Appendix A
Matrix Algebra

Al Introduction

This appendix gives (i) a summary of basic defimitions and results in
matriy algebre with comments and () details of those results and proofs
which are used in this book but normally not treated in undergraduate
Mathematics coorses, 1t is designed as a convenient source of reference ta
be used in the rest of the book. A geometrical interpretation of some of
the results is also piven. If the reader is unfamiliar with any of the results
not proved here he should consult a text such as Graybill (1909, espe-
cially pp. 4-52, 163-196, and 222-233) or Rao (1973 pp. 1-78) For the
computational aspects of matrix operations see for example Wilkinsen
{1965].

Definition A matrix A s a rectangidar arrav of nurmbers, If A has norows
and p eolunng we say it is of order n = p. For example, n observanons on 2
random vanables dare arranged n this way,

Notation 1 We write matrix A of order no#p as

Gy dyp "7 Ay
Bz dz " G,

A= ) E “_"_u.ﬂ”u_. (A1)
| Srp Bz vt g |

where a; is the elemsnr in row | and column § of the matrix A,
i=1,...,n:j=1.._..p Sometimes, we write (A); for a,.
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We may write the matrix A as A(n=p} to emphasize the row and
column order. In general, matrices are represented by boldface upper
case letters throughout this book, e.g. A, B, X, Y. Z. Their elements are
represented by small letters with subseripts.

Deefinition The transpose of a matrix A is formed by interchanging the
rows and columns:

g Eap v
. Tz 70 g
a-l - : :
Ry Az, o Bz
Definition A wmanic with column-order one is called @ column vector.
Thus
a
s
ﬂ"
iy

iy a column vector with n componenis.

In general, boldface lower case letlers represent eolumn vectors. Row
veerors are written as column yeetons E:..,ﬁncwnn_.. ie.

' ={u,...,4,).
Notation 2 We write the columns of the matrix A as n, 8o, ., 8,

and the rows (if written as column vectorsh as a,, a,,. .. a4, so that
e
L
LP_ ”ﬁﬂ._.u.:.ﬂ_“u.“._ ERCEE | n_”_._”_u." ” ] _”}.”_._,Mv
|
where
iy Oy
/= s a=
i, i,
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Definition A mamix written in terms of s sub-matrices 5 called a
partiticned matrix.
MNotation 3 Tet A, A Ao, and A.- be submatrices such that

Ayy(r>s) has elements a;, i=1,...,7 j=1....,5 and so on. Then we
write
) AL rxE) Adrxi{p=s)
Aln x .uﬁ et Sl Bz _
RtXp Asdin—rixs) Asnlin—rix{p—s)h

Obviously, this notation can be extended to contzin further partitions
of A, A, elo

A list of some imporant types of particular matrices is given in Tahle
AL1 Another hist which depends on the next section appears in Tahle
S

Table: A 1.1  Particular matnces and tvpes of matrx (List 1), For Lt 2 soe
Table A3.1.
Trivial
Mame Definiton Motation Exampies
1 Scalar pompm] ah (1
T
Ta Columnp vector prom ] a. b _ . u
2b Unit vector o e lorl (]
3 Rectangular oo Al pl
.u. .u"..
4 Sguarc p=n Alp=pl * ..."
(z O
4a Dagonal =m0, =0, 1% daapg {a,l 0 Hd_
. _ oo
4b Identity diag (1) Lord, 5 L
4o Symmetric a, =, H” M~_
s TR
4d Unit matrig p=n0a=| 1.=11 _ | HA_
d¢ Trnangular matrix a,; =0 below the
(upper) diagonal a O T
T 2]
Triangular matrnx a, =) ahove The - . 2
[lower) diagonal a 3 13
1 1
5 Asymmetric I _a aq
0 0 0
& Nul o=t 0 ﬂ.a : _L
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for all i+ j. There are two convenient Ways t0 constru

If ﬂ."ﬁ..ﬁ___ .

diag (&) = diag (¢,) = diag (a,. . .

and

cach defines

Driap (B)=

a diagonal matrix,

A.2 Matrix Operations

APPENDIX A MATRIX ALGEBTA
As shown in Table A.1.1 a square matrix Alpxp)is diagonal if a. =0

@y

e

A : ct diagonal matrices,
co,a,) s any veetor and B{(pxp) is any square matrix then

0

Table A2, 1. gives a summary of various important matrix aperations. We
deal with some af these in detail, asswming the delinitions in the table.

Tahle A2.1 Basic matrix operations
Chperation Restrictions Drefiutions Remarks
L Addition A, B oof the same order A VB ={a, )
2 Subtréction A, B of the samg order A -B= n:.l i
da Scalar ’ "t An; )
multiplicatian cA =)
b H_.En_.. prioduct  a, b of the same order  g'he= “... _h.e.
3¢ Multiplication  Mumber of columns =
of & equils number
of rows of # AB = (&b, ) AB=Ba
0
“ Transpose A'={n, 8, .,8) Section A2
Trace A square A =%a Section 422
6 Determinant A square |4 Section 423,
T Tnverse A square and [A]£0 AL =4 4 =1 (A-B) 'sA-loB
. Section A2
B goinverse (AT Afpwp) AATA=A Section AR
A.2,1 Transpose
The transpose satisfies the simple properties
(AY=A, [(A+BY=A'+B. (AB/=B'A" (A.2.1)
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For partitioned A,

| '
._u .MuL_

hfq = _Hn qH_”_ .#...H:.#
I A is a symmetric matro, @, = @, s0 that

A=A

A22 Trace

The trace function, tr A=Za,. satishes the following properties for
Alp=pl Bip=ph Cip=nl Dinxp), and scalar o

Ira =, r&aAsB=trA+ B, roA=atrA (4.2.24]
rCD=1rDC=) cd. (A.2.2b)
-

4 &
(A2 2e]

M..i?a_nﬂ (AT where .Hunu..H.
To prove this last property, note that since Y x/Ax, is a scalar. the lefi-
hand swde of (4.2 2c) s
Lr MH..__:._ = M irxfAx, by (A.2.23)
=Y trAx,x’ by (A2.2b)
=trA Y xx’ by (A22al
Axa special case of (A 2.2b] note that
aCC=trC'C=} ¢ {A.2.24)

A.2.3 Determinants and cofactors
Definition The determinant of a square marrix A is defined ax

|Al= M (=1 @y - o B

where the summartion is faken ocer all permutations = of (1,2,....p), and
|t| equals +1 or —1. depending an whether T can be wntten as the product
of an even or odd number of ransposiions,

For p=2.

|Ai=a,,85:— .81, (A.2:3h]

Definition The cofactor of a;, is defined by (—1)'" fimes the minor of a;.
where the minor of a,, is the value of the determinant obained after deleting
the ith row and the jth column of A
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We denote the cofactor of o by A, Thus for p=3,

dza g
dzz  Has

o Ga: Az A7y Gzz
A= . App=- s A=

Gy s gy @Ran

{A:2.3c)

Definition A square matnix is non-singular if |A]£0: otherwise ir is
singelar,

We have the following results:

]
W A= ¥ a4, =T aA,  anyi (A2.3d)
=1 =4
bt
M g Ay =10, B ). 1AL 3e)
o |
(I} 1f A s triangular or diagonal,
Al=T] a. (A.2.31)
(LIT} lcA =g |AJ. {(A.2.3¢)
(1Y) |AB|=|A||B]. (A.2.3h)
(V) For square submalrices Adp»p) and Big = q),
A C _ ;
o Bl EXR LR (A2.31)
A A - r~
(VI) mr: hu.. = AL |Aa— Ap AL A = Al A, —ALATAL L
) ) (A.2.3)
(VII) For Bip =) and C(n % p), and non-singular A{p < p},
A +BC|=[A||l, + A" 'BC|=|A| |1, + CA 'B|. LA23K)

Remarks (1) Properties (DI} follow easily from the definition
(A2 3a). As an application of (I}, from {(A.2.3b), (A.2.3¢), and (A.2.3d).
we have, for p=3,

|Al= a1, (822853~ 820842 — ol @135~ B35@ay )+ @3By Bas — Aas a0,

(2} To prove (V), note that the only permutations giving non-zero
terms in the summation (A.2.3a) are those taking {1....,plto {1,....p}
and {p—-1,...,p+gql to {p+1,....p+q}h

(3} To prove (VI), simplify BAB' and then take its determinant where

- Ib.ﬁh._..rmm_
Huﬁ .
0 1
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From (VI). we deduce, after putting A*'=A. A'"=x". cre..

A x

=Alfe—x'A'x}. (A2.30
x E

(4} To prove the second part of (VEID, simplify
7 Iblwr
C I,
using (V1. As special cases of {VII) we see that, for non-singular A,
|A=bb'|=A[(1-DA b), (4.2.3m)
and that, for Bip = n) and Cin = p},
[I, +BC|=1,+CB. {42 3n)

In practice, we can simplify determinants using the property that the
value of a determinant & unaltered if a linear combination of some af the
columns (rows) s added to another column (rowl.

{5} Determinants are usually evaluated on computers 25 follows. A s
decomposed into upper and lower triangular matrices A =LU, If A =1,
then the Cholesky decomposition is used (i.e. U=L"s0 A =LL"). Other-
wise the Crout decomposition is used where the dizgonal elements of U
eI UIIES.

A24 Ioveme

Definiion As aiready defined in Table A1.1. the inverse of A w5 the
drigue matns A s tisfuing

AKX Y=K1A=1 (A.242)

The inverse exists if and only if A is non-singular, thar is, if and only if
|A #0.

We write the (i, [)th element of A~ ° by a'. For partitioned A, we write

- ..Pu._. .}.”w
hr ._.“ruq ...F.J.nﬁ.

The following properdes hold:

M A~ HW_ (A,). (A.2.4)
v -

() (cA) '=c 'A " (A2
(IIT) (AB)™' =B~*A~", (A.2.44)

(IV) The unigue solution of Ax=bisx=A 'b. (A2.4¢]
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(V) If all the necessary inverses exist, then for Alp xp), Bipxn),
Cln=nl and Di(n = p),
(A+BCD) '=A"—A'B(C'+-DA 'B) ‘DA [AL2.41)
(VI} If all the nccessary inverses exist, then for partitioned A, the
elements of A7 are

AV =ian—R AT AT AP=(As,—- Pmt?.lﬂ_p_-r_h_l__/*
..P..J”l.__f__._r...r._.u.._ﬂmu._u }Nhnlpmuhpw.._b.u_.

) (A 2dg)
Alternatively, A" and A® can be defined by

.P._pul.__#.:_rhﬂ,_.u..mfuu. >._#.N“_.H|.Puupu._.__#.__._..

Remarks (1) The result (1) follows on using (A.2.3d), (A.2.3e) As a
simple application, note that, for p =2, we have

A=t ! A flag I__.:.,_,q.

gy — dipflyy Vs iy

(2) Farmulae (II=(V1) can be verified by checking that the product of
the matrix and its inverse reduces to the identity matrix, ¢.g. to verify
(111), we proceed

(AB) "iARI=B 'A (AB)-B 'IB-1

(31 We have assumed A to be a squire matrix with |A|# 0 in defining
Al For Alnxp), a peneralized inverse 15 defined in Section AR

(4) In compuler algorithms for evaluating A ', the following methods
are commonly used, If A is symmetric, the Cholesky method is used,
namely, decomposing A into the form LL' where L is lower tnangular
and then using A™'=(L 'YL '. For non-svmmetric matrices, Crout's
method is used, which iz a modification of Gaussian elimination.

A.2.5 Kronecker products

Definition Let A =(a,) be an (m = n) marrix and B=(by) be a (p<g)
marrix. Then the Kronecker product of A and B is defined as

aB a B -+ g, B
ey B aB o--- 0. B
B LB e a B

which is an (mp % nq) marix. It is denoted by A @ B.




