Local Regressiorwith MeaningfulParameters
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Abstract

Local regressioror loesshasbhecomea popularmethodfor smoothingscatterplot@andfor nonparametricegres-
sionin general Thefinal resultis a“smoothed'versionof thedata.In orderto obtainthevalueof thesmoothestimate
associatedvith a given covariatea polynomial,usuallya line, is fitted locally usingweightedleastsquares.n this
paperwe will presenta versionof local regressiorthatfits moregeneralparametridunctions. In certaincasesthe
fitted parametersnay be interpretedn someway andwe call themmeaningfulparametersExamplesshaving how

this proceduras usefulfor signalprocessingphysiological andfinancialdataareincluded.

KEY WORDS:Local RggressionHarmonicModel, MeaningfulParametersSoundAnalysis,CircadianPattern.

1 Introduction

Localregressiorestimations a methodfor smoothingscatterplots(x;, y;) fori = 1, ..., n, in whichthefitted value
at, say xq is thevalueof a polynomialfit to thedatausingweightedeastsquaresvheretheweightgivento (x;, ;) is
relatedto thedistanceébetweenx; andx, (Cleveland1979;ClevelandandDevlin 1988).Sometheoreticalvork exists,
for exampleStone(1977)shavs thatestimate®btainedusingthelocal regressiommethodshave desirableasymptotic

propertiesRecently Fan(1992,1993hasstudiedminimaxpropertiesof local linearregressionin this papemwe will
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concentrat®n the conceptuahspects.

Throughtheexplorationof datarepresentingoundsignalsproducedy musicalinstrumentsye presenfversion
of localregressionwhichfits harmonicfunctionsinsteadof polynomials.Local estimate®f thefrequengy andampli-
tudesof harmoniccomponentsreobtainedaswell asa smoothversionof the data. Thefitted parameterdrequeny
and amplitudes,may have meaningfulinterpretations.Whenthis is the casewe will saythatthey are meaningful
parametes. We explorethe possibility of applyingthis procedurdo otherdatathatappeato be approximatelyperi-
odic. Finally, we discusghepossibility of extendingthis versionof local regressiorto other moregeneralparametric
functionswherethe parametersnay beinterpretedn somespecificway. In the next sectionwe examinean example
wherethefitted parametersontainusefulinformation.

Soundsdata,andsoftwarerelatedto the examplesdescribedn this papercanbe obtainedfrom the authors web

page:htt p://bi osun0l1. bi ost at. j hsph. edu/ ~riri zarr

2 Local Regression

Local regressioror loessis a smoothingechniquedesignedo accommodateatafor which we assumehe obsenred

y;' s aretheoutcomeof arandomprocessiefinedby:
Y, = f(Xi)+€i,i =1,...,n

with f(x) a“smooth” function of a covariatex ande; anindependenidentically distributedrandomerror. For the
examplegresentedh this paperthecovariateis time sowe will usethenotationx; = ¢; to denotethetime associated
with theith measuremeny;.

Loessis a numericalalgorithmthat prescribeshow to computean estimatefo of f(to) for a specificty. By
repeatingthe procedurefor all tg = t4,...,t,, we obtaina smooth f},i = 1,...,n. How do we computean
estimateof f(t9)? Givent, we definea weightfor eacht;,i = 1,...,n usingw;(zq) = W (|t; — to|, h), with
W anon-ngative function decreasingvith A andW (A, h) = 0 for A > h. The statisticalpackageS-Plususes

W(A,h) = {1—(A/h)3}3 for A < h (Clevelandetal. 1993).Thespanor window sizeh controlsthe “smoothness”



of thefinal estimatgCleveland1979;ClevelandandDevlin 1988).

Oncetheweightshave beendefinedwe find theB thatminimizes

Zwi(to){yi —s(t;; B)Y 1)

with s(t; ) somepolynomial,usuallyaline (S-Plushastwo options,a line or a parabola).We estimatef () with

A~ ~

fo = s(z0, 3).

In Figure1 we seean exampletakenfrom Diggle, Liang, andZeger (1994). Thefigure shavs a scatterdiagram
of CD4 cell countsversugime sinceserocorersionfor menwith HIV. Thefirst plot shavsthefittedline whenh = 1
year for tg = —2,0, and2 years.Theseconq)IotshoNsthesmoothﬁ-,i =1,...,n, thefinal result. Noticethatthis
lastplot shavs ausefulsummaryof thedata:on averageCD4 countsgo down right afterserocomersionandareclose
to beingfixedbeforeandafter However, in this particularcase thefitted slopesandinterceptscontainedn the 35 are

notusedto corvey thisinformation.

3 Local Harmonic Regression

Many time seriesdataaremodeledwith the so-calledsignalplusnoisemodels.Many methodshave beenproposedo
analyzethesetypesof data,seefor exampleBrockwell andDavis (1996). In mary caseghe signalis the component
of interest. Non-parametrianethods suchasloess,have beenusedto obtainusefulestimatesf the signalin such
models.In this sectionwe examinea specificexamplewherethelocal behaior of thesignalcanbewell approximated
with aharmonicfunction. This suggestshatwe useharmonicfunctionsinsteadof polynomialsfor s(¢, 3) in equation

(). We call this procedurdocal harmonicregressioror lohess

3.1 Musical Sound Signals

Soundcanberepresentedsareal-valuedfunctionof time. Thisfunctioncanbesampledatasmallenoughratesothat
theresultingdiscreteversionis agoodapproximatiorof the continuousone. This permitsoneto studymusicalsounds

asdiscretetime series. Physicalmodeling (Fletcherand Rossing1991) suggestghat mary musicalinstruments’
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Figurel: CD4 cell countsinceserocomersionfor HIV infectedmen.

soundsnaybecharacterizethy a approximatelyperiodicsignalplus stochasticoisemodel,

Y;If(tz)-Fez,Z:l,,TL

Thetime seriess regular, sowithoutlossof generalitywe will assumet hasa oneseconddurationandsett; = i/n.
Researcherareinterestedn separatinghesetwo elementf the soundandfinding parametriaepresentationwith
musicalmeaning(Rodet1997).

For mary instrumentonemay arguethatthelocal behaior of the signalproducedvhenplaying,say a C-noteis

periodic,seePierce(1992)for details.We may verify this from the databy computingandexaminingspectograms

For datay;,i = 1, .. .,n, we definethespectrogranattime ¢ty = io/n with
1 o+ M 2 o+ M 2
I(to, ) = @M LT { Z cos(27r/\i/n)y,-} + { Z sin(27r)\i/n)yz-}
i=ig— M i=ig— M



Here(2M +1) /n is somesuitablewindow size.For ary iq, if thedatay;,— s, - - - , ¥io+ar iS periodicwith fundamental
frequeng )\ cyclespersecondhefunction(tg, A) will have peaksatthemultiplesof )\ (Bloomfield1976).As an
example,in Figure2, we shav spectrogramsf the signalsproducedby a violin playinga C-note,anoboeplayinga
C-note,anda guitar playing a D-note,all of themsampledat 44100measurementser second.Dark shadesf grey
representargevalues.Thedarkhorizontalbandsat frequencieshataremultiplesof 260Hz. (146 Hz. for the guitar)
suggesthat locally the signalsare periodicwith that fundamentafrequeng. The factthat for differenttimesthe
darknes®f thesehorizontalbandschangesuggestshatit is only locally thatthe signalsareperiodic. Similar results

areobtainedor other*harmonic” instruments.
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Figure2: Spectrogramsf the soundsignalsof anoboe,aviolin, anda guitar.

Any periodicdeterministiaegulartime seriesr,, . . ., z,, with periodp canbewrittenas

/2 1 2wk 2k
Ti = ag + Z {ak cos (7 z) + by, sin (7 z) } + a2 cos(mi)

k=1

fori = 1,...,n (Bloomfield 1976). We define\ = n/p asthe fundamentafrequeny andits units arecyclesper



every n measurementsThis suggestshatfor time seriesdatathatappearo be locally periodicwe may uselohess,

with

s(ti, B) = ZK: {ak cos (—k/\z> + by sin (—k/\ ) } (2)
e
Z % COS (—/\z+¢k> ©))
k=1

in equation(1). In this casethe parametewe fit is 8 = (u, X, p1,- -, pk, d1,-- -, k)" With p, = (/a3 + b3 and

¢r = arctan(—bg/ag) fork =1,...,K,andK < n/(2)) fixed. The parameterin 3 areusefulfor interpretation.

They aremeaningfulparameteraswill be describedn the next section.

3.2 Meaningful Parameters

As describedn Section2, whenusingloesswe computea different for eachi = 1,...,n. We usethe subscript
Bi, i = 1,...,n to denotethe differentfitted values.In the caseof loess,thesefitted valuescanbe usedto give, for
example,local slopeestimates.However, in generalthe smooth f itself corveys moreinformationaboutthe data
thanthe fitted parametersé,-’s. With lohessthe fitted parameterﬁi containwhat could be interpretedasthe local
meanlevel ji;, andlocal estimatesf the fundamentafrequeny \; andamplitudesp, s,k = 1,..., K andphases

ék,i,k =1,..., K of eachsinusoidatomponenbr harmonic.Anotherusefulquantityis

K 1/2
(z p) |
k=1

whichwereferto asthetotalamplitude.In thecaseof lohessthefitted parametermaysometimedeconsidereanore
informative thanthe smooth f . For somemusicalapplicationsthefitted parameterarethe only quantitiesof interest
andareusedasparametrigepresentationsf sound.Timbreanalysis soundrecreationfime-scale/pitcimodification,
andtimbre morphing/modificatiorare someexamplesof applicationghat usesuchparametricepresentationsSee
Irizarry (1998)for moredetails.

In orderto give the readera betterideaof how theseapplicationsvork andhow they areusefulin practice,we

describea timbre morphingexample. Timbre morphingis the processof combiningtwo or more soundsto create



a new soundwith “intermediate”timbre. Morphing canbe usedto createinterestingsoundsthat are not found in
nature,but that have the characteristicef naturallyoccurringsounds.An interestingexampleis the recreatiorof a
castratovoice (Depalleet al. 1995). This wasdoneto producethe sound-tracKor Farinelli, a film aboutthe famous
18th centurycastrato.To simulateFarinelli's voice, the voice of a countertenoranda sopranovereanalyzedwith a
proceduresimilarto lohess.Thetwo meaningfulparametersverecombinedn away thatproduceda new parametric
representatiofor atimbre similarto thatof a castrato.

Now we consideran example of lohessappliedto datapresentedn this paper(and available on the authors
web-page). We demonstratdiow we can modify the timbre of the oboesoundof Figure 2 usingthe resultsfrom
lohess. Timbre modificationis the procesf changinga soundby manipulationof musicallymeaningfulparametric
representationslo obtaina smooth f andfitted valuesof meaningfulparametersor the oboesound,we uselohess
with K = 15 andh = 20 milliseconds.In Figure 3 we seethe resultingsmoothversionof the oboesoundsignal,
theresidualsandsomeof the estimatedbarametersThe fitted fundamentafrequeny andamplitudesof thefirst 5
sinusoidatomponentsigreewith whatwe hear:theinstrumentalists playinga vibratoandatremolo.

The 3;s provide a parametricrepresentatiorior the harmonicpart of the oboesound,which we can construct
usings(t;, Bi). If we corvert s(t;, B,-) into soundwe areableto heara harmonicsoundvery similar to the original
(indistinguishablerom the original for most listeners). The residualshave a noisy sound(we must amplify the
residualsin orderto hearthem). It is saidthatif onelistensto an oboevery closely one can hearthe voice of a
sopranacsingingat an octave above the fundamentafrequeng of the oboesignal. We canmodify the oboesound
throughour parametriaepresentatioandbring out the hiddensoprano.Thatis, by creatingthe sounds(t;, m(Bi))
wherem(-) is a function that modulateghe amplitudesof the even harmonics(the even harmonicsarerelatedto a
soundanoctave above the original). Seelrizarry (1998)for moredetails. On the authors web-pagehereis a music
demowhereonecanhearall the soundsamentionedn this example.

If we performthesameanalysisona3 secondseggmentof theviolin sound wewouldthenhavetwo parametriaep-
resentationssay3{°"*?, 8" i = 1,...,n. A morphof thesewo soundanbecreatedy s(t;, m (3", BL**™))

with m(-) afunctionthatcombineshe parametriaepresentatioin orderto obtaina satishctorymorph. In practice
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Figure3: Smoothestimateof anoboesoundsignaldatawith residualsandestimatedneaningfulparameters.

onemust“tweak” to obtaina usefulm(-), butin essencé definesnewv amplitudesy averagingthetwo originals,that
is p{merPh) — 6,6,(:?06) + (1 = 8)pM™ with 0 < & < 1 determiningf the morphsoundsmorelike the oboeor the

s

violin. SeeDepalle,GardaandRodet(1995)for moredetails.

3.3 Standard error approximations

Loader(1999) presentdinite sampleresultsthat may be usedto obtain an approximationof the varianceof our
estimateslrizarry (2000)presentasymptotiaesultsrelatedto local fitting of harmonicfunctions.In this sectionwe
presentherelevantresultsin a heuristicfashion.

Loader(1999, Chapter2) presents/arianceexpressionsdasedon finite samplecalculationsfor local regression

methods As pointedout by therefereetheanalogougorm of theresultpresentedh Loader(1999)for thenon-linear



problemis
v (Br) = o> I o i) @)

where

)

g . PN
It = sz’(t)m 6S(§E Z) 68(@% B)

Herewe areassuminghatthe errorsareindependenandidentically distributedwith variances2.
For the harmonicregressiorcase Jrizarry (2000)developssomeasymptoticesults. Considerthata locally peri-

odic signalcanbeexpresseas

Yvi = S(tlaﬂ(tl)) +€i7i = 15"'7”

with s(t;; 8(t;)) asin (2) but with theparametef now dependingnt;. Irizarry (2000)shavsthatif 1) thesamplerate
n is highenough?) 3(t;) is smoothenoughand3) thefundamentafrequeng is largeenoughthenfor ary o, we can
find smallestimatiorwindows (to — h/2, to + h/2) with 8(t;) well approximatedby 5(to) within (to — h/2,t0+h/2)
andwith enoughdatapointsnh receving positive weight so that the estimateobtainedwith lohesshave desirable
asymptotigpropertiessuchasasymptotionormality of the estimatesTo getanideaof why, considerthatconditions
2) and3) giveusthats(t;; 5(t;)) is approximateljnarmonicwithin the estimatiorwindow, conditionl) givesusmary
datapoints.We canusetheresultspresentedh Irizarry (2000)to obtainapproximatanaiginal standarderrorsfor our

parametersi-or example for independenidentically distributederrorswe have

—1
< 262 WU—2WWU+WU
by ~ S (A ) e
. 265 (U
var(pr,i) = n—h? (WOQ> (6)
0

Heres? is alocal estimateof thevarianceof theerrorsand Wy, W1, Wa, U, Uy, andUs, areconstantslefinedby

W-—i/h 1+1 jW( h)du and U-—i/h i+1 jW( h)? duforj =0,1,2
i =55 n o 2 u, U i= g L oh 2 u, U J=4U,1,2

Noticethatu/2h + 1/2 takesu from [—h, h] to [0, 1].
For the musicsignals,the samplerate (n = 44100 measurementger second)s large, the harmonicparameters

canbe consideredo be slowly varying (as seenin the spectrogrampand the fundamentafrequeng (for the oboe



soundit waswas260cyclespersecond)s largeenoughsothatin relatively smallwindows (h = 20 milliseconds)ve
still have enoughoscillation (about5) to have the harmonicmodelasa goodapproximatiorand enoughdatapoints
(ng = 882) to be ableto usethe large sampleapproximations.The normality approximationmotivatedby these
asymptoticgpermitsusto constructapproximateconfidenceantenals. However, theseconfidencentervals shouldbe
interpretedwvith careasit is difficult to assesshe assumptiorthat” 3(t) is smoothenough”.

Loader(1999,page39) pointsoutthatasymptoticexpansionsshould never be considerednalternatve to (finite
sampleresults)for actuallycomputingvariance”. However, computing(4) may be computationallyintensive, aswe
needto performmatrix inversionsand multiplicationsfor eachi = 1,...,n. The asymptoticresultspresentedn
Irizarry (2000)provide approximationghatarein closedform. Furthermorepnecanshowv thatwhenthe numberof
cycleswithin the estimationwindow is large, (5) and(6) are equialentto the expressionbtainedwith (4). In our
experiencewith soundsignals,whenonehasmorethan5 cyclesin the estimationwindow theresultsare practically
equialent,for 3-5cyclesthey areusefullyclose.This meanghatevenif we don't usetheasymptotimormalityresult,
we may still find (5) and(6) to be usefulapproximationgo the varianceestimate®btainedfrom (4). In the software
sectionof theauthors web-pagedhereis S-Pluscodethatcompareg4) and(5)-(6).

For mary datasetsit is not convenientto assumeconstantvariance. For example,for soundsignalsthe noise
is usually strongerduring the beginning of the note, or what musicianscall the attack. This is agreemenwith the
residualplot seenin Figure3. However, (4), (5) and(6) permita differentestimateof o2 for eachestimatiorwindow,
but assumehatwithin the estimationwindows the errorsareindependenandidentically distributed. We justify this
with a heuristicargument:for our example,we believe theway thevarianceg? = var(e;),i = 1, ..., n, varieswith i
is slow enoughfor usto considematawithin anestimatiorwindow to beindependenandidenticallydistributed. We
canusethe 67s asa smoothestimateof the variancesr?. Furthermorefor mary examplesgspeciallyfor time series
data,theindependencassumptiormay not be appropriate Theresultspresentedn Irizarry (2000)aredevelopedfor
locally stationarynoise.However, extendingtheresultspresentedh this paperto moregenerakasess of interestout

is notdiscussedhere.
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3.4 Other data sets

Many time seriesdatahave trendsfor which onemay arguethatlocally the behaior is periodic. Differentmethods
have beenproposedfor estimatingthis trend, seefor exampleClevelandet. al. (1990). In situationswherethe
assumptionsliscussedn the previous sectionseemapproximatelyrue, we proposdohessasa usefulalternatve. In
this sectionwe briefly discusghe applicationof lohesso a biologicaldataset.

Physiologicalmeasurementthat vary in a circadianpatternin humanshave beenextensvely studied,seefor
exampleGreenhouseKass,andTsay(1987)andWangandBrown (1996). Systolicblood pressurgs anexample, it
is lowestduring sleepandearly morningandrisesafter awakening. Figure4 shavs measurementsf systolicblood
pressurdakenfor 208 dayswith anaverageof about48 measurementsken per day on a patientthat suffers from
a conditiondubbedcircadianhyperamplitude-tensiofCHAT). This conditionis diagnosedfor example,whenthe
patients daily blood pressuregangeis largerthanwhatis considerechormal. CHAT may occurwithout anincrease
of over-all blood pressurebut is believed to put the patientat risk aswell. Physiciansareinterestedn how three
differenttreatmentsffectthepatients condition.Fromday 1-80the patientwastakingnifedippine from days81-125
blocalcinis addedo thetreatmentandduringdays126-208blocalinis administerediuringnightinsteadof morning.
SeeKatinaset. al. (1999)for details.

A plot of 15daysof data,alsoseenn Figure4, suggestshatthesemeasurements factfollow a circadianpattern.
However, onemay expectthis patternto changewith time. For example,a patientmay have smallerfluctuationsf a
treatments beingeffective againstCHAT. Fromjustlooking atthe datait is hardto seeif the patients bloodpressure
behaesdifferentlyin thethreeperiodsdefinedabove.

Theinstrumenthatwasusedo take thesemeasuremenis abit inaccuratendmeasuremerdrrormaybepresent.
We uselohesswith K = 3 andh = 7 daysto smooththe dataandseeif any usefulinformation,not seenin thedata
plot, is obtainedIn this casewve have prior knowledgeof whatthefundamentafrequeny A shouldbe,namelyl cycle
perday In situationslike this we may chooseto set ) to a fixed valueinsteadof estimatingit. In this caselohess
is equivalentto computingspectrogranvaluesfor kA, k = 1, ..., K. Furthermoreusing(2) we canexpress(3) asa

linearmodelandobtainapproximatestandarderrorsin a straightforwardfashion.

11
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In Figure4, we seethesmoothversionandresidualdor thethedata. The smoothversionof thedataclearlyshavs
whatcouldbeconsideredo beacircadiarnpattern.Whenlooking atthesmoothf weseeadropin mearlevel ataround
day 80 andalsonoticethat, betweerdays80 and125,thereseemdo beadropin total amplitude.After day125the
amplitudeestimatesncreaseslightly. This may be interpretedasevidencethatthe the secondreatments effective
againstCHAT. Thisis seemmoreclearlyin the plots shaving thefitted total amplitude.To explorethe possibilitythat
thesechangesre“real”, we plot mamginal +2 standarderrorsaroundthefitted amplitudes Theamplitudeglot seems
to bethe mostinformative plot in termsof shaving how CHAT is beingaffectedby the treatments.

In this casethe +2 standarderrorsshouldnot be consideredpoint-wiseconfidencantenals, sinceit is hardto
arguethatthe assumptionseededor the asymptotiaresultsaremet. For example,we useda window sizeof 7 days
which containsabout7 cycles,but only 280datapoints. Within thiswindow the behaior is notaswell approximated
by a harmonicfunctionasin themusicexample.If we believe the shapeof the oscillationsduringdaysthatareclose
togetheraremoresimilar thanfor daysthatarefar apart,thenusingsmallerwindow sizesis an alternatve we could
considetto improve thelocal approximationHowever, in doingsowe would reducehe numberof datapointsand/or
numberof cyclesin the window, makingthe varianceapproximationsnappropriate.In ary case,lohesshasbeen

usefulin termsof finding thatsomethingdifferentis occurringduringdays80to 125.

3.5 Computational Issues

The S-Plusfunctionswritten for lohessareavailableon the softwaresectionof the authors web-pageln this section
we discusssomeof the problemshatthe usersmayencounter

In practice fitting equation(2) is more corvenientthanfitting equation(3) because\ is the only non-linearpa-
rameterand we can use minimization routinesthat take advantageof this, seeBatesand Lindstrom (1986). The
minimizationroutineusedby lohessis the S-Plusfunctionnl f i t with theal gori t hmoptionsetto " pl i near ™.
Thefunctionneedsstartingvaluesfor thenon-lineamparameterin practice we have foundthatit is importantthatthis
valueis closeto the“true” frequeng. Noticethatevery multiple of thetruefundamentafrequeng is alocal minimum

of (1).
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If in (2) 2K + 1 is not muchlessthanthe numberof pointsconsideredn the local estimation,we arefitting a
“saturatednodel”. Thefinal estimatanaynotbe muchsmoothethantheoriginal signal. To avoid this, onepossibility
is to choosea K, smallerthanp/2, thatachieresthe desiredsmoothnesgivena particularspanh. In practiceonehas
to balancebetweenk andh to obtaina reasonablestimate.For the examplespresentedn this paper appropriate
valueswerefound by usingour scientificintuition combinedwith trial anderror. Seelrizarry (2001)for somedata

drivenproceduresor choosingK andh.

4 Extensions

Theideaof usingnon-polynomialocal modelshasbeenexploredby, for example,Hjort andJoneqg1996)andLoader
(1999).Extensve developmentf theoreticalpropertiesarediscussedn theirwork. In this paperwe have developed
practicalaspectsnuch more deeplyand presentedan examplein soundanalysiswherethe procedureseemgo be
successful We alsodemonstratethow the fitted parameterfiave meaningfulinterpretationsn theseexamples.We
believethatthisideacanbeusefulin theanalyse®f otherdatasetswherefunctionsotherthanpolynomialor harmonic
functionsmaybe usedfor s(t, 3) in equation(1).

For example,if we look at any 30 year period of the daily closing pricesof the DJIA, the dataappearto be
exponentiallygrowing. However, differentperiodshave differentgrowth rates.By usinglocal regressiorwith a span

of 30yearsand

s(ti, ) = a + bexp(vt;)

in equation(1), we may obtaina smoothversionof this data. In this casethe parametersre alsomeaningful. For
example,we canview 4; asa measuref averagegrowth ratein the spanbeingconsideredin Figure5 we shav the
smoothversionof the data,the residualsandfitted meaningfulparametersBy looking at the fitted growth rateplot,
we canclearlyseetherecessionsf the30'sand70’s, theroaring20’s,andthebooming80’s. Furthermorenoticethat
if we computethe averageovertime of thesmoothyearlygrowth estimatewe seethatit is about7%-8%,thenumber

givenby financial“experts”aswhatoneshouldexpectstocksto grow.
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Figure5: Smoothestimateof Dow Jonedndustrialaveragedatawith residualsandestimatedneaningfulparameters.

Notice that the resultsobtainedfrom this analysesnay not be very differentthanthoseobtainedby fitting local
linesto alog transformof the data. Taking log transformsis usually considerednore usefulthanthe exponential
modelwith additive errorsdevelopedhere. However, we believe that the analysispresentedn this sectionsenes
asan exampleof how loessmay be modifiedandwe hopeit motivatereaderghink of how it canbe usedin other

applications.

5 Concluding Remarks

In this paperwe have seerhow for certaindatasetslocal regressioncanbe modifiedin orderto producemeaningful
parametersThe resultingproceduremay be usedfor smoothingdataandfor obtainingusefulinformationaboutthe

local behavior of the data. In particular we introducedlohessand shaved how it canbe usefulfor smoothingtime
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seriegdatawith approximatelyperiodictrends.lt is importantto notethattheseproceduresreintendecdasexploratory
dataanalysigools. We do not suggesthatthefitted parametridunctionsaremodelsfor the data.However, scientists
have found the plots resultingfrom the procedurepresentedn this paperinsightful, a fact which hasled to more

detailedanalyses.
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