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1 Introduction

1.1 Generalized Linear Models

1.1 Definition: In a generalized linear model we have y1, y2, . . . , yn which are observed values of independent
random variables Y1, Y2, . . . , Yn. The generalized linear model has three components:

• The distribution of Yi is

fYi(yi; θi, φ) = exp
{ [yiθi − b(θi)]

a(φ)
+ c(yi;φ)

}
.

• The systematic model is specified by a linear predictor of the form

ηi = β0 +
p∑

j=1

βjxij.

The βj are unknown parameters and the xij are values of covariates.

• The link between the random and the systematic component is given by
ηi = g(µi),

where µi = E(Yi). The link function is required to be monotonic and differentiable.

1.2 Example: For the normal distribution we have

1√
2πσ2

exp
{
−(yi − µi)2

2σ2

}
= exp

yiµi − µ2
i
2

σ2
− y2

i

2σ2
− 1

2
log(2πσ2)

 .

1.3 Note: It is easy to show that under weak conditions on fYi

E(Yi) =
db(θ)
dθ

∣∣∣∣∣
θ=θi

and var(Yi) = a(φ) × d2b(θ)
dθ2

∣∣∣∣∣
θ=θi

Thus the mean depends only on θi, the canonical parameter. The variance depends on a function of the
canonical parameter and the dispersion or scale parameter φ.

1.4 Definition: The link is called a canonical link if θi = ηi.

1.5 Example: For the normal distribution we have θi = ηi, and hence

θi = E(Yi) = β0 +
p∑

j=1

βjxij.

This is the usual general linear model for multiple regression and analysis of (co-)variance.
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1.2 The Linear Model Structure

1.6 Example: Simple linear regression.
Y1

Y2
...

Yn

 =


1 x1

1 x2
...

...
1 xn


(

β0

β1

)
+


ε1

ε2
...

εn



1.7 Example: Polynomial regression.
Y1

Y2
...

Yn

 =


1 x1 x2

1

1 x2 x2
2

...
...

...
1 xn x2

n


 β0

β1

β2

 +


ε1

ε2
...

εn



1.8 Example: Multiple linear regression.
Y1

Y2
...

Yn

 =


1 x11 x12 x13

1 x21 x22 x23
...

...
...

...
1 xn1 xn2 xn3




β0

β1

β2

β3

 +


ε1

ε2
...

εn



1.9 Example: Data transformations.
log(Y1)
log(Y2)
...

log(Yn)

 =


1 log(X1)
1 log(X2)
...

...
1 log(Xn)


(

β0

β1

)
+


ε1

ε2
...

εn



1.10 Example: One-way analysis of variance.

Y11
...

Y1J

Y21
...

Y2J


=



1 1 0
...
...
...

1 1 0
1 0 1
...
...
...

1 0 1



 µ
α1

α2

 +



ε11
...

ε1J

ε21
...

ε2J





3

1.11 Example: Two-way analysis of variance.

Y111
...

Y11K

Y121
...

Y12K

Y211
...

Y21K

Y221
...

Y22K



=



1 1 0 1 0
...
...
...
...
...

1 1 0 1 0
1 1 0 0 1
...
...
...
...
...

1 1 0 0 1
1 0 1 1 0
...
...
...
...
...

1 0 1 1 0
1 0 1 0 1
...
...
...
...
...

1 0 1 0 1




µ
α1

α2

β1

β2

 +



ε111
...

ε11K

ε121
...

ε12K

ε211
...

ε21K

ε221
...

ε22K



1.12 Example: Analysis of covariance.

Y11
...

Y1J

Y21
...

Y2J


=



1 1 0 (x11 − x̄..)
...
...
...

...
1 1 0 (x1J − x̄..)
1 0 1 (x21 − x̄..)
...
...
...

...
1 0 1 (x2J − x̄..)




µ
α1

α2

β

 +



ε11
...

ε1J

ε21
...

ε2J



The general linear model in matrix form:


Y1

Y2
...

Yn

 =


x10 x11 x12 · · · x1,p−1

x20 x21 x22 · · · x2,p−1
...

...
...

...
...

xn0 xn1 xn2 · · · xn,p−1




β0

β1

β2
...

βp−1

 +


ε1

ε2
...

εn



Equivalent shorthand form:
Y = Xβ + ε.

Y (n × 1) is the response vector, X (n × p) is the design (or model or regression) matrix, β (p × 1) is the
vector of regression coefficients, ε (n × 1) is the error vector (mean 0).

1.13 Note: Usually xi0 = 1 for all i, i.e., there is an intercept β0 in the model.

1.14 Note: xi0, xi1, . . . , xi,p−1 are called the predictor variables or regressor variables. They are known con-
stants.
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1.15 Note: The model is linear in the unknown regression coefficients β0, β1, . . . , βp−1, i.e.,

Y =
p−1∑
j=0

βjxj + ε,

where xj = (x1j , x2j , . . . , xnj)′.

1.16 Note: We will give assumptions on the distribution of ε when we discuss estimation methods.


