example:
For the data set used in a previous section we had a random sample of 34 children with
elevated blood lead values. For this sample the observed sample mean 1Q was y = 96.44.

e If we assume that that the value of ¢ is known to be 20 consider the hypothesis that
p = po = 100

e The P-value is given by

P(Y <gpbs) = P <\/3_4<3;0_ 100) \/3_4(96-2451 - 100))
= P(Z < zgps = —1.04)
1492

e The P-value is interpreted as “if the null hypothesis were true (1 = 100) we would
expect to see a sample mean 1Q as small as observed (96.44) 15% of the time”, not a
particularly rare event.

e This leads to the conclusion that u = 100 is consistent with the observed data.
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example: For the same data set as in the previous example the observed sample mean 1Q

was ¢y = 96.44 and the sample standard error was 2.36.

e To test the hypothesis that y = py = 100 vs the alternative that p < 100, we calculate
the t,;s statistic as follows:

§—po  96.44—100

tobs = ——— = —1.51
o 2.36
e Since this value is not less than the critical value of t g5 = —1.70 with 30 degrees of

freedom, we would not reject the hypothesis that © = 100.

e The P-value is given by
P(T <tgps)=P(T < —1.51)

which is between .05 and .10
e The p-value is interpreted as “if the null hypothesis (u = 100) were true we would

expect to see a sample mean IQ as small as observed (96.44) between 5% and 10% of
the time”, not a particularly rare event.

e This leads to the conclusion that p = 100 is consistent with the observed data. Note,
however, that the P-value is marginally significant.
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8.3.3 Two Sample Tests
Suppose we are given two random samples

T1,29, ..., Tp, and Y1,Y2, ..., Yn,

with the x sample coming from a N(u1,0?) population and the y sample coming from a
N (s, 0?) population. Of interest is the null hypothesis that p; = ps.

e The test statistic in this case is

&I

g_
tobs =

Je2 (L 4 1
SP ni n2>

2 (ny —1)s7 + (ng — 1)s3

p n1+n2—2

+

where

is the pooled estimate of o2. We reject in this case if

— tops > t1_q if the alternative is po > g
— tops < —t1_, if the alternative is g < g
— |tobs| > ti—qa/2 if the alternative is po # 1

e The P-values for each of the one sided hypotheses is given by
P-value = P(T > |tos])

and is twice the above P-value for the two sided hypothesis.



8.3. SIGNIFICANCE TESTING AND P-VALUES 109

example:

The following data set gives the birth weights in kilograms of 15 children born to non-smoking
mothers and 14 children born to mothers who are heavy smokers. The source of the data
is Kirkwood, B.R. (1988) Essentials of Medical Statistics Blackwell Scientific Publications
page 44, Table 7.1

Of interest is whether the birthweights of children whose mothers are smokers are less
than the birthweights of non-smoking mothers.

Non-Smoker | Smoker
3.99 3.52
3.79 3.75
3.60 2.76
3.73 3.63
3.21 3.23
3.60 3.59
4.08 3.60
3.61 2.38
3.83 2.34
3.31 2.84
4.13 3.18
3.26 2.90
3.54 3.27
3.51 3.85
2.71
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e For these data we find that

— mean for non-smoking mothers = 3.593, sample variance = 0.1375

— mean for smoking mothers = 3.203, sample variance = 0.2427
e The pooled estimate of o2 is thus

, (14 x .1375) + (13 x .2427)
_ — 1882
% 15+ 14 — 2 88

e The Student’s t statistic is given by
3.203 — 3.593

bs = = 242
\/.1882(5 + L)

e From the table of the Student’s ¢ distribution with 27 degrees of freedom we find that
the P-value (one-sided) is .011 so that we reject the hypothesis of equal birthweights
for smoking and non-smoking mothers and conclude that smoking mothers give birth
to children with lower birthweights.

e The 95% confidence interval for the difference in birth weights is given by

11
(3.203 — 3.593) + 2.05\/.1882( +

— — 390 & .
Ty or 390330

— Thus birthweight differences between —.72 and —.06 kilograms are consistent with
the observed data.

— Whether or not such differences are of clinical importance is a matter for deter-
mination by clinicians.
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8.4 Relationship Between Tests and Confidence Inter-
vals

There is a close connection between confidence intervals and two-sided tests:

If a 100(1 — @)% confidence interval is constructed and a hypothesized parameter
value is not in the interval, we reject that value of the parameter at significance
level a using a two-sided test

e Thus values of a parameter in a confidence interval are consistent with the data in the
sense that they would not be rejected if used as a value for the null hypothesis.

e Equivalently, values of the parameter not in the confidence interval are inconsistent
with the data since they would be rejected if used as a value for the null hypothesis.
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8.5 General Case

If the estimate of a parameter 6, é, has a sampling distribution which is approximately

normal, centered at 6 with estimated standard error s.e.(d) then an approximate test of
Hy : 6 = 6, may be made using the results for the normal distribution.

e (Calculate the test statistic )
0 — 0y
Zobs — T A

s.e.(0)
and treat it exactly as for the normal distribution.
e In particular, if the ratio of the estimate to its estimated standard error

is larger than 2, then the hypothesis that the parameter value is zero is
inconsistent with the data.

e This fact allows one to assess the significance of results in a variety of complicated
statistical models.
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8.5.1 One Sample Binomial
The observed data consists of the number of successes, x, in n trials, resulting from a binomial
distribution with parameter p representing the probability of success.

The null hypothesis is that p = py with alternative hypothesis p > pgy or p < pg or p # po.
It is intuitively clear that:

o [f the alternative is that p > py, large values of x suggest that the alternative hypothesis
is true.

e [fthe alternative is that p < pg, small values of x suggest that the alternative hypothesis
is true.

e [f the alternative is that p # pg, both large and small values of x suggest that the
alternative hypothesis is true.
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The principal difference between testing hypothesis for discrete distributions, such as the
binomial, is

e the significance level can not be made exactly equal to « as it can be for the normal
distribution.

e We thus choose the critical region so that the probability of a Type I error is as close
to « as possible without exceeding «.

If the sample size, n, in the binomial is large we use the fact that p is approximately
normal to calculate a z,, statistic as

P — Po

po(1=po)
n

Zobs =

and use the results for the normal distribution.



8.5. GENERAL CASE 115

example:

It is known that the success probability for a standard surgical procedure is .6. A pilot study
of a new surgical procedure results in 10 successes out of 12 patients. Is there evidence that
the new procedure is an improvement over the standard procedure?

We find the P-value using STATA to be .083 indicating that there is not enough evidence
that the new procedure is superior to the standard.

If we calculate the approximate confidence interval for p we find that the upper confidence
limit is given by
.8333 x .1667

8333 4+ 1.96| ———— = 1.044
i 12

while the lower confidence limit is given by

. 1
8333 — 1.96 833312667 — 6224

or [.62,1.0).
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Since the sample size is too small for the large sample result to be valid we calculate the
exact upper and lower confidence using STATA. We find that the exact confidence interval

1s .515 to .979.

Conclusion: There is insufficient evidence to conclude that the new treatment is superior
to the standard, but, because the study is small there was little power to detect alternatives

of importance.
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8.6 Comments on Hypothesis Testing and Significance
Testing

8.6.1 Stopping Rules

example: A scientist presents the results of 6 Bernoilli trials as (0,0,0,0,0,1) and wishes
to test

1 1
HO:p:§ Vs H1:p2§

Under the assumed model the MP test rejects when }°,Y; = 0 and has a = (%)6 < .05
Thus with the observed data we do not reject Hy since }; Y; = 1.

Suppose, howver, that he informs you that he ran trials until he obtained the first success.
Now we note that
P(first success on trial r) = (1 — p)" " 'p

and to test Hy : p=pg vs H; : p = p; < po the likelihood ratio is

(1 _pl)r_lpl _ D (1 —p1>r_1

(I—po)"~'po Do

which is large when 7 is large since 1 —p; > 1 — pg if p; < po

Now note that

PR>r) = S(1—pp

y=r

= P )
1

= (1-p"
Thus if p = % we have that
1 5
P(R > 6) = <2) < .05

and we reject Hy since the first success occured on trial number 6.
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Note however that the likelihood ratio for the first test is

2\% (1
(5) (5) _20 g
D
2
while the likelihood ratio for the second test is
5
1) (2
() (3) _ 20 g
D
2
Note that the two likelihood ratios are exactly the same. However, the two tests resulted in

opposite conclusions. The fact that the LR provides evidence in favor of H; with strength
2.81 does not appear in the Neyman Pearson approach.

Thus stopping rules make a difference in the classical theory but not in using the Law of
Likelihood.
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8.6.2 Tests and Evidence

example: Does rejection of Hy imply evidence against Hy? No!.

To see this let Y; be i.i.d. N(6,1) and let
Hy: 8=0vs H; : =6, >0
The MP test of size « is to reject if \/nY > 1.645. The likelihood ratio is given by
exp {—% i1 (Yi — 91)2}
exp {—1 5, o7

so that the likelihood ratio is
{ -5 }
exp { b (y — )

at the critical value i.e. § = &\/%5 the likelihood ratio is

cofo (2522

2
= exp {—i—nle — H%}

2

119
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Suppose now that the power is large i.e. .99. Then we have

99 = Py (v/nY >1.645)
= Pp,(vVn(Y —01) > 1.645 — /nb))

so that 1.645 — /nf; = —2.33 i.e. \/nf; = 3.97 Thus if 6; = 3'—\/957 the likelihood ratio at the

critical value of YV is

3.972

exp {3.97(1.645) - } =exp {—1.37} = .254

Thus the MP test says to reject whenever the likelihood ratio exceeds .254. However the
likelihood is higher under Hy than under H; by a factor of

(.254)71 =3.9



8.6. COMMENTS ON HYPOTHESIS TESTING AND SIGNIFICANCE TESTING 121
8.6.3 Changing Criteria

example: If instead of minimizing the probability of a Type II error (maximizing the power)
for a fixed probability of a Type I error we choose to minimize a linear combination of o and
[ we get an entirely different critical region.

Note that
a4+ A3 = E[6(Y)]+ X {1—-E[6Y)]}
— /Cfo(y)dy+ A— /\/Cfl(Y)dy
= A+ [ [foly) = Mi(y)ldy

which is minimized when

C = {x: foly) = Mi(y) <0}
. f1(y)
{y ‘ fo(y) g /\}

Thus the test statistic which minimizes oo + A\ is given by

ary B
d(y) = ¢ arbitrary ]%g‘;'; =\
0 LL23F N

fo(y)

Notice that this test is essentially the Law of Likelihood.
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8.7 Multinomial Problems and Chi-Square Tests

Recall that Y;,Y5,...,Y,_1 has a multinomial distribution with parameters 6,60, ...,60,_1
if its density function is of the form

fy;0) =nl]] =
zzlyi'
where
yi:O,l,Q,...’n;2':1’2,_“’]{;—1 S YR =N — Y1 — Yo — - — Yk_1
O§01§17Z21,2,,]€—1 > 0]621—91—62——(9]6,1

The log likelihood is thus

k

In[f(y;0)] = In(n!) — > In(y:!) + > i In(6;)

i=1 i=1

The partial derivative with respect to 6; is thus

OWlf(y:0) _u m

00, 0; 0
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Equating to 0 yields

Yi Yk ~ ~
9]' ek YiYk YU
Summing from j =1 to j = k — 1 yields
0, ) ) Yk
(n —ye)0r = yu(1 — i) or b = o
and hence ~
. 0 .
;=Y Uy k-1
Yk n

The second partial derivatives are given by

O mlf(y:0)] ;i wk

0P 06

0P lf(y:0)]
06,00, 02

and it follows that Fisher’s Information matrix is given by

I 2 W AT
10) = {i(6)},, { : 1

Or

123
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If we define
D(0) = diag (61,0, ..,0r1)

then we may write Fisher’s information matrix as

1(0) = n {[D(O)]_l + elkllT}

Letting
OT = (917 627 s )Qk—l)

it is easy to verify that the inverse of Fisher’s information matrix, the approximate variance
covariance matrix of 6, is given by

or
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We now note the following result about the multivariate normal distribution: If Y is
MVN (g, V) in p dimensions then the distribution of

(Y - )" VY — p)
is chi-square with p degrees of freedom.
To prove this we note that there is a matrix P such that
P'P=PP" =1 and PVP" =D
where D is a diagonal matrix with positve diagonal elements. Define
W =P —p)

. Then the distribution of W is multivariate normal with mean 0 and variance covariance

matrix
var (W) = var [P(Y — p)] == Pvar (Y — u) PT = PVP? =D

It follows that the W; are independent N (0, d;) and hence

z VVi2 — WTD—IW

=1

is chi square with p degrees of freedom. But
WD™'W = [P(Y - p)]"D'[P(Y — p)]
= (Y- p)'PDT'PY(Y — p)
= Y-w'V (Y —-p)
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example: In a multinomial problem consider testing
Hy: 6=0, vs [H,: 0 # 0,
Since, under Hy, 6 is approximately MVN (69, V(8)) we have that
(6 —60)"[V(80)]7'(6 — 6y)

is approximately chi-square with & — 1 degrees of freedom.

Now note that
1

(8- 00)T[V(60)] (@ —0,) = n(a—GO)T{[D(Oo)]_l—ekollT}(@—@o)

= (60— 6,)"[D(6,)] (8 — 00)(8 — 6y)
(6 — 69))?

—1 (0; — 0y)? O, — O10)?
n (z 20) +n(k’ ko)
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Note that this expression is

(observed — expected)?

k

i expected

~

If the null hypothesis is not completely specified with, say s unspecified parameters, then
we simply estimate the unknown parameters by maximum likelihood, use these estimates to
obtain estimated expected values and form the statistic

(observed — expected)?

k

7 expected

~

and treat it as chi-square with k — s — 1 degrees of freedom. A myriad of tests are of this
form (including tests of association and goodness of fit tests). They dominated statistics for
the first half of the last century. many have been repalced by likelihood ratio tests to be
discussed in the next section.
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8.7.1 Chi Square Test of Independence

Suppose that we have a random sample of n individuals who are classified according to two
categories R (rows) having r values (levels) and C' having ¢ values (levels). We observe n;;
individuals who are classified into the cell corresponding to row ¢ and column j. Thus the

observed data are of the form:

Column Category
1 2 c Total
L niyp ni Nic N1+
Row 2| nar Mo Nac No
Category | : | :
r N1 Nr2 Npe Ny
Total Ny1 Ny Nyc | Nay =N
The probabilities are given by
Column Category
1 2 c¢ | Total
L pun pio Pic | Pi1+
Row 2| pa pa P2c | Moy
Category | : | : : : :
T | Pr1 Dr2 Dre Dr+
Total Pr1 P+2 P+ec 1
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Thus p;; is the probability that an individual is classified into row ¢ and column j.
By the results on the multinomial these probabilities are estimated by

~ ]

bij = #

If the classification into rows and columns is independent we have

Pij = Pi+DP+j
Thus, under independence, the multinomial model is
ST Pir P
f(n;p) :”!H H [JFJF?]
i=1j=1  Tg:
It follows that the log likelihood is
In(n!) = > In(ngy!) + > ni In(piy) + D nyyIn(pyy)
i=1j=1 i=1 j=1

Remembering that

r—1 c—1
Pry =1=Y piy and p. =) py;
i=1 j=1
we see that the partial derivative with respect to p;y is
Mgy Ny
DPi+ DPr+
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Equating to 0 and solving yields

~ Ny
Di+ =
n
Similarly
~ Ny
Pyj =
n

Thus the estimated expected values under the hypothesis of independence are given by

N4 15
n

Nij = NPirPrj =
It follows that the chi square statistic is given by

v (p — Mines)?
>
Ny N

i=1j=1 n

with
(re=1)—[(r—=1)+(c—1D]=rc—r—c+1=(r—1)(c—1)

degrees of freedom.
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8.7.2 Chi Square Goodness of Fit

Suppose that we have vy, 1o, ..., y, which are realized values of Y7, Y5, ..., Y, assumed to be
independent each having the density function f(y; @) where the values of y are assumed to
lie in an interval I. Usually I is (0, 00) or (—o0, +00).

Divide I into k sub-intervals Iy, I, ..., I} defined by

]1:{y : ?JSCI}
L={y :aa<y<ec}
[3:{3/ : 02<y§03}

Lioin={y : a2 <y <cpa}
In={y : y>cp1}

where the ¢; are cut points and satisfy

1 < Cop <+ < Cpq
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Now define random variables Z;; as follows:

E 0 otherwise

and let Z; = 31", Z;;. Note that Z; is the number of ¥;s that have values in ;. It follows
that the Z; are multinomial with probabilities given by

_ B ij f(y;0)dy if Y is continuous
pi(0) = P(Y € ;) = { >, f(y;8) ifY is discrete

We estimate 8 by maximum likelihood and then the estimated expected number in /; is
given by R
npj(0) j=1,2,....k

and the chi square statistic is given by

3= 12 =m0, 0)F

=1 np;(0)

with £ — 1 — s degrees of freedom, where s is the number of estimated parameters.

This test is known as the chi-square goodness of fit test and it can be used for testing
the fit of any density function. It is a portmanteau test and has been replaced in the last
decade by graphical tests and specialized tests (e.g. the Shapiro-Wilk test for normality).



8.8. PP-PLOTS AND QQ-PLOTS 133
8.8 PP-plots and QQ-plots

To assess whether a given distribution is consistent with an observed sample or whether two
samples can be assumed to have the same distribution therearea variety of graphical methods
available. The two most important are the plots known as Q-Q plots and P-P plots. Both
are based on the empirical distribution function defined in the section on exploratory data
analysis.

Suppose that we have data vy, s, ..., ¥y, assumed to be independent with the same dis-

tribution F', where
Fly) =P <y)

Recall that the sample distribution function or empirical distribution function is
a plot of the proportion of values in the data set less than or equal to y versus y. More
precisely, let
1 ity <y
wiy) = { 0 otherwise

Then the empirical distribution function at y is
n
zi(y)

1
ni4

Fo(y) =

Note that the z;(y) are realized values of random variables which are Bernouilli with
probability
p=E[Zy)]=PY:<y)=F(y)

so that the empirical distribution function at y is an unbiased estimator of the true distri-
bution function i.e.



134 CHAPTER 8. HYPOTHESIS AND SIGNIFICANCE TESTING

Moreover

var [F,(y)] = pl—p Flyl - Fy)

so that F),(y) is a consistent estimator of F'(y). It can also be shown that it is the maximum
likelihood estimator of F(y). (If some of the values of Y are censored i.e. we can only
observe that Y; < ¢; then a modification of F,,(y) is called the Kaplan-Meier estimate of the
disribution and forms the basis of survival analysis.)

It follows that a plot of F,(y) vs F(y) should be a straight line thorough the origin with
slope equal to one. Such a plot is called a probability plot or PP-plot since both axes are
probabilities.

It also follows that a plot of F;(p), the sample quantiles vs F~!(p) the quantiles of F
should be a straight line through the origin with slope equal to one. Such a plot is called a
quantile-quantile or QQ-plot.

Of the two plots QQ-plots are the most widely used. These plots can be conveniently
made using current software but usually involve too much computation to be done by hand.
They represent a very valuable technique for comparing observed data sets to theoretical
models. STATA and other packages have a variety of programs based on the above simple
ideas.
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8.9 Generalized Likelihood Ratio Tests

The generalized likelihood ratio tests which reject when A(y is small have some useful proper-
ties which are fundamental in the analyses used in regression, logistic regression and Poisson
regression.

Suppose we have data yi, s, ..., y, realized values of Y7, Y5,...,Y, which have joint pdf

f(y; 0)

The generalized likelihood ratio test of
HQ: 06@0 VS Hli 0%@0

rejects if
A __ MaXypcg, f<Y7 6)
( =
maxgeo f(y;0)
is too small (small being determined by the requirement that the probability of a Type I
error is less than or equal to the desired significance level).

In particular it can be shown that
—2log(LR) % 2(df)

where

df = dimension(©) — dimension(6y)

That is, we can determine P-values for the hypothesis that # € ©g using the chi-square
distribution.
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In a broad class of models, called generalized linear models, the parameter space 6 is
specified by linear predictor for the ith observation, n; defined by

n= [+ Zﬂfijﬁj

=1

where the x;; are known and 8y, 31, ..., 3, are unknown parameters to be estimated from the
data. The s are called regression coefficients and the xs are called covariates. We note that
if a particular g is 0 then the corresponding covariate is not needed in the linear predictor.

The linear predictor is related to the expected value u; of the ith response variable by a
link function ¢ defined so that

g(ui) = n; = Bo + Z 7i; 03,
j=1

Thus examining the s allows us to determine which of the covariates explain the observed
values of the response variable and which do not.
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8.9.1 Regression Models

Suppose that the Y;s are independent and normally distributed with the same variance o2,
assumed known and that

p
E(Y;) = pi =Y xi;f; = M,
=0

i.e. the linear predictor is exactly equal to the expected response. The covariate correspond-
ing to y has each component equal to 1 and is called the intercept term. It is almost always
included in any linear predictor.

The likelihood is given by
T 1 &
Flyi.0%) = (2m0?) *exp {53 002

From earlier work the estimates are given by
B=b=(X"X)"'X"y

where

bo Go
b ||
; :

p By
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and
52 = LS (= S by)? = LssE
iz ’ =0 o n
If we write ,
Yi = injbj
=0
then

SSE = (v — 4:)*
i=1
The likelihood evaluated at b and &2 is

(2702) 2 exp{—n/2} = (2r[SSE/n])"* exp{—n/2}
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Suppose now that we are interested in the hypothesis that ¢ of the regression coefficients
are 0 i.e. that their corresponding covariates are not needed in the model. Without loss of
generality we may write the full model as

E(Y)=XB=X,8,+Xy8, = My

where Xy contains all of the covariates of interest. Under the condition that 3, is 0 the
model is

pP—q
E(Y:) =>_wyBj = M
=0
The likelihood under this conditional model is

3 B10%) = (2r®) s o S0 - 01

The estimates are given by

where R
bOc @\Oc
S B I
bp_quc Bpfq,c
and
1 n p—q 1
ni4 =0 n

The likelihood evaluated at b, and &2 is given by

C

(2702) "% exp{—n/2} = (2x[SSCE /n])~"? exp{—n/2}
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It follows that the likelihood ratio statistic is

_ (2n[SSCE/n]) "2 exp{-n/2} _ [ SSE 1"/2
M) = oSS ) exp{—n/2} [SSCE]

If we denote the estimates from this model as b, and the estimates from the full model
as by then the two sets of fitted values are

7i(f) = Xby and 7;(c) = Xb,

It can be shown that .
SSCE = SSE + > _[4i(c) — ui(N)
i=1
so that the likelihood ratio is

%+ngggmm?nn
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Thus we reject the hypothesis that the covariates defined by X, are not needed in the
model if the ratio
i [gi(e) — ()]
SSE

is large. It can be shown that
CisaBi(e) = 5i(f))*/q
SSE/[(n — (p+1)]
has an F' disribution with ¢ and n—(p+1) degrees of freedom. Thus we calculate the observed
value of the F' statistic and the P-value using the F’ distribution with ¢ and n— (p+1) degrees
of freedom.

Note that the maximum likelihood equations for the regression model may be rewritten

as
X”(y — Xb) =0

or as
n

Z(yl _g//\z)xl_j =0 fOI‘j:O,l,Z,...,p

i=1
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8.9.2 Logistic Regression Models

Let Y7,Y5, ..., Y, be independent binomial with parameters n; and p;. Then the joint density
is given by

sviw) = T ()= =TT (1) (£2) 0= mre

i=1 L —pi

Logistic regression models model the log odds using a linear model i.e.

In (1 pzp ) 60+Zﬁszj = M,

)

Then we have that

(&
; 1—pi=

1+ eMi
Then the likelhood of 3 is given by

pi = 1+ oM

)= T (%) + o

i=1
and hence the log likelhood is given by
Inflik(8;y)] Z( )—FZMyz n; In(1 + M)
=1 =1

It follows that the derivative with respect to §; is given by

0 nllik(B;y)] eMi "
— a2 Yiliz — N30y = Yi — TiDi )L
7, = L =

for j =0,1,2,...,p where zo; = 1.
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It follows that the maximum likelihood equations are given by

n n

> (i = nibi)zig Y _(yi — Gi)wyy =0
i=1 i=1
for j =0,1,2,...,p where xy; = 1. Note that these equations are of the same general form

as the equations for the linear regression model except that the y; terms are now non-linear
and hence the equations must be solved iteratively.

Since
o _ May  Phay M 1
= T I = : ~ |z, = pi(l —pi)zy
0F,  (T+e) (Tt [T+ ey [(1+ethy) " f

we see that the Fisher information matrix is given by

I(B) = {i(B Z 2iipi(1 — pi)

which we can write in matrix terms as
I(3) = -XTWX

where W is a diagonal matrix with ith diagonal element equal to p;(1 — p;).
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Since this matrix is negative definite we have a maximum when we solve the equations

> (i —nipi)ziy =Y (yi — Ui)wyg =0

=1 =1

for 3. These equations are non linear and must be solved by iteration. Contrast this with
equations for regression models where the equations are linear and can be solved exactly.

The approximate covariance matrix of B is thus
XWX
where W is obatianed by replacing p; by p; defined by
pi = pz(B)
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8.9.3 Log Linear Models

Consider a classification of n individuals into k categories. If p; is the probability that an
individual is classified into category ¢ then the probability of the observed data is

P<}/1 :th2 :y27“'7Yn:yn)
where y; is the number (count) of individuals in category i. This probability is given by

|
n. Y1 Yo

Yk
729 p .. .p
Yi'lya! - yi! b g

where y1 +yo+---+yr=nand p; +po+--- +pr = L.

This probability model is called the multinomial distribution with parameters n and
P1, P2, ..., Pe- The binomial is a special case when £k = 2,p; = p,po = 1 — p,y1 = y and
1Yo = n —y. We may write the multinomial distribution compactly as

where [[¥_, stands for the product of the terms from i = 1 to k. The type of model
described by the multinomial model is called multinomial sampling. It can be shown that
the expected value of Y; is np;.
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Log linear models specify \; = np; as log(A;) = M; where M; is a linear combination of
covariates. We may rewrite the multinomial distribution in terms of the A; as follows

! k Vi ! k
n! 1 (npi)* _ n! ‘ e

: = Tk ; %
bl iV 1N | I T Bt B 1 (R L T i

Thus the likelihood of the model M is

(M y) = ] fexp(ud)] = {n'} {exp @ yM>}

% %
n™ [Timy vil i n" [T vi!

Using maximum likelihood to estimate the parameters in M requires maximization of
the second term in the above expression since the first term does not depend on M. The
resulting equations are non linear and must be solved by an iterative process.
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If we now consider k£ independent Poisson random variables Y7, Y5, ..., Y} then

k
PYi=uy,Ys=uo,.... Vi = uyr) = [[ N exp(—X;) /yi!

i=1
and we have a Poisson sampling setup. Recall that E(Y;) = A; for the Poisson distribution.
If we use a log linear model for \;, that is we model

log(A,) = log (E(Y;)) = M,

where M; is a linear combination of covariates then the likelihood for Poisson sampling is

given by
HeXp yiM;) exp(—\;) = {e}{p@w} {eXp (iyl\d)}

lik(M;y)
Hf VYl H§:1 Yi!

Maximum likelihood applied to this model chooses estimates of the parameters to maximize
the second term in the above expression since the first term does not involve the parameters
of the model provided that Zle Ai = 1.
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Conclusion:

If we use the Poisson sampling model and maximize the likelihood under the condition that
>¥ . A\ = n we will obtain the same estimates, standard errors, etc. as if we had used the
multinomial sampling model. The technical reason for this equivalence is that estimates
and standard errors depend only on the expected value of the derivatives of the log of the
likelihood function with respect to the parameters. Since these expected values are the same
for the two likelihoods the assertion follows.

It follows that any program which maximizes Poisson likelihoods can be used for multi-
nomial problems. This fact was recognized in the early 1960’s but was not of much use until
appropriate software was developed in the 1970’s and 1980’s.

The same results hold when we have product multinomial sampling i.e. when

group 1 is multinomial (ny, p11, P12, - - -, D1k)

group 2 is multinomial (ng, pa1, pag, - - - , Dok)

etc. provided the log linear model using Poisson sampling fixes the group totals i.e. Zg‘f’:l Aj =
ny, Z§:1 Agj = ng, etc. In fitting these models a group term treated as a factor must be in-
cluded in the model.
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Summary: Any cross-classified data set involving counts may be modelled by log linear
models and the Poisson distribution using a log link, provided that any restrictions implied
by the experimental setup are included as terms in the fitting process. This implies that any
logistic regression problem can be considered as a log linear model provided we include in
the fitting process a term for (success, failure), (exposed, non-exposed), etc.

The resulting equations can be shown to be of the form

n

Z(yz — :Z/\Z).T” fOI' j = O, 1,2, .o, pP
i=1

where the fitted values, as in logistic regression are non linear functions of the estimated
regression coefficients so that the equations are non linear and must be solved by iteration.



