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12 Simultaneous Confidence Intervals

12.1 Confidence Intervalsfor Estimable Functions
The goal isto compute a confidence interval for an estimable function a’3:
In the full rank X case we have

o B~ Ny(B.o2(X'X) ),

o (n—p)S*/o® ~ X},

e 3 isindependent of S2.

Therefore,

a’'B ~ Ny(a'B, 0%’ (X'X) 'a)
and .
- (a/,@—a'ﬁ)/[aza/(X'X)_la}l/Q _ 7 i
{[(n—=p)S? /o2 /(n—p)}/2— {W/(n—p)}/2 "7

by the definition of the ¢ distribution, where Z ~ N(0,1) and W ~ X?H, are independent. Note that

aB—ap apB—ap

[SQa'(X’X)*la]l/Q_ §e(a/B) ’

Now a100(1 — )% confidence interval for a’3 is
— [alf 12 o sa(al ; ARy
I=[a'B -1, xse(aB), a'B+1,", x e(@'p)],

a/2

where 2,7,

isthe 100(1 — a/2)-percentile of the ¢,,_,, distribution.

12.1 Note: The defining property of the confidence interval isP(a’B € 1) =1 — a.

12.2 Note: Inthelessthan full rank case our ¢ statistics have the form

a'B—ap
[SQa/(X/X)—a}l/Q

for ageneralized inverse (X'X)~. These statistics have at,,_, distribution, where r = rank(X), provided
that a # 0.

What if we wish to form confidence intervals for a set of estimable functions a;ﬂ,j =1,...,k? Asabove
we could find 7; such that
P@Bel;)=1-a

But we can expect that
P(a}ﬁelj,Vj: 1,...,k)<1—aq,

i.e. there will be a greater than « chance of at least 1 of the confidence intervals not containing the true
value. Thisisreferred to as the multiple comparisons problem.
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12.2 Multiple Comparisons: The Bonferroni Method
Suppose the jth confidence interval has coverage probability 1 — «;,i.e. P(aj3 € I;) =1 — a;. Then
k k
P@Bel;Vjie{l,...,k})=1-P@;B ¢ I;forsomej) >1-> P@B¢L;)=1-> aj.

i=1 j=1

The Bonferroni method proceeds by setting the o; so that Zé?:l a; = o, (usudly o; = a/k). Then

P(all confidence intervals contain their true values) = P(a’;3 € I;,Vj € {1,...,k}) > 1 —a.

The main features of the Bonferroni method are that it is simple to use, and that it is conservative (i. e. the
actual coverage probability is greater than claimed and the confidence intervals are wider than they have to
be).

Example: One-way ANOVA Y; = u+ 7 +ei5, (i =1,...,k).
If wewant confidence intervals for all pairwise comparisons {r; —7;,7 # j}, thereare n, = kx (k—1)/2
such comparisons. The Bonferroni method uses «; = a/ny,. Hence with v = .05 we have:

k ng Q5

2 1 0.0500
3 3 0.0167
4 6 0.0083
5 10 0.0050
6 15 0.0033

Note: A better method for this situation is Tukey’s studentized range method which we will see later when
we take up ANOVA in more detail.

12.3 Multiple Comparisons: Maximum M odulus M ethod

What if {a/,3,j = 1,..., k} areindependent? In this case, the t statistics

T a;ﬁ —aB
[S%al;(X'X)~a,]1/2

are conditionally independent given S2. Thet statistics are marginally uncorrelated:

cov(T;, Tj) = E[IT)) = E{E[TiT;|S°|} = E{E[T;|S*|E[T}|5%]} =0,
because E[T}|S?%] = E[a/3 — a/8|S?]/[52a}(X'X)~a;]!/2 = 0, by the independence of a’3 and S2.
Definition: Let T1,...,T; be a set of pairwise uncorrelated random variables with the distribution ¢,,.

Define U = max{|T}|,j = 1,...,k}. Then U has the Studentized Maximum Modulus Distribution,
denoted by wy, ..
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Note: Let the 100(1 — «)-percentile of the distribution be denoted uj; . Then
P(|Tj| < ugyrs Vi =1,... k) = Pmax{|Tj[,j = 1,... .k} <uj,,_,) =1—q,

and a set of simultaneous confidence intervalsis

I = (a8 — i, SA&}B) , a}B+uf, ,sela)B) ]

and hence
P(a},@te,Vj: 1,...,k)=1—q.

Example: Comparison with the Bonferroni method for 1-way ANOVA. R
Suppose we want smultaneous confidence intervals for the group means a’3 = p+7;. Then a)3 = Y; is

the sample mean for the jth group. Thusthe a;» 3 areindependent and we can apply the maximum modulus

method. |t can be shown that the confidence intervals for this method are narrower than the Bonferroni
confidence intervals, i.e. 12/ (%) > yo

= Ykn—r*

12.4 Multiple Comparisons. Scheffé Method

The godl isto obtain simultaneous confidence intervals for estimable functions a’ 3, . .. , a}. 3.
Rearrange the vectors ay, ..., a; sothat ai,...,a, arelinearly independent, and ay.1,...,a; arelinear
combinations of aj,...,a; (0 < d < k). Then aset of simultaneous confidence intervals for ay,...,a,
automatically produce confidence intervals for the remaining ones a1, .. ., a;. Sowework only with the
d linearly independent vectors. Let

aj

A= :
ag

bead x p matrix of rank d (like A in H : A@ = 0). Then we have

(AB— AB)[AX'X)~A|"{(AB - AB)
dS?

~ Fd,nfw

Now define » = A3 and ¢ = A3, so that

» ((& ~ $V[AX'X) AT (6 - )
ds?

< an_r> =1—-o.
This defines the following confidence region for ¢:

b —u)[AX'X)"A']"Yd —u
{u:(qb )'[A( dS>2 '@ >§F$n_r}7

which isaregion enclosed by an ellipsoid centered at ¢». Theinterpretation isthat this ellipsoidal confidence
region contains the true value ¢ with probability 1 — a.

12.8 Theorem: If L is positive definite, then supy, o % =b'L~'b.
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Apply Theorem 12.8 withb = ¢p — p and L = A(X'X)~A’:

(¢ — &) [AX'X)"A|" (¢ — ¢) < dS*FF,_,,

(¢ — ¢)? 2 o
— 2 B :
o WA(X'X)"A'h = 5™ Finr,

<= |b'(¢ - )| < (dFS,_.)"/*S{W'A(X'X)"A’h}'/? Vh.
Therefore, the probability is1 — « that
W¢ — (dF, )" /?*Se(W @) <h'¢p <Wo + (dFF,_,)"/*se(h’¢), Vh,

where
se(h'g) = S{h'A(X'X)~A'h}/?

is the estimated standard error of h'¢. This defines the following set of simultaneous confidence intervals
for al linear combinations h’¢:

¢ e [Wo—(dFf, ) se(l¢), W+ (dFF, )" *e('d) |, vh.

Note: We actually obtained simultaneous confidence intervals for al linear combinations of the estimable
functions ¢; = a3, j=1,...,k.

Example: (Simultaneous confidence intervals for linear combinations of 5's).

In the full rank case, we can choose the estimable functions 3y, 61, . . . , Bp—1 1.6. A = I,.,,. Then we have
the following confidence intervals for al linear combinations of the 5’s:

WG & [ W3~ {pFy, S (XX) T}V W+ (pFg, S (XX)Th) 2] v

Example: (Confidence bands for aregression surface).

Suppose we want simultaneous confidence intervals for the mean of the response variable Y at a given set
of predictor variables X’ = (z0, i1,...,2ip-1), .. E[Y] = x'3. Assuming the full rank case, in the
previous example set h = x:

KB € [ X8 — {pFL, X (X'X) X} X'B + {pFg, 83 (X'X)Ix}V2 |, v,

This gives us simultaneous confidence intervals for the mean of Y at all values of the predictors. Plotted
against the predictors, this yields a confidence band around the fitted model.

Example: (Simple linear regression).
If p = 2 we get the following confidence region for 3 = (8o, 1)’ :

{B:(B-B)X'X(B-B) <2Fg,_,5*.
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The simultaneous confidence intervals for 5y = (1,0)3 and 5, = (0,1)3 are

&’e[%_ S N R e

2F2n 25 2F2n 252
2’ 1 xliw )

XXyl 1 ( Zi/n —z ) _

2F5, LS at/n %%szﬁm}

where we have

Y(xi —1)? 1

The confidence band for the regression lineis

1/2 12
ﬂO +ﬁ1x € ﬁAO —|—le — {QFQOjn_QSQM} /80 +ﬁlm+ {2F2n 2522( )2} :| '

do(x; — )2 So(w; — )2

Check that x'(X'X)~'x = Y (2; — 2)?/ > (x; — Z)2. Note that the width of the confidence band depends
on > (x; — )%/ 3 (z; — 7)?, i.e. how far x isfrom z.

Note: The confidence region for ¢ = A3 contains al points u which would not be rejected by the F' test
of H : ¢ = u. Thisisthe set of u’swhich satisfy

(¢ —w/[AX'X)"A"' (¢ —u)
ds?

o
< Fd,n—r'

12.5 Comparison of Methods

Bonferroni, Maximum Modulus and Scheffé confidence intervals for a set of estimable functions ¢; =
a;B3, j =1,...,k dl have the form:

[0 — cSe(d;), 65 + cSe(¢)],
where ¢ = /%) (Bonferroni), ¢ = uft,,_, (Maximum Modulus), or ¢ = (ngjnfr)l/Q, where d is
the number of Ilnearly independent a; (Scheffé). Hence the relative widths of the intervals depend on the
relative sizes of the values of c. Some general rules are:

@ u,_, <to/C.

(b) If k~d ug, . <(dF]

dn—r

)1/2_

© Ik >>d, (dFg, )V <ug, ..



