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Abstract. The study of musical sound has become a popular research field. Harmonic
regression signal plus noise statistical models have been used to analyze sound signals.
However, it is common to give estimates of harmonic parameters without indications of
their uncertainties. Least squares estimates for harmonic models have been studied and
asymptotic variance expression have been developed. In practice, window-based estimates
are used. This paper studies the statistical properties of such estimates; in particular, we
use asymptotic variance expressions to develop standard errors and construct confidence
intervals. We present applications and examples of the statistical techniques to musical
sound signal analysis.

Keywords. Harmonic regression; asymptotic variance; weighted least squares esti-
mates; musical sound signals.

1. INTRODUCTION

Time series analysis has been applied to music in various ways (Brillinger and
Irizarry, 1998; Irizarry, 1998). In this paper, the particular application that will be
examined is the analysis of sound signals produced by musical instruments.
Researchers in this field are interested in, for example, the problem of determining
what particular characteristics of the sound produced by musical instruments
permit humans to distinguish one instrument from another, what musicians call
timbre (Grey, 1977). With today’s technology, we are able to process sounds in a
data analytic fashion. Risset and Mathews (1969) were the first to successfully
make use of the computer to analyze the sound produced by musical instruments,
by using discrete samples of the continuous sound signal as data. Brillinger and
Irizarry (1998) provide more details on the quantification of sound signals.

When fluctuations of air are approximately periodic, with period in the audible
range, we perceive what musicians have defined as a pitch (Pierce, 1992, ch. 2).

Figure 1 shows a segment of the sound signal produced by a clarinet playing
concert pitch A (441 Hz).

Physical modeling (Fletcher and Rossing, 1991) suggests that, within short
segments, we model musical sound signals as summations of sinusoidal
components, as done in the additive synthesis model proposed by Risset and
Mathews (1969). Serra and Smith (1991) incorporated a non-sinusoidal residual
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¥ Clarinet Sound Signal
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FiGure 1. 23 millisecond stretch and periodogram of a clarinet sound.

part to the additive synthesis and modelled it as an additive stochastic signal.
Since, many have used the so-called additive synthesis plus residual model (Rodet,
1997) in which short segments, called time-frames (durations of between 5 and 100
milliseconds), of a signal are modelled with

K
y,:Zpkcos(wkt—i—(bk)—i—q t=1,...,T (1)

k=1
An implicit convention is that w; < w, < --- < wy, with w; usually associated

with the frequency related to the pitch or note being played and called the
fundamental frequency. The component related to the frequency wy is called the
kth partial. The behaviour of such partials is believed to be essential in
determining timbre (Grey, 1977), thus estimating the parameters of model (1) is of
interest. However, in the sound analysis and synthesis literature, it is common to
give estimates of sinusoidal parameters without indications of their uncertainties.
The variation of the estimated parameters for different segments of the signal are
sometimes explained with deterministic arguments. Under the assumption that
the signals contain a stochastic element, the possibility exists that such variations
are due to chance alone. In this paper, this possibility is explored by defining
estimates for which statistical properties can be studied.

The estimation procedures presented in current sound analysis research are
based on the assumption that within appropriately chosen time-frames, the model
given by (1) holds; in which case, it is equivalent to a harmonic regression signal
plus noise model like the one presented in, for example, Walker (1971).

In Walker (1971), Hannan (1973), Brown (1990), Quinn and Thomson (1991),
and Hassan (1982), among others, least squares estimates are presented for
models with harmonic regression signal plus noise. Consistency is shown for these
estimates and asymptotic variance expressions are developed. Since, for this
particular application, models are fit to obtain estimates of parameters that are
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HARMONIC COMPONENTS IN A MUSICAL SOUND SIGNAL 3

thought to change from time-frame to time-frame, it is only natural to consider
window-based estimates. In this paper, the results obtained by Walker (1971) and
Hannan (1973) will be generalized to window-based estimates equivalent to
weighted least-squares. This will permit one to develop standard errors and
confidence intervals for estimates obtained for the music signals.

The remainder of this paper is organized as follows. Section 2 presents the
harmonic plus noise model and the weighted least squares estimates for its
parameters. Section 3 summarizes key asymptotic theory developed for least
squares estimates, with an extension to the weighted case. In Section 4, we present
examples of how the estimates and asymptotic theory developed in Sections 2 and
3 can be useful as a data exploration tool in the study of sound signals. Some final
remarks are given in Section 5.

2. HARMONIC REGRESSION MODEL

Many signals in nature have been statistically analyzed via sinusoidal regression
models (Brillinger, 1977). The harmonic regression signal plus noise model is
defined by

yie=s(t;5y) +¢& t=1,...,T

where

K
S(t; ﬁO) = Z{Akv() COS(CL)k,oZ‘> + By o sin(wkﬁot)} (2)
k=1

and {e} stationary stochastic process.

This model has been studied by various authors. Under the assumption that {e,}
is white noise with finite variance, Walker (1971) presents estimates that are
asymptotically equivalent to least squares estimates. Consistency is shown for these
estimates and asymptotic variance expressions are developed. Hannan (1973) does
the same under the assumption that {¢} is ergodic and purely non-deterministic.
For a more general model, with modulating amplitudes and under the assumption
that the noise is a linear processes satisfying a mixing condition, Hassan (1982)
finds estimates that are consistent and asymptotically normal as well. Brown (1990)
and Quinn and Thomson (1991) develop similar results when adding the constraint
that wy o = kAo, for some fundamental frequency 7y, to model (2).

For weighted least squares estimates, the result of consistency follows in a
similar fashion to the unweighted case. However, some work is needed to obtain
asymptotic variance expressions. In the work that follows, we will be presenting
the results obtained by Walker (1971) and Hannan (1973), for estimates that are
asymptotically equivalent to weighted least squares, under the assumption that
the stationary {e} has autocovariance function c.(u) = cov{e;,, ¢}, satisfies
Assumption | below, and has power spectrum
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1 :
feoel2) = Tnzc exp(—idu) o0 < A< oo

AssumpTiON 1. The error series {¢,} is a strictly stationary real valued random
process all of whose moments exist, with zero mean, and with ¢, (uj, ... ,u._1)
the joint cumulant function of order L of the random process {¢,} for L=2, 3,....
Furthermore, the

o] 00
Co= D o Y el un)]
uyp=—00

Uy 1=—00
satisfy

Ci2*
— < 00
Kl

for z in a neighbourhood of 0.

This assumption requires that the stochastic process {¢,} have a short span of
dependence, that is that the random variables ¢, and ¢, are less statistically
dependent on each other as they become more distant, i.e. as | £ — s | = oc.

2.1. Weighted least squares estimates

The weighted least squares method consists of choosing ﬁ to minimize the
criterion

sr(p) = > w(5) = st p) ()

t=1

Here w(s) is a weight function. Some of the results regarding the asymptotic
behaviour of these estimates require that the weight function satisfy Assumption
2.

AssumpTioN 2. The function w(s) is non-negative, bounded, of bounded
variation, has support [0, 1], W, > 0 and, Wf — WyW; # 0. Here

1
W,,:/O s"w(s)ds 4)
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HARMONIC COMPONENTS IN A MUSICAL SOUND SIGNAL 5

3. ASYMPTOTIC THEORY

Throughout we are going to need the following simple result, proved in the
Appendix. Set

LemmMA 1. If w(t) satisfies Assumption 2 then we have for n=0, 1,...

lim 7-"VAT(y = w,,  for A=0,2n (5)

T—oo

ALy =0(T") for0<i<2m (6)

To prove consistency and asymptotic variance of the welghted least squares
estlmates we first define the estimates ﬁ composed of Ak T BkT and &y r for
k=1,.

2 i w(£)y cos(dy rt)

2 =1
Arr = - (7)
> w(f)
=1
T
23 w(£)y sin(dy rt)
By =—"—— (8)
> w(f)
=1
where if we write w = (wy,. .., wg) and &7 = (01, T,...,dk 1), dr is such that
gr(@r) = max gr(w) 9)

where g7 is defined by
2

gr(o) IZ ( )y, exp(itwy)
Notice that these estimates are the same ones presented in Walker (1971) and
Hannan (1973) in the unweighted case, but now using tapered data w(t/T)y;.
Similar to the unweighted case, we notice that these estimates are asymptotically
equivalent to the weighted least squares estimates and thus we may prove
asymptotic results for the former to obtain the results for the latter. This result is
best understood by first considering the case of one sinusoidal component (K=1)

s(t; By) = Ao cos(wot) + By sin(wyt)

with fo= (4o, By, wo) and then generalizing to the case of several partials.

© Blackwell Publishers Ltd 2001



6 R. A. IRIZARRY

As done in Walker (1971) for the unweighted case, we notice that if we define

Rr(ﬁ)zzr:w<%> W2+ B ZT: (5 -

t=1 t=1

—ZZ ( )y,{A cos(wt) + Bsin(wt)}

(10)

with f=(4, B, w), then

Sr(B) — %ZT:W( ) — B cos(2wt) + 24Bsin(2wr)}  (11)

t=1

Here S#(p) is the weighted residual sum of squares of equation (3). The difference
in (11) is deterministic and, using Lemma 1, we can show it is bounded as 7" — oo
if0 <ow<m

By taking derivatives and solving when they are set to 0, we see that the w
that maximizes the periodogram of the tapered data w(z/T)Y, also minimizes
RAp). This and (11) may be used to show that the estimates presented in (7),
(8), and (9) are asymptotically equivalent to the weighted least squares
estimates.

For the case of more than one frequency, model (2), the function corresponding
to (10) whose minimization yields approximate weighted least squares estimators
becomes

K T
Rr(p) :tz;w(%)y%r%; (4} + BY) ; ( )
- ZZZW(%>%{A;{ cos(wyt) + By sin(wyt)} (12)

k=1 t=1

Here f=(A, B, o) =(A4y,..., Ak, Bi,..., Bk, 0,..., wg)’. In this case, to obtain
(12) from the weighted least squares equation (3), we need terms of the form

AkAIZ ( )cos wyt) cos(w;t)

and

BkB/Z ( )sm wyt) sin(w;t)

to be bounded, since they are included S (A, B, w) — Ry (A, B, w). Some
conditions need to be imposed to avoid have the w, become too close together and
thus prevent the estimators of two or more frequencies from converging in
probability to the same value. An appropriate condition is
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HARMONIC COMPONENTS IN A MUSICAL SOUND SIGNAL 7

fim | min (Tlox — o) = oo (13)
See Walker (1971) for an example.

So we redefine the estimates of wy = (w1 g,..., W) as the value that maximizes
(9) but under a constraint satisfying (13).

We have shown that the estimates f defined by (7)—(9) are asymptotically
equivalent to the weighted least squares estimates f defined by (3). Because the
two main results of this paper are asymptotic results, we will abuse notation and
use only [3’ to denote both these estimates.

To prove consistency and asymptotic normality for the weighted least squares,
or equivalently the estimates defined by (7)—(9), we need a result concerning the
behaviour of the periodogram of the noise and its derivatives with respect to w.

LEMMA 2. Let the stationary random process {} satisfy Assumption 1 and let the
weight function w (s) satisfy Assumption 2, then if

r
—(k+1) Zw( )t € exp(—itw)

t=1

pr(o)

one has k=0, 1, ...
lim sup pr(w) =0, in probability

T—00 0<p<n

REMARK 1. Lemma 2 has been shown to be true under different assumptions
for the equally weighted case, w(s) = 1. In most cases the result for the weighted
case follows similarly. Walker (1971) proves the Lemma for white noise with finite
variance. Hannan (1973) proves it under ergodic and purely non-deterministic
conditions. Brillinger (1986) proves a version of this Lemma for spatial point
processes. Under Assumptions 1 and 2, Lemma 2 follows directly from Brillinger
(1981, p. 98, Theorm 4.5.1)

We may now prove consistency of the weighted least squares estimates

THeOREM 1. If {¢,} satisfies Assumption 1 and the weight function w(s) satisfies
Assumption 2, then for 0 < wrg < @

limA 7 = Arpo

T—o0

lim Bk T = Bk<0

T—oo ’
lim T|(Z)kT — wk0| =0
oo ) )

for k=1,..., K, in probability.
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8 R. A. IRIZARRY

REMARK 2. Using Lemmas 1 and 2, we may prove consistency in a similar way
to Walker (1971) or Hannan (1973). In the Appendix, a sketch of the proof is
given containing the key differences for the weighted case.

The following theorem describes the asymptotic distribution of the weighted
least squares estimates. The result provides a way to construct standard errors and
confidence intervals for our estimates.

THEOREM 2. Under the same conditions as Theorem 1, the vectors

{T*(Arr — Ax0), T*Brr — Bro), T (dnr — wno)y k=1,...,K

converge in distribution to mutually independent normal vectors with zero mean and
variance matrices

dnfe (ko)
Ao + By
where
ClAio + CzBio —c3AroBro  —c4Bio
V= | —c3450Bro CzA%_,o + ClBio cadi (14)
—c4Bro cadi o
Here
co = apby
c1 = Uy ?
€2 = apb; (15)
c3 = agWMi Wy 2 (W WUy — Wi Uy — 2W5 WaUy + 2W Wi Wa Uy )
cs = ao(MMUs — WU, — Wy WhUy + Wi Up)
where

ay = (WoWs — 7)™
by = W, Uy + Wy (W1 Up — 2W,Uy)  for n =0, 1
Here Wy, W1, and W, are defined by (4) and Uy, U, and U, defined by

1
U,,:/ s"w(s)ds
0

REMARK 3. Observe that if w(f)=1 for all ¢, the constants in (15) reduce to
ci=1, ca=4, c3=3, ¢4=06 and ¢y=12 and the variance matrix reduces to the
variance matrix obtained in the equally weighted case by, for example, Walker
(1971).
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HARMONIC COMPONENTS IN A MUSICAL SOUND SIGNAL 9

4. EXAMPLES

The relation between the frequencies w ,..., Wi, called the partial frequencies,
and the frequency related to the pitch of the note heard when listening to the
signal represented by y,, call it A, is of interest in musical sound signal analysis.
With the estimation techniques used in sound analysis, it is common to have the
smallest of the estimates of the w relatively close to A and the kth smallest estimate
relatively close to k4 (Rodet, 1997). As mentioned, in current sound analysis
research, it is common to present these estimates without indications of their
uncertainties. The fact that the smallest of the estimated w is usually different
from A is usually interpreted as meaning that the signal is somewhat ‘out of tune’.
Under the assumption that the signals contain a stochastic element, the possibility
exists that such variations are ‘due to chance’. To explore this possibility, we
redefine the frequencies in model (2) so that w;9 < -+ < wro and add the
constraint

o1y <o < D (16)

to the estimation technique. See Remark 5 in the Appendix for a brief discussion
of why, for large enough T, we can still use the asymptotic results of Section 3
when the estimation technique includes constraint (16). The asymptotic variances
of the estimates resulting from this model provides a way to obtain approximate
standard errors and confidence intervals for our estimates. The following
examples demonstrate some applications.

A recording of a professional clarinet player playing (or trying to play)
concert pitch A (1=441 Hz) was made. During the recording, 44100
observations of the air pressure wave were recorded per second. A one-second
segment of the signal was divided into 45 non-overlapping, contiguous time
frames, each with 1025 observations (approximately 23 milliseconds). The data
in the first time-frame is shown in Figure | on page 000. Using the Splus
function nls (), weighted least squares estimates were found for model (2), with
K =15, for the observed data in each of the above mentioned time frames. The
choice of K and the length of time frames was made to obtain ‘reasonable’ fits.
For example, for the first time frame, the residual mean-square is
6% = 0.0000134. Comparing this to the variance of the original signal (1/7)
%,»? = 0.7609363 shows that the fitted model explains a large amount of the
variation of the original signal. Similar results where obtained for the other
time-frames. For a discussion of goodness of fit and other selection procedures,
see Irizarry (1998).

For many orchestral instruments, such as the clarinet, physical modelling
(Fletcher and Rossing, 1991) suggests that, within short segments, the partial
frequencies are harmonically related, meaning that model (2) holds, with the
constraint

a)k,():ki kzl,...,K (17)
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Frequency (in Hz)
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Figure 2. Pitch estimate for clarinet sound and confidence intervals around 441 Hz.

with 4, the frequency related to the note being played. Under this null hypothesis,
with T large enough (we have T'=1025), we expect the weighted least squares
estimate of wy o to be ‘close’ to k4 for k=1,..., K. Table 1 presents the resulting
estimates @,k =1,...,15 for the first 5 frames. In current sound analysis
research, constraint (17) is not necessarily imposed when performing estimation
(Serra and Smith, 1991). The results shown on Table 1 secem to suggest that
maybe constraint (17) should be considered. Our estimates and asymptotic results
are a useful tool for exploring these results.

To examine the possibility that the fundamental frequency played by the
instrumentalist is related to the note we hear, we study how the estimates of w; o
deviates from 441 Hz, the frequency related to concert pitch A, for each time
frame. Figure 2 shows the estimate @;r obtained in the different time frames
(corresponding to the dots in Figure 2). Theorem 2 provides the asymptotic
variance of this weighted least squares estimate, which we can use as an
approximation

4 o ~
var(éyr) ~ M
T3(A, r +B, 1)

with T, the number of observations used to perform the estimation, ¢, defined
by (15),/11“; and Bl,T, the weighted least squares estimates of A4y and B, and
f..(w), a suitable estimate of the spectrum of the noise process {¢;}: see Quinn
and Thomson (1991) for some examples of how to obtain this estimates. We
can use this approximation, to construct marginal +2 s.e. limits, which we
include in Figure 2. The figure suggests that, in this signal, the fundamental
frequency is varying from 441 Hz for the different time-frames. We could say
that, for most of the signal, the clarinet player is statistically significantly out of
tune. But why do we hear 441 Hz? Studies show that the human ear cannot
distinguish notes that are 0.03 semitones away from each other (Pierce, 1992).
This implies that frequencies between 441 + 0.76 Hz will sound the same. In
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12

13

14

15

Time in seconds

Ficure 3. Difference between partial frequencies and respective multiples of fundamental frequency
estimates for the clarinet sound with confidence intervals around 0. The range of the y-axes is —0.03—
0.03 semitones in every plot.

fact, we can see that for all time-frames & +2+/var(®,r) is inside
441 + 0.76 Hz. Maybe the actual note being played is fluctuating between
these values.

To see what the data have to say about (17), the harmonic relation suggested
by physical theory, we can look at the differences @ r — ko r for k=2, ..., K.
In Figure 3, we plot these differences. Notice that they are, in general, not
exactly equal to 0. Of course, this could simply be random variation. In current
sound analysis research, this is taken as evidence that for each time frame,
partials are not exactly multiples of the fundamental frequency. Again, Theorem 2
provides the asymptotic variance of weighted least squares estimates which we
can use to compute approximations of the standard errors for the differences in
question:

Vir(dnr — kivy r) = dnegT = | L @1) | oS O11) k=1,...K

Aer T Bir Ay r+Bir

Using this, we construct marginal £+2 s.e. limits about 0 and include them in
Figure 3. In the present case, there seems to be no evidence that the partial
frequencies are different from the respective multiples of the fundamental
frequency. Notice that we are not presenting this as a formal hypothesis test, but
rather as a useful exploratory method. For an example of how formal hypothesis
testing can be performed, see Quinn and Thomson (1991).

For the fine example, a recording of a guitar playing D (146.8 Hz) was made.
For plucked string instruments, like the guitar, physical models predict that
partial frequencies will be higher than multiples of the fundamental frequency. In
Fletcher and Rossing (1991) the ratio is predicted to be proportional to the partial
number squared,

© Blackwell Publishers Ltd 2001
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Spectrogram for clarinet Spectrogram for guitar
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FIGURE 4. Spectrograms (sonograms) of clarinet playing A note (441 Hz) and guitar playing D note
(146.8 Hz).

OO L p2, k=2,....K (18)

1,0
Here b is a constant determined by the physical properties of the strings. In
Figure 4, spectrograms of the guitar and clarinet sounds are compared. Dark
shades of grey represent large values. For the clarinet, the fact that dark
horizontal bands are centered at frequencies that are multiples of 441 Hz (denoted
with dotted lines) is in agreement with our assertion that the partial frequencies
are harmonically related. For the guitar, notice that dark horizontal bands are
centered a bit higher than the multiples of 146.8 (this is most noticeable for the
higher partials). The differences between the partial frequencies suggested by the
spectrogram and the multiples of the 146.8 Hz frequency are quite small. In
general, these differences are undetectable to even a ‘trained ear’. However, it is of
interest to assess the harmonic relationship proposed by physical models using
data. The methodology described in this paper provides a way of doing this.

A two-second segment of the guitar signal was divided into 60 non-overlapping,
contiguous time frames with 3000 observations each (approximately 68
milliseconds). As done for the clarinet, we find the weighted least squares
estimates for model (2), with K=12, for each of these time frames. In Figure 5,
the differences @y — k@, r are shown for one of the time frames with marginal
+2 s.e. limits around 0. All values are outside the +2 s.e. limits, suggesting that

© Blackwell Publishers Ltd 2001



14 R. A. IRIZARRY

One time frame All timeframe

10 12
15 20

Difference
Differences
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} l ll
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Partial number Partial number

Ficure 5. Differences between partial frequencies and respective multiples of fundamental frequency
estimates for a guitar sound.

the differences are not 0. Figure 5 also shows these differences for all time frames.
A parabola is fitted to these values and is also shown. These results provide
evidence that the guitar produces partials that are not harmonically related and
seem to be in agreement with a relationship like that of equation (18).

The asymptotic variance expressions can also be useld to construct confidence
intervals for the amplitude estimates ;7 = (4, , +B7 )% k=1, ..., K. We use the
delta method to arrive at ' ' 7

ﬂf(wqu) k — 1 K
T

var(p, r) = 4mne

ey

5. DISCUSSION

In this paper, we have presented an expression for the asymptotic variance of the
weighted least squares estimates in a harmonic regression signal plus noise
model. Useful applications in sound signal analysis were found for these results.
In particular, we have examined the possibility that variations of estimates in
different parts of the signal are due to chance alone. We presented evidence
suggesting that the fundamental frequency of a clarinet sound departs from a
fixed frequency. No evidence was found to contradict the fact that the clarinet is
a harmonic instrument, with partial frequencies related to multiples of a
fundamental frequency. This suggests that for the clarinet, and possibly other
harmonic instruments, the additive synthesis model (1) might be improved by the
constraint w, = k4. In the case of a guitar sound, we found evidence suggesting it
does not follow the same harmonic relation as the clarinet. Furthermore, the
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results seem to suggest that a constraint of the form w,=(x + yk)*. may be
appropriate. Further investigation of guitar sounds are of interest.
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APPENDIX

Proor oF LEMMA 1. Fix n. To prove (5), notice that, for A=0, 2, we have,
from the boundedness and bounded variation of w(s) that

T

Jim 70 0870) = Jim () (7) (7)

1

:/ u"w(u)du
0

=W,

To prove (6) let 0 < 1 < 2m and define
t
A(2) = Zexp(iis)
s=1

with the convention that A°(2) = 0. Letting /(u) = u"w(u) and using summation by

parts gives
) 7—1 0 (141 ‘.
" | h(1)AT(2) + ?:1 {h(T) h(—T >}A( )]

Notice that, if w(¢) is bounded and has bounded variation on [0, 1], so does A(s).
Let M be sups |4(s)| and V" be the total variation of A(s):

AT() =

© Blackwell Publishers Ltd 2001



16 R. A. IRIZARRY

fsupZ|h h(siz1)|

with the suprema taken over all possible subdivision 0 < 55 < s < -+ < 5, < 1
of [0, 1].
Then, we have

T n T t
A7) < 7 [Mm ()1 + ¥ max [(3)

We know - see, for example, Brillinger (1981) — that |A'(2)| < L=1/|sin(34)| for all
t. Notice that L depends on A, but given 0 < A < 2m it is constant for all ¢, thus

AT (2)

<T'L(M + V)

and this completes the proof of the Lemma.

Proor or THEOREM 1 Consider first the one sinusoidal case (K= 1). We start by
proving
Tlim T|dr — wo| = 0 in probability (19)
which is stronger than the usual consistency
|7 — wo| = 0 in probability

but is needed to prove the consistency of the remaining two estimates and
asymptotic normality.
Letting Dy = 1(4o — iBy) gives

qT(G)> = |T_]dT | + |T 1{l)()AT(CL)() + u)) +DOA CL)() }’ (20)
+22([T7'd" ()] [T {DoA] (w0 + @) + DoAf (w9 — ®)}])
with

T
Zw( )et exp(—iwt)
By Lemma 1, for 0 < o < 7,
T7'Al (0o + @) = o(1)

and

W o=o
Z1AT _ 0 0
T Al (wO - U)) - { 0(]) otherwise

Lemma 2 implies that for 0 < o < n, T ~'d"(w)= 0,(1). Thus we have that
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HARMONIC COMPONENTS IN A MUSICAL SOUND SIGNAL 17

1 _ 2
4r(0) = 3|7 AT (@ = 00)[* + 0,(1)
and
1
qr(wo) = ZpéWoz +0p(1)
To prove (19), for any b > 0, define

Pr(b) ={w: T|o — wy| > b} (21)
Notice that

Pr(T|or — wo| > b) < Pr( sup gr(w) > qr(wo)>

w€ePr(b)
=Pr[ sup ]T’IAg(w - (1)0)‘ > Wy +o0,(1)
wEPT(b)
Noticing that the expression on the left is a Reimman sum (Irizarry, 1998), we have

sup |T7'Af(w — )| = ‘/ s)exp{iT(w — wy)s}ds| + o(1)

wePr(b)

Let w* be such that

sup
w€ePr(b)

. / 5) exp{iT (" — wp)s}ds| = /O (s expliT(e — wo)s)ds

Let b*=T\w* — wo| 2 b > 0. Then, by the definition of P4b) given by (21),
we have

1
Tlim Pr(T|dr — wy| > b) < Tlim Pr( /w(s) exp(ib*s)ds| +o(1) > Wy + 0,,(1))
0

Since W, > 0 is a deterministic constant and b~ > 0

/ w(s)ds

1
= /0 |w(s) exp(ib*s)|ds

VV():

>

1
/ w(s) exp(ib*s)ds
0

and we have (19). i )
To prove consistency for A7 and By, let
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18 R. A. IRIZARRY

r(t, B) = {Do exp(iwot) + Dy exp(—iwot)}
and
r -1
s ()}

By Lemma 1 and the mean value theorem, for some @7 satisfying
|7 — @] < Jar — wol

Wr — Ao +i(Br — By)| = + LZ () (t; Byitexp(idort) (7 — wo)| + 0p(1)

The first term in the right-hand side of the above equation is smaller than

LZ ( )|” (& B)ltlor — wo| < poT|or — wo| = 0,(1)

And thus |7 — 4o) +iBr — Bo)| = 0,(1), and because both the real and imaginary
parts converge in probability to 0, consistency for the one sinusoidal case is proven.
The general case follows in the same way. See Irizzary (1998) for details.

REMARK 4. Notice that g{w) is symmetric in its K arguments. As noticed by
Walker (1971), a way of determining which component of ® is associated with a
particular partial has to be found. Walker (1971) notices that if we determine the
&y r as the kth largest local maxima of g7{(w) subject to separation condition (13),
these will, for sufficiently large T, almost certainly estimate the frequencies of the
harmonic components arranged in descending order of magnitude. The same
argument works in our situation.

REMARK 5. In some applications, it is convenient to have the parameters in
ascending order. Define w7}, < --- < wg, so that wj , = kth smallest of w,,, ...,
wxy and define the A, and By accordingly. Under this ‘re-parameterization’,
instead of using the technique described in Remark 4, we do the following:

Notice that the proof of Theorem 1 shows that for all w9, k=1, ..., K, for any
0 > 0 there is a Tj such that, for all T > T, one of the K components of @y, call
it &y, r, satisfies

PI‘(T|CZ)1{’T — CZ)/(A0| > b) <0 (22)

for all b > 0. For each T, define the estimate @;, as the kth smallest of
TN g 1 Because K is finite, we have that for any 6" > 0, we can find an
appropriate 6(K, ¢") in (22) so that for T > T, we have
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HARMONIC COMPONENTS IN A MUSICAL SOUND SIGNAL 19

Proor ofF THEOREM 2. We follow in a similar way to Walker (1971) and
Hannan (1973). First, consider the case of one sinusoidal component (K=1).
Using Theorem 4.4.2 in Brillinger (1981, p. 95), we have that the vector u, with
components

€[t COS (U()t

3 t .
us =712 w<f)etsma)t
=Y w(H)atsina

is asymptotically multivariate normal with zero mean and variance matrix

U 0 U 0

. 0 U 0 U
U=nfelwo)| 00 Uy 01
0o U 0 U

Expanding ¢’ (w) in the first two terms of its Taylor series, about w, we can write
1 EP _ - - .
T3qr(wo) = —T*(dr — w0)T 2qp(dr)  |@r —wo| < |dr — (24)

Notice that, calculating the derivative and repeated use of Lemmas 1 and 2, we
can show that

Tﬁ%q/T(wo) = —WiBou; + WiAous + WoBouz — WoAous + 0,(1) (25)

Since T|dr — wy| converges to zero in probability, taking the second derivative,
we have by repeated use of Lemmas 1 and 2

T=2q1(dr) = 3(45 + BY) (W7 — Wola) + 0,(1) (26)

Using (24), (25) and (26), we can express the vector of standardized estimates as a
linear combination of the vector u, defined by equation (23), plus a quantity
converging to 0 in probability.

{T*dr — A0), T*Br — By), T* (o7 — )} = Au + 0p(1)
with

© Blackwell Publishers Ltd 2001



20 R. A. IRIZARRY

B%W2+A%(W2—%) —AOBTOOWF —BjWi AoBo

A= —abolr? a3+ By (W =5 AoBoW —A3
—Boh Ao BoWo  —AoW

By Assumption 2, we know that all the denominators in the components of A are
not 0. This implies that Au is asymptotically multivariate normal with variance
matrix AUA’. By computing AUA’, we obtain the variance expression (14). This
proves Theorem 2 for the one sinusoidal case.

Taking derivatives of g{®), we notice the dg{w)/dw, do not depend on wy,
when [/ # k. Furthermore, under condition (13), the @, r are asymptotically
independent; see, for example, Brillinger (1981). Theorem 2 now follows for the
general case.
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