ANOVA - Nested Models

Nested ANOVA: Example

We have:

— 3 cages
— 4 mosquitoes within each cage
— 2 independent measurements per mosquito

Cage | Cage ll Cage lll

58.5 77.8 84.0 70.1 69.8 56.0 50.7 63.8 56.6 77.8 69.9 62.1
59.5 80.9 83.6 68.3 69.8 54.5 49.3 65.8 57.5 79.2 69.2 64.5




The model
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Nested ANOVA: models

Yik = 1+ i + G + i

1 = overall mean
aj = “effect” for ith cage

B = “effect” for jth mosquito within ith cage

€k = random error

Random effects model

a; ~ Normal(0, o3)
Bj ~ Normal(0, og )

€ijk ™~ Normal(O, 0'2>

Mixed effects model

a; fixed; >~ aj =0

B ~ Normal(0, o)

€ijk ™~ NormaI(O, 02)




Example: sample means

Yij.

< <

Cage | Cage ll Cage lll

58.5 77.8 84.0 701 69.8 56.0 50.7 63.8 56.6 77.8 69.9 62.1
59.5 80.9 83.6 68.3 69.8 545 49.3 658 575 79.2 69.2 64.5

59.00 79.35 83.80 69.20 69.80 55.25 50.00 64.80 57.05 7850 69.55 63.30
72.84 59.96 67.10

66.63

Calculations (equal sample sizes)

Source Sum of squares df

among groups SSamong=bn 37, (Yi. — Y..)? a—1
subgroups within groups SSsubgr=n >_; >_; (Yij. — Yi.)? a(b-1)
within subgroups SSuithin=>_; > > (Yiik — Yi)? ab(n-1)

TOTAL S >k (Vi — Y.)? abn-1




ANOVA table

SS df MS F expected MS
SS MS
SSsubgr I\/Issubgr
b-1 2 2
SSSubgr a ( ) a(b — 1) MSWithin o +n O-BlA
SSyithi
SSuithin ab(n-1) ﬁ o?
SStota| a b n-— 1
Example
source df SS MS F P-value
among groups 2 665.68 332.84 1.74 0.23

among subgroups within groups 9  1720.68 191.19 146.88 < 0.001

within subgroups

TOTAL

12

15.62 1.30

23  2401.97

aov.out <- aov(length ~ cage / individual, data=mosq)

summary (aov.out)




Variance components

Within subgroups (error; between measurements on each female)

s2=MSithin=1.30 s=+1.30=1.14

Among subgroups within groups (among females within cages)

n B 2

S3 A= =94.94 Spia = V/94.94 = 9.74

Among groups (among cages)

=17.71 sa = V17.71 = 4.21
A nb 8 A

Variance components (2)

s®+85a+ 53 =1.30 +94.94 + 17.71 = 113.95.

1.30
2
S represents = 1.1%
P 113.95
94.94
2
{ — 83.3%
Sgia represents -
17.71
2
{ — 15.6%
SA represents 113.95

Note:
— var(Y) = 0% + o35 + 04
— var(Y | A) = 0% + 0§

— var(Y | A, B) = 02




Mosquito averages

-1 12 -3 14

-1 12 1-3 1-4

-1 1-2 1-3 -4

58.5 77.8 84.0 70.1
59.5 80.9 83.6 68.3

69.8 56.0 50.7 63.8
69.8 54.5 49.3 65.8

56.6 77.8 69.9 62.1
57.5 79.2 69.2 64.5

ave 59.0 79.4 83.8 69.2

69.8 55.2 50.0 64.8

57.0 78.5 69.6 63.3

ANOVA table
source df SS MS F P-value
between 2 332.8 166.4 1.74 0.23
within 9 860.3 95.6
aov.out <- aov(avelen ~ cage, data=mosqg2)
summary (aov.out)
Ignoring cages
-1 -2 I-3 |4 -1 -2 03 -4 -1 -2 1-3 -4

58.5 77.8 84.0 70.1 69.8 56.0 50.7 63.8 56.6 77.8 69.9 62.1
59.5 80.9 83.6 68.3 69.8 54.5 49.3 65.8 57.5 79.2 69.2 64.5

ANOVA table
source df SS MS F P-value
between 11 2386.4 216.9 166.7 < 0.001
within 12 15.6 1.3

mosg$ind2 <- factor(paste(mosg$cage,mosg$individual, sep=":"))
aov.out <- aov(length ~ ind2, data=mosq)
summary (aov.out)




Ignoring individual mosquitoes

Cage | Cage Il Cage lll

58.5 69.8 56.6
59.5 69.8 57.5
778  56.0 77.8
80.9 54.5 79.2
84.0 50.7 69.9
83.6 493 69.2
70.1 63.8 62.1
68.3 65.8 64.5

ANOVA table

source df SS MS F P-value

between 2 665.7 332.8 4.03 0.033
within 21 1736.3 86.7

This is wrong!

aov.out <- aov(length =~ cage, data=mosq)

summary (aov.out)

Example: mixed effects

Jar Strain Jar Strain

Strain Jar means means Strain Jar means means
LDD 1 27.000 LC 1 28.500
2 27.750 2 26.875

3 26.625 27.125 3 27.000 27.458
oL 1 38.375 RH 1 29.500
2 38125 2 30.375

3 31.250 34.250 3 28250 29.375
NH 1 27.500 NKS 1 30.125
2 26.625 2 29.625

3 28500 27.452 3 31.750 30.500
RKS 1 31.750 BS 1 27.875
2 31.750 2 25.625

3 35250 32917 3 27.500 37.000




Results

source df SS MS F  P-value
among strains 7 132342 189.06 8.47 < 0.001
among jars within strains 16 357.25 22.33 0.80 0.68
within jars 168 4663.25 27.76

Note: 8 strains; 3 jars per strain; 8 flies per jar

2
[0
The expected mean squares are 02 +noj,+nb POl
BIA a—1
o?+n O'é‘A

0_2

Higher-level nested ANOVA models

You can have as many levels as you like. For example, here is a
three-level nested mixed ANOVA model:

Yij=p + ai + Bij + Gij + €iju

Assumptions: Bij ~ N(O,UE‘A), Cijk ~ N(O,O’élB), Eijkl ~ N(0,0’z).




Calculations

Source

among groups
among subgroups
among subsubgroups

within subsubgroups

Sum of squares

SSamong=b cn ZI

SSsubgr=C n Zi Zj (Vu
SSsubsubgr n Z ZJ Zk
SSsubsubgr— Z ZJ Zk Z| ( ijkl — uk )2 abc (n - 1)

df
(Vi —Y..)? a-1
—Y;.)? a(b-1)
Vi — Yii.)? ab(c-1)

ANOVA table

SS

SSamong

SSsubgr

SSsubsubgr

SSwithin

MS F
bcn Za (YA - Y)2 IVlSamong
a-1 MSsubgr
cn Za Zb (YB - YA)2 MSsubgr
a(b - 1) MSsubsubgr
n Za Zb Zc (YC - YB)2 IVISsubsubgr
ab(c—1) MSithin

Za Zb Zc Zn (Y B YC)2

abc(n—1)

expected MS

> o?
a—1

0%+ Nnod_g + NCoj_p + NCb

0?4+ nod_g +NCoj_p

a2 + naécB




Unequal sample size

It is best to design your experiments such that you have equal
sample sizes in each cell. However, once in a while this is not
possible.

In the case of unequal sample sizes, the calculations become re-
ally painful (though R can do all of the calculations for you).

Even worse, the F tests for the upper levels in the ANOVA table no
longer have a clear null distribution.

— Seek advice if you are in such a situation.




