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1. Intr oduction

Considerthesignalplusnoisemodel���������
	���
������������
	��������������! "�#� (1)

wherethesignal �$�
	���
�� is composedof % periodiccomponents�$�&	���
���� '()+*-, � ) �&	��!
 ) ���.
/�0�&
 , �������#��
 ' �21 (2)

andeachcomponent� ) �&	���
 ) � is asumof 3 ) sinusoidalcomponents� ) �
	���
 ) ���54.6(7 *-,28:9 )�; 7�<>=�? �
@ )�; 7 	+����A )�; 7B?!CED �
@ )�; 7 	+��F (3)
 ) �0� 9 )�;G, ��A )�;G, �>�����>� 9 )�; 4.6 �HA )�; 4.6 �+@ )�;G, �>�����>��@ )�; 4.6 � 1 (4)

thataresomehow relatedto eachother, for exampleby aconditionlike (7) below.

1



TIME-VARYING PARAMETER ESTIMATESIN A HARMONIC MODEL 2

Herethenoise�+� is astrictly stationaryrealvaluedrandomprocess,with autocovariancefunc-
tion I�JKJ �&L-��� Cov 8 �+�NMPO��H�+�2F thatsatisfiesCondition1 below, andhaspowerspectrumQ JKJ �SRT��� �U�V ( O I#JWJ�X#Y[Z ��\^]2R.L-�#�_\"` abRcab`�� (5)

Condition1. Thenoiseprocess8 ���2F is suchthatall its momentsexist, with zeromean,andwithI�JedGdGd J �fL , �����>�>��Lhg�i , � thejoint cumulantfunctionof order j for j � U ��kP������� . Furthermore,thel gm� n(Opo * i n ���>� n(O�qpr o * i n s I�JedGdGd J �fL , �����>�>��Lhg�i , � s (6)

satisfy t 7 l 7>u 7pv�w-x ab` for u in aneighborhoodof 0.
Weareinterestedin studyingthismodelwhenaharmonicrelationexistsbetweenthefrequen-

cies @ )�; 7 in eachof the % components� ) �
	���
 ) � . Weassumethatthereexist % differentfundamental
frequenciesy a{z ) a U�V �|�E}~�������>���>� % � suchthat@ )�; 7 � w z ) � w ������������� 3 ) for each}����������>��� % � (7)

Wereferto 3 ) asthenumberof harmonicsassociatedwith the } th fundamentalfrequency.
We definethe parameter
����5�f
��, �����>����
��' � 1 for the modelunderconstraint(7), where 
��) �� 9 )�;G, �HA )�;G, ���>���>� 9 )�; 4.6 �HA )�; 4.6 �Hz ) � 1 for each}m�_���������#� % . Theparametersof this modelareidentifi-

ableprovidedthefrequency parameters@ )�; 7 aredifferentfrom eachother.
Severalauthorshave studiedvariousformsof themodeldefinedby (1) – (6) with % ��� and

whennoconstraint,for examplelike(7), existsonthefrequencies@ )�; 7 . Noticethatif noconstraint
exists,evenif %�� � , no relationexistsbetweenthe @ )�; 7 � w �����>�����>� 3 ) andthereis no needfor
the } indexes.Thenwecanrewrite themodelas�$�
	���
���� 4(7 *-, 8:9 7�<>=�? �
@ 7 	+����A 7�?!CED �K@ 7 	+��F$�.
���� 9 , �HA , ���>����� 9 4 �HA 4 �+@ , ���>������@ 4 ��1 (8)

with 3 � t ')!*-, 3 ) .
For this modelWalker (1971)establishesweakconsistency andasymptoticnormalityfor esti-

matesthatareasymptoticallyequivalentto leastsquaresestimatesundertheassumptionthat the�+� aredistributedindependentlyandidenticallywith meanzeroandfinite variance.For functions�$�&	���
�� which do not necessarilyhave the form (2),(3) or (8), but which satisfycertainregularity
conditions,Hannan(1971)findsestimatesof 
 by minimizing��� �&
����� i , � i ,()+*��|� �eR ) ��� �� �eR ) ��
��
with R ) � U�V } v  ��|�E}�� y ���>�����+ {\��:� , � �eR-� ��y a frequency domainweightfunction,and� �� �SR���
����0� U�V  "� i ,������ �(� *-, 8 ���T\��$�&	���
��HF X�YPZ ��\^]2R�	+� ����� � �
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theresidualperiodogram.Hannan(1971)provesstrongconsistency andasymptoticnormalityfor
theseestimatesundertheconditionthattheerrorprocess8 ���2F is a purelynon-deterministiclinear
process.

Furthermore,Hannan(1971)showsthattheasymptoticvarianceof theestimatesis minimized
by taking � �eR-��� Q i ,JWJ �eR-� . Hannan((1971), (1973))noticesthat for �$�&	��!
�� , as in (8), the reg-
ularity conditionspresentedin Hannan((1971),page768–769)arenot satisfied,yet consistency
andasymptoticnormality, for the estimatesobtainedby minimizing

��� �f
�� , hold. Furthermore,
Hannan(1973)noticesthat for this casethe asymptoticdistribution is independentof � �SRT� , and
thusit is only necessaryto considerthecase� �eR-����� , i.e. the leastsquaresestimates.Hannan
(1974)extendsthis resultto thecasewheretheconstraint(7) holdsandreports,without proof,an
expressionfor theasymptoticvarianceof theestimates.Brown (1990)findsaminormistakein this
expressionandderivesa correctoneby computinga first-orderTaylor expansionof thegradient
of
��� �&
�� . Brown (1990)doesnot take advantageof the fact that the asymptoticvariancedoes

not dependon � �SRT� ; however, by computingthe result for � �SRT�~� Q i ,JKJ �SRT� , he givesthe correct
expressionfor theasymptoticvariance.

Theharmonicregressionsignalplusnoisemodelis widely used,for examplefor thestudyof
biologicalrhythmdata(Greenhouse,Kass& Tsay, (1987))andsoundanalysis(Irizarry (1998)).In
thelatterexample,modelswith multiplefundamentalfrequenciescanbeusedtostudyreverberated
soundsignals.Becausetheharmonicparametersmaybetime-varyingwe presenttheasymptotic
distributionof window-basedestimatesbelow.

2. WeightedLeastSquares

In someapplications,it maybeusefulto fit modelsin orderto obtainestimatesof parameterfunc-
tionsthatdependon time. For thesecases,it is only naturalto considerwindow-basedestimates.

Giventhatwehave  observationsfor whichweapproximatethetime-varyingparameterwith
aconstant
 , theweightedleastsquaresmethodconsistsof choosing �
 to minimizethecriterion�T� �&
���� �(� *-,�� � 	 � 8 ���T\��$�&	���
���F � (9)

with � �S�:� a weight function. Someof the resultsregardingthe asymptoticbehavior of these
estimatesrequirethattheweightfunctionsatisfythefollowing condition.

Condition2. The function � �S�:� is non-negative, bounded,of boundedvariation,hassupport  y ���>¡ , ¢ � ��y , and ¢ �, \ ¢ � ¢ ��£� y where¢¥¤ ��¦ ,� � ¤ � �S�:��§���� (10)

Weareinterestedin findingtheasymptoticpropertiesof theweightedleastsquaresestimateof
theparameter
|� of themodeldefinedby (1) – (7). To do this we extendtheresultdevelopedby
Hannan(1973)for theasymptoticbehavior of theweightedleastsquaresestimatesfor this model
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but without constraint(7) andunderthe assumptionthat theerrorprocessis a linearprocess.In
thispaperweextendthis to themoregeneralconditionfor theerrorprocessdefinedby (6).

As mentioned,themodeldefinedby (1)–(6)canberewrittenasmodel(8). Becausethis is the
modelconsideredby Hannan(1973),for simplicity we considermodel(8) for the remainderof
thissection.

We defineweightedversionsof theestimatesdefinedby Hannan(1973):for
w �����>�����#� 3 ,¨9 7 ; � � U �(� *-,�� � 	 ����� <�=�? � ¨@ 7 ; � 	+� v �(� *-,�� � 	 ��� (11)¨A 7 ; � � U �(� *-, � � 	 ����� ?+CWD � ¨@ 7 ; � 	+� v �(� *-, � � 	 ��� (12)

where,if wewrite @©�0�
@ , �>�����>��@ 4 � and
¨@ � ��� ¨@ ,2; � �>�����>� ¨@ 4 ; � � , ¨@ � is suchthatª � � ¨@ � ��� «�¬ Y�!­�®$­$¯ ª � �
@°� (13)

and ª � is definedby: ª � �K@°��� 4(7 *-, �����  i , �(� *-, � � 	 ����� X�Y[Z �f]e	±@ 7 � ����� � � (14)

We noticethat theseestimatesareasymptoticallyequivalentto theweightedleastsquareses-
timates �9 7 ; � , �A 7 ; � and �@ 7 ; � for

w �²����������� 3 , the valuesthat minimize (9). This result is best
understoodby first consideringthecaseof onesinusoidalcomponent( 3 ��� )�$�&	���
 � ��� 9 � <>=�? �
@ � 	+����A � ?+CWD �K@ � 	+� (15)

with 
 � ��� 9 � ��A � �+@ � � 1 , andthengeneralizingto thecaseof severalsinusoidalcomponents.
As donein Walker (1971)for theunweightedcase,wenoticethatif wedefine³ � �&
���� �(� *-, � � 	 ��� �� � �U � 9 � ��A � � �(� *-, � � 	 �´\ U �(� *-, � � 	 ����� 8:9 <�=�? �K@�	+����A ?!CED �
@�	+�HF (16)

with 
¥��� 9 �HA���@°� , then�T� �f
���\ ³ � �&
���� �U �(� *-, � � 	 � 8 � 9 � \©A � � <>=�? � U @�	+��� U 9 A ?+CWD � U @�	+��F$� (17)

Here
�T� �f
�� is theweightedresidualsumof squaresof (9). Thedifferencein (17) is deterministic

and,usingLemma1 (AppendixC), wecanshow it is boundedas  bµ ` if y a�@¶a V .
By takingderivativesandsettingto 0, weseethatthe @ thatmaximizestheperiodogramof the

tapereddata� �
	 v  "����� alsominimizes
³ � �f
�� . Thisand(17)maybeusedto show thattheestimates

in (11), (12),and(14)areasymptoticallyequivalentto theweightedleastsquaresestimates.
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For thecaseof morethanonefrequency we usethepreviousresultasdonein Walker (1971).
Thefunctioncorrespondingto (16),whoseminimizationyieldsapproximateweightedleastsquares
estimators,becomes ³ � �&
���� �(� *-, � � 	 ��� �� � �U 4(7 *-, � 9 �7 ��A �7 � �(� *-, � � 	 � (18)\ U 4(7 *-, �( � *-, � � 	 ����� 8:9 7�<>=�? �
@ 7 	+����A 7�?!CED �
@ 7 	+��F$�
In thiscase,to obtain(18) from (9) weneedtermsof theform9 7 9"· �(� *-, � � 	 � <�=�? �K@ 7 	+� <>=�? �
@ · 	+� and A 7 A · �(� *-, � � 	 � ?+CWD �
@ 7 	+� ?+CWD �K@ · 	+�
to bebounded,sincethey areincludedin

�T� �f
���\ ³ � �f
�� . Someconditionsneedto beimposedto
avoid having the @ 7 ’s tooclosetogether, thuspreventingtheestimatorsof two or morefrequencies
fromconvergingin probabilityto thesamevalue.An appropriateconditionis ¸ C « ��¹ n « CWDP7pº* · �& s �@ 7 \�@ · s ���»`�� Walker (1971)proposesmaximizing ª � �K@°� subjectto« CWD7:º* · � s @ 7 \¼@ · s ���½ i o¾ � (19)

Weredefinetheestimatesof the @ ’sasthosethatmaximize(13)but underconstraint(19).
We now canprove Theorem1, in a way similar to Walker (1971)or Hannan(1973),by using

estimatesthat are asymptoticallyequivalent to the weightedleastsquaresestimatesof interest.
AppendixC hasasketchof theproofcontainingthekey differencesfor theweightedcase.

THEOREM 1. Let �
 � betheweightedleastsquaresestimatesof 
 for themodeldefinedin (8)
obtainedby minimizing equation(9), with � �S�:� satisfyingCondition2. Then �
 � is a consistent
estimateof 
 andfor

w ������������� 3 , thevectors8  o¾$� �9 7 ; � \ 9 7 �#�+ o¾�� �A 7 ; � \¿A 7 ���! ÁÀ¾$� �@ 7 ; � \�@ 7 �HF 1
converge in distribution to mutually independentnormalvectorswith zeromeanandcovariance
matrices Â 7 �ÄÃ V Q JKJ �
@ 7 �9 �7 ��A �7 ÅÆÇ I , 9 �7 � I � A �7 \ I#È 9 7 A 7 \ IHÉ A 7\ I#È 9 7 A 7 I � 9 �7 � I , A �7 I�É 9 7\ IHÉ A 7 I�É 9 7 I � Ê�ËÌ � (20)

Here I � �����>�>� IHÉ areconstantsdependingon the weight function � �S�:� andaredefinedat (34) in
AppendixA.

REMARK 1. If � �e�:����� for all � , theconstantsabovereduceto I , ��� , I � � Ã , I�È ��k , IHÉ �½Í
and I � ��� U , andthecovariancematrix reducesto thatobtainedin theequallyweightedcaseby,
for example,Walker (1971).

3. Harmonic Model with Multiple Fundamentals

In thissectionwepresentresultsdescribingtheasymptoticpropertiesof theweightedleastsquares
estimatesfor theparameter
�� of themodeldefinedin (1)–(7).As mentionedabove,Brown (1990)
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findstheasymptoticdistributionof leastsquaresestimates,� �e�:����� , for thecase% �Î� , by com-
putingafirst-orderTaylorexpansionof thegradientÏ ��� �f
�� . This requirestediouscomputations,
especiallyif we consider%»� � . Using Theorem1, anda techniquesimilar to the oneusedby
Brillinger (1980)to estimatea bifrequency, a resultfor theweightedleastsquareswhen %�Ð � is
obtainedin a simplermanner. Computationsshowing how this resultis obtainedarein Appendix
D.

COROLLARY 1. Let �
��)�; � be the weightedleastsquaresestimateof 
|�) for the modeldefined
by (1) – (7). For each }�� ���>�����>� % , let Ñ ) �
 �� be a � U 3 ) ���:�ÓÒ»� U 3 ) �_�p� diagonalmatrix
whosefirst

U 3 ) diagonalentriesare  ,eÔ � andwhose � U 3 ) �0�p� st diagonalentry is  È Ô � . Then
for each}��Õ����������� % , if � �S�:� satisfiesCondition2, �
��)�; � is a consistentestimateof 
��) andtheÑ ) �& "��� �
 �)�; � \Ö
 �) � converge in distribution to mutually independentmultivariatenormalvectors
with zeromeanandcovariancematrixÃ VØ×Ù Ú 4.6(7 *-, w � � 9 �)�; 7 ��A �)�; 7 � v Q JKJ � w z ) ��Û ÜÝ i ,ßÞ/à ) � I i ,�©á ) á 1) E)á 1) I �ãâ (21)

wherethematrices
à ) and á ) aredefinedat (36), (37),and(38) in AppendixB.

REMARK 2. Corollary1 providesa usefulapproximationof thevarianceof theestimatesof
thefundamentalfrequencies

Var� �z )�; � ��ä Ã V I �  i È ×Ù Ú 4.6(7 *-, w � � 9 �)�; 7 ��A �)�; 7 � v Q JWJ � w z ) � Û ÜÝ i , (22)

where I � is asin (34). Notice that the denominatorin (22) is a sumof weightedsignal-to-noise
ratios. This implies that the precisionof the estimateincreaseswith the total magnitudeof the
respectiveharmoniccomponents.

REMARK 3. In someinstancesit might be usefulto find estimatesfor the amplitudesof the
harmoniccomponentsdefinedby å )�; 7 �æ� 9 �)�; 7 �½A �)�; 7 � ,eÔ � . UsingCorollary1, it is easyto verify

thattheamplitudeestimatesdefinedby �å )�; 7 ; � �ç� �9 �)�; 7 ; � � �A �)�; 7 ; � � o¾ areconsistentestimatesof theå )�; 7 ’s, andareasymptoticallymutually independentnormal. We may approximatethe variance
with Var� �å )�; 7 ; � ��ä Ã V I ,  i , Q � w z ) � where I , is asin (34).

4. Model Selection

Whenconsideringthemodeldefinedby (1)–(7),thenumberof fundamentalfrequencies% , aswell
asthenumberof harmonicsfor eachfundamentalfrequency, 3 , �����>�>� 3 ' , canbeconsideredto be
unknown parameters.In practicewe mustmake a decisionon how many to includein themodel
wefit to thedata.

For modelsdefinedby (8), He (1984)suggestsa simple intuitive procedureto estimatethe
numberof periodiccomponents3 , andprovestheprocedureto bestronglyconsistentundersome
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conditions.Quinn(1989)suggestsanAkaike informationcriteria(AIC) typeestimatorfor 3 and
provesstrongconsistency whenthe noiseprocessis a certainkind of white noise. Wang(1991)
extendstheseresultsunderassumptionslike thatof Condition2. In thissectionweextendWang’s
criterion in orderto useit whenweight estimatesarebeingconsidered,thenwe extendit to the
caseof modelswith multiple fundamentals.

Considerthemodeldefinedby (8)with 3 sinusoidalcomponents.Wewill consider3 tobethe
truenumberof sinusoidalcomponents.To estimate3 whenit is unknown considerthefollowing
scheme.

Let è , �é� y � V � andlet �@ , bethemaximumpoint of ª � �K@°�ê� ���  i , t � � *-, � � �� ����� X#Y[Z �f]f	±@°� ��� � �
For ë´� � , giventhat è · i , and �@ · i , aredefined,let è · � è · i ,�ì � �@ · i , \©L � � �@ · i , ��L � � and �@ · be
thevalueof @¶í è · thatmaximizesª � �K@°� .

One canrepeatthis procedureuntil � y � V � is exhausted.The �@ · ’s will be referredto as the
maximumperiodogramfrequencies.

Define 9 � �SRT��� U �(� *-, � � 	 ����� <>=�? �SR^	+� v �(� *-, � � 	 �A � �eR-��� U �(� *-, � � 	 ����� ?!CED �SR^	+� v �(� *-, � � 	 �
and,for any

w �Î��� U ���>��� letî �� � w ��� � �(� *-,ßï ���T\ 7( · *-,H8:9 � � �@ · � <>=�? � �@ · 	+�|��A � � �@ · � ?+CWD � �@ · 	+�HF>ð � �
Noticethat î �� is asymptoticallyequivalentto theresidualmeansquaresif we werefitting model
(8). Noticealsothat î �� � w , ��ñ î �� � w � � for all

w , � w � , thus î �� is not anappropriatecriterionfor
estimating3 .

As doneby Wang(1991)we let BIC
� � w �~�ò ¸ =�ó î �� � w ���½ô � w (bestinformationcriterion)

with the sequence8 ô � F satisfying ô � v  Äµ y as  çµ ` . An AIC typeestimatorfor 3 canbe
definedby �3 �Ö« CED 8 wöõ BIC

� � w �°ñ BIC
� � w �b�:��F$� (23)

FromTheorem4.5.1in Brillinger (1981)wehave thatfor �+� satisfyingCondition1,¸ C «��¹ n ?!÷ Zø s § � �eR-� s �& ¸ =�ó  "� i ,eÔ � ñ U 8 U:V�ù � ?+÷ Zø Q JKJ �SRT��F o¾ (24)

with probability1, where § � �SRT��� �(� *-, � � 	 �+�+� X#Y[Z �&]e	+RT� (25)

is thediscreteFouriertransformof thetaperederrorsand
ù � is definedby (35) in AppendixA.
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This impliesthatby choosingthesequences8 ô � F and 8 L � F sothat¸ C « CWDPú�P¹ n ô �¸ =�ó  ñ Ã ù � ?+÷ Z ø Q JKJ �SRT�� U�V � i ,Pû ¯i ¯ Q JKJ �SRT��§�R
and L � µ y with �
 ¸ =�ó  �� ,eÔ � L � µ ` (noticethatif weuse(19) this is satisfied)wehavethatthe
amountwe minimizetheBIC when

w �Ö3 , BIC
� � 3 �´\ BIC

� � w � , is asymptoticallycorrectedby
thequantity ô � � w \ 3 � . Similarly, for

w a 3 thepenaltyô � � 3 \ w � is asymptoticallynegligible
comparedto theamountwe minimizetheBIC by adding 3 \ w parameters.In factwe canshow
thatfor largeenough , �3 � � 3 (26)

with probability1. SeeWang(1991)for thedetails.
Now we turn our attentionto estimatingthenumberof fundamentals,% , andtheir respective

numberof periodicities,3 , �������#� 3 ' , whenconsideringthemodeldefinedby (1)–(7). To do this
weusetheresultjustdescribedfor model(8).

First we find an estimate �3 of the total numberof sinusoidalcomponents3 � t ')!*-, 3 )
in the model definedby (1)–(7). From (26) we know that for large enough  we have �3 �t ')+*-, 3 ) with probability 1. To estimatethe numberof fundamentals% , let ü � � 8 �@�ý 7Hþ � w ������>���>� �3 F be the set of orderedmaximumperiodogramfrequencies.Consider �@ ,2;G, � �@�ý , þ to
be an estimateof what we considerto be the first fundamental.The frequenciesü , � 8 @ÿíü � õ s @b\ w �@ ,2;G, s ñÿ i ,eÔ � for some

w � ��� U �����>� F areconsideredto be the set containingthe
harmonicsrelatedto �@ ,2;G, . Giventhatwehavedefinedfundamentals�����>�����±}-\ � andtheirrespective
harmonics,containedin the sets ü , ��������� ü ) i , , definethe } th fundamental �@ )�;G, as the smallest
frequency in ü ��ì � ) i ,· *-, ü · and ü ) � 8 @Öí ü ��ì � ) i ,· *-, ü · õ s �@ )�;G, \ w �@ )�;G, s ñ» i ,eÔ � for some

w ���� U ������� F$� Continuethis processesuntil all �3 maximumperiodogramfrequenciesareexhausted.
The numberof fundamentalfrequenciesfound will be the estimate �% of % and the numberof
elementsin ü ) will betheestimate �3 ) of 3 ) for each} �Î����������� �% .

Theorem1 impliesthat,since �3 � � 3 with probability1 for largeenough , �% and �3 ) area
consistentestimatesof % and 3 ) for each}~�����>�����#� % .

5. Estimating time-varying parameters

In someapplicationsthe parametersof the harmonicstructuremay be time-varying. For exam-
ple, in thecaseof signalsstudiedin musicalsoundanalysis,theperformergenerallychangesthe
soundbeingproducedby theinstrument.Examplesherearechangesof noteor pitch,vibrato,and
tremolo,to mentiona few. For this reasonthemodeldefinedby (1) – (7) maynot beappropriate.
Insteadaversionwith time-varyingparametersneedsto beconsidered.

In signalprocessingin general,it is commonthatthesamplerate(observationstakenperunit
time) is large. For thecaseof soundsignalstheharmonicparametersappearto changeslowly in
time. Thismotivatesestimationprocedureswherethefundamentalfrequency, andotherharmonic
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parameters,areassumedfixedwithin segmentsof shortduration.Theasymptotictheorypresented
in Theorem1 andCorollary 1 may be usedto give approximatedistributionsfor estimatesob-
tainedthis way. To usethis asymptotictheorywe needthe samplingrateto be large so that the
shortsegmentsconsideredfor the estimationcontainenoughobservations. Furthermore,for the
asymptoticsto makesense,weneedthefundamentalfrequency, or frequencies,to belargeenough
sothatwithin smallsegmentsthesignalstill containsharmonic-typebehavior. For soundsignals,
theapplicationof interestin this paper, we have boththeseproperties.In this sectionwe present
theseheuristicargumentsin a theoreticalframework.

Considerthefollowing sequenceof processesthatareequivalentto themodeldefinedby (1)–
(7), but with time-varyingparameters� ¤ ; � �»� ���Ñ ��
 �� � �Ñ ������� ¤ ; � for

� ������������� Ñ Ò à � ÑÿÐ ��� (27)

Here � 8 	��!
|�� �
	+��F�� t ')!*-, � ) 8 	���
 )�; � �&	+�HF$��
��� �&	+�ß� 8 
 ,2; � �&	+�#�>�����>�!
 ' ; � �&	+�HF 1 ��	^í   y � à ¡S� whereeach
component� ) 8 	���
 )�; � �
	+��F is a sum of 3 ) sinusoidalcomponentswith time-varying parameters� ) 8 	���
 )�; � �&	+��F�� t 4.67 *-,   9 7 �&	+� <�=�? 8 w z )�; � �&	+�[	HFß��A 7 �&	+� ?+CWD 8 w z )�; � �
	+�[	HFp¡ for }ã�é�������>�>� % � Thedu-

rationof thesignalisassumedwithoutlossof generalitytobe
à ��� , and
 )�; � �&	+���	� 9 )�;G, �
	+�#�HA )�;G, �&	+����������� 9 )�; 4.6 �
	+�whence,for each

w �Ä�����>���>� 3 ) , }¿�Ä�����>���>� % , 9 )�; 7 �
	+� and A )�; 7 �
	+� arecontinuousboundedfunc-
tions for 	/í   y ���>¡ . We make surethat eachone of the time-varying fundamentalfrequenciesz )�; � �2}~�����������#� % is largewith respectto thesamplingrate Ñ by usingthefollowing assumption.

CONDITION 3. For each }»� ���������#� % , thereexists a continuousfunction z ) �&	+� with y az ) �&	+�ßa U�V for 	°í   y ���>¡ , suchthatthesequenceof functionsz )�; � �
	+��\ Ñ z ) �
	+� convergesuniformly
to 0 for 	°í   y ���>¡ .

Thesequenceof stochasticprocessesis definedby considering,for eachÑ Ð � , 8 � ¤ ; � � � ������>���>� Ñ F to be Ñ observationsof astationaryprocesses8 � ¤ F satisfyingCondition1.
We mustnoticethat the signal � 8 	��!
|�� �
	+��F is differentfor each Ñ . In fact, if z � �
	+����z � is

constantin time for eachÑ , thenthe numberof cyclesperunit time Ñ z � tendsto infinity withÑ . Therefore,we mustnot interprettheasymptoticsashaving a fixedsignalfrom which we can
obtainbetterestimatesaswe increasethesamplerate Ñ .

A morereasonableinterpretationof the asymptoticsis the following: as Ñ increaseswe ob-
serve signalsfor which the size(in units of time) of segmentscontaining,say, 
 observations
becomesmaller, thusthetime-varyingparametersarecloserto constant.Condition3 assuresthat
instantaneousfundamentalfrequenciesarelargeenoughso thatwithin suchsegmentswe have a
modelthatapproximatestheharmonicmodeldefinedby (1)–(7).

To seethis moreclearly, for any 	 � í_� y ���p� considera small enoughestimationsegmentor
estimationwindow size � � sothatwe canactasif thefunctionalparametersareconstantin time,
i.e. 
 � �&	+��ä�
 � �&	 � � for 	 in thesegment �&	 � \ � � v U �+	 � � � � v U � .

Letting 
 � � � � � Ñ�
 we have that within the estimationwindow the signal � 8 	��!
|�� �
	+��F is
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approximately '()+*-, 4.6(7 *-,   9 )�; 7 �
	 � � <>=�? 8 w z )�; � �
	 � ���&	 � \ � � v U � � v Ñ ��F��A )�; 7 �&	 � � ?!CED 8 w z )�; � �
	 � �>�
	 � \ � � v U � � v Ñ ��Fp¡�� � ����������� 
 � � (28)

If Ñ is large, thenCondition3 suggeststhat � 6�� � ý ��� þ� ä z ) �
	 � � with y a z ) �&	 � ��a U�V
for each}¿���������>��� % . Letting z )�; � ��z ) �
	 � � , 9 )�; 7 ; � � l�� 9 )�; 7 �
	 � � , and A )�; 7 ; � � l�� A )�; 7 �&	 � � for all }�� w , an

approximationfor (28) is t ')!*-, t 4.67 *-, 8:9 )�; 7 ; � <�=�? � w z � � ���»A )�; 7 ; � ?!CWD � w z � � ��F � � ��������� 
 � with
constants

l��
and

l��
not dependingon

�
thatcorrectfor thephaseandareeasilyobtainedusing

trigonometricidentities. If 
 � µ ` as Ñ µ ` , theseapproximationsimply that within the
estimationsegmentwehaveamodelthatapproximatestheharmonicmodeldefinedin (1)-(7)with
a largenumberof observations 
 � . Therefore,we shouldbeableto obtainreasonableestimates
of 
 �� �&	 � � for large valuesof Ñ . Now we will make this asymptotictheoryprecise,but first we
needanassumptionregardingthesmoothnessof thetime-varyingparameters
��� �
	+� .

CONDITION 4. Thereexistsan ü suchthatfor each
w ������������� 3 ) �2}����������>��� % , ?!÷ Z ����� �!;G,�� s 9 1)�; 7 �&	+� s � ?!÷ Z ����� �!;G,�� and

areall boundedby ü for all Ñ .
Intuitively this assumptionpreventsthe local behavior of thefunction � 8 	���
��� �&	+��F from being

too differentfrom a sumof sinusoidsandtherebypreservingsomesort of local harmonicstruc-
ture known to be presentin soundsignals. We cannow definean estimateof the time-varying
parameters.

For each 	 � í²� y ���:� definethe local weightedleastsquareestimateusing span � � in the
following way. Let 
 � � � � � Ò Ñ!
 , � � �"�K	 � Ò Ñ!
 , and ë � � � \ 
 � v U , L � � � � 
 � v U , then�9 )�; 7 ; � �
	 � �5� U O(¤ * · M , � � � \ ë
 � �P� ¤ ; � <>=�? 8 �@ )�; 7 ; � � F v$# �(¤ *-,�� � �
 � � (29)�A )�; 7 ; � �
	 � �5� U O(¤ * · M , � � � \ ë
 � �P� ¤ ; � ?!CWD 8 �@ )�; 7 ; � � F v # �(¤ *-,�� � �
 � ��� (30)

where,if wewrite @©�0�
@ ,2;G, �>�����>��@ 4&% ; ' � and �@ � �0� �@ ,2;G,2; � �����>�>� �@ 4&% ; ' ; � � , �@ � is suchthatª � � �@ � � « ¬ Y�!­�®�­$¯ ª � �K@°�#� (31)

whereª � �K@°� is now definedby:ª � �K@°��� '()!*-, 4.6(7 *-, ������ � 
 � � i , # �(¤ *-,�� � �
 � �P� ¤ M · ; � X#Y[Z 8 ] � @ )�; 7 F ������
� � (32)

Weobtainestimates�z )�; � �&	 � � from the �@ )�; 7 ; � ’susingthemethodpresentedin theproofof Corollary
1, namely �R )�; � �&	 � ��� t 4.67 *-, w �@ )�; 7 ; � 8 �9 �)�; 7 ; � �&	 � ��� �A �)�; 7 ; � �&	 � �HFt 4.67 *-, w � 8 �9 �)�; 7 ; � �&	 � ��� �A �)�; 7 ; � �
	 � ��F (33)
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for each}~���������>��� % .
COROLLARY 2. For any 	 � í»� y ���:� let thesequenceof segmentsizes 8 � � , Ñ � ��F besuch

that � �(' y and 
 � �)� � � Ò Ñ�
 µ ` as Ñ µ ` . Thenif Condition4 holdswe have for eachw � �������>�>� 3 ) , }��²���������#� % , �9 )�; 7 ; � �
	 � � and �A )�; 7 ; � �
	 � � areconsistentestimatesof 9 )�; 7 �&	 � � andA )�; 7 �&	 � � respectively, and ¸ C « � ¹ n 
 � s �z )�; � �&	 � ��\�z ) �&	 � � s � y in probabilityfor each}Á�������>����� %
wheretheestimatesaredefinedby equations(29) - (33). Furthermore,for each}¿���������>��� % , let
 )�; � bea � U 3 ) ���:� Ò¶� U 3 ) �½�:� diagonalmatrix whosefirst

U 3 ) diagonalentriesare 
 ,eÔ �� and
whose� U 3 ) � �p� st diagonalentryis 
 È Ô �� . Thenthevectors
 )�; � 8 �
 )�; � �&	 � �.\¿
 ) �
	 � ��F$�2}��������>����� %
convergein distribution to mutually independentmultivariatenormalvectorswith zeromeanand
variancematrixasin (21)in Corollary1,but with harmonicparametersthetime-varyingparameter
functionsevaluatedat 	 � .

Theproof of Corollary2 is in AppendixE. As donefor Theorem1, theestimatesconsidered
in thisCorollarymaybeshown to beequivalentto theweightedleastsquaresestimates.

Remark4. Notice that in Corollary2 theweight function � �S�:� maybedefinedto beequally
weighted, � �e���Á� ��� y ñæ�¼ñ5� . The asymptoticswork sincefor the local estimatesonly 
 �
pointsaregivenpositive weightregardlessof theshapeof theweight function � �e�:� . In practice,
functionsthatgivemoreweightto pointsnearthemiddleof theestimationwindow areusedsince
thereis anapriori belief thatthereis moreinformationaboutthetime-varyingparameterfunction
evaluatedat 	 � , in pointsnear 	 � . Exploring how differentwindow functionsmay provide more
“efficient” estimatesfrom atheoreticalpointof view is of interest,but will notbediscussedfurther
in thispaper.

6. Applications in SoundAnalysis

Thestudyof musicalsoundhasbecomeapopularresearchfield within signalprocessing.Stochas-
tic harmonicregressionmodelshave beenusedto analyzesoundwavesproducedby musicalin-
struments(seefor example,Rodet(1997)).Leastsquaresestimationprovidesaway to obtainuse-
ful parametricrepresentationsof soundsignals(Irizarry (1998)). Harmonicparametersin sound
analysismodelsareconsideredto be time-varying (Rodet(1997)), thus it is useful to consider
window-basedestimateswhenperformingestimation.

Thesoundstudiedin this exampleis a pipeorganplaying two consecutive notes,*,+ (funda-
mentalfrequency of about368Hz.) and á (fundamentalfrequency of about325Hz.), for a total
durationof two seconds.Theroomwheretherecordingwasmade,HertzHall in U.C.Berkeley, is
aconcerthall characterizedashaving quiteabit of echo.Whenthesecondnoteis played,thefirst
notecanstill beheard.This is calledreverberation.

During the recordingof the organsound,44100observationsof the air wave pressurewere
recordedpersecond.Figure1ashowsatimeseriesplot of thesound.Noticethatafter1.1seconds
or sothereappearsto beanabruptchange,dueto thenotechange.

In Figure1b we seea spectrogramof the data. To obtainthe spectrogram,the datawasdi-
videdinto 300overlappingsegments,eachwith 2647observations(segmentsof approximately60
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Figure1: Time seriesplot of a soundwith reverberationproducedby a pipe organplaying two
consecutive notes,F+ followedby E andrespective spectrogram(in the spectrogramthe vertical
line is at thenotechange);two segmentsaroundtime 	 � � y �N���.- .
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Figure2: Estimatedfundamentalfrequency with marginal 5 2 standarderrorslimits, whenfitting
a modelwith onefundamental;residualspectrogramfor this fit; estimatedfundamentalfrequen-
cieswhenfitting a modelwith multiple fundamentals;residualspectrumfor this fit; andthe low
frequency componentfundamentalfrequency estimate.
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millisecondsduration).For eachsegment,theperiodogramof thedatais computedandplottedin
animageplot, with darker shadesof grey representinghighervalues.Whenthedatahasperiodic
componentsat certainfrequencies,theperiodogramwill show peaksat thesefrequencies,thusthe
spectrogramof a soundwave will show darkhorizontallinesat the frequenciescorrespondingto
the fundamentalfrequency beingplayed,andcorrespondingharmonics.In this spectrogram,we
canseethatafter1.1secondsor sothesecondnotebegins.Theverticalline is at thenotechange.
In this figure we can seethe frequency componentrelatedto the main fundamentalfrequency
changeto a smallervalueafter1.1seconds,from about368Hz. to about325Hz. We alsonotice
thatfrequency componentsof thefirst noteremainduringtheplayingof thesecondnote.As well,
thereis a relatively darkhorizontalline arounda low frequency of 50Hz.

Thespectrogramseenin Figure1b seemsto suggestthatfitting harmonicmodelsto this data
maybeappropriate.By lookingatFigure1a,it isapparentthatwhenlookingattheentiresignalthe
total amplitudeis slowly varying. It seemsappropriateto usethewindowedestimationprocedure
describedin Section5.

An analysislike theonestypically foundin this literature(Rodet(1997))would considerseg-
mentsof smallduration(lessthan20milliseconds)andfit amodellike (8) with largevaluesof 3
to thedatacontainedin suchsegments.This analysiswould fail to identify differentfundamental
frequenciesandtheir respectiveharmonicstructure.Analysesthatdefineafundamentalfrequency
usuallydefineonly one. If we consider368Hz. and325Hz. to be the fundamentalfrequencies
for the first andsecondpartsof the signal, the time-varying parameterswithin segmentsof 20
milliseconddurationappearto beusefullyconstant.As anexample,in Figure1c we show a 20
millisecondsegmentaroundtime 	 � � y �N���.- seconds.

Figure2ashows theestimatesof the fundamentalfrequency whenthemodeldefinedby (1)–
(7), with % � � and 3 , � � U , is fitted to each20 millisecondsegment. The spectrogramof
the residualsobtainedfrom fitting this modelcanbe seenin Figure2b. Notice that in the part
of thespectrogramcorrespondingto thepartof thesignalwherethereverberationwasoccurring,
theharmonicstructureproducedby theechoof thepreviousnotecanbeseenaswell asthe low
frequency componentobservedin thespectrogramof theoriginaldata.This modeldoesnot seem
to provideanappropriatefit.

The fit is greatly improved by fitting a multi-fundamentalmodelasdescribedin this paper.
Thelocationof thedarkhorizontallinesin thespectrogramsseemsto suggestthat for thepartof
the signalcorrespondingto the first note,a modeldefinedwith two fundamentals( % � U

), one
correspondingto the notebeingplayed(368 Hz.) andonecorrespondingto the low frequency
componentat 50 Hz. may be appropriate.For the secondpart of the signal correspondingto
the secondnote,the spectrogramin Figure1b suggeststhat we fit a modelwith 3 fundamentals
( % �0k ), onecorrespondingto thenotebeingplayed(325Hz.), onecorrespondingto theechoof
thefirst note,andonecorrespondingto thelow frequency at50Hz.

Beforefitting themodelwemustdecideonthesizeof thesegmentsweconsider. As mentioned
in the discussionin Section5, we needto choosesegmentsizessuchthat theharmonicparame-
tersareapproximatelyconstantwithin thesegments.For theanalysesin this paperwe chosethe
segmentsizesin a heuristicfashion.In Figure1 we seetwo segmentsaroundtime y �E���.- seconds,



TIME-VARYING PARAMETER ESTIMATESIN A HARMONIC MODEL 15

thefirst with 20 milliseconddurationandthesecondwith 60 millisecondduration.Theharmonic
parametersappearto be usefullyconstantin the first segment. However, whenexaminingmany
consecutivesegments,weseethatthetotalamplitudeseemsto follow asinusoidalpatternof about
50Hz. This is in agreementwith theappearanceof adarkhorizontalline in boththespectrograms
of the original signalandthe residualsafter fitting the onefundamentalfrequency model. The
harmonicparametersfor thesecondsegment,if we considerthereto bea fundamentalfrequency
around368 Hz. andanotherat 50 Hz., appearto be usefullyconstant.If we considersegments
of durationslongerthan60milliseconds,thentheslowly varyingamplitudephenomenon,seenin
Figure1a,beginsto beapparent.Noticethatsegmentsof 60millisecondcontain2650datapoints.
For thesesegmentswehavearound20oscillationsrelatedto thefundamentalfrequency associated
with thenotebeingplayedand3 oscillationsassociatedwith thelower frequency of 50Hz. Using
theasymptoticapproximationsdescribedin Section5 seemsappropriate.

WeusetheBIC describedin Section4 to verify thechoicefor thenumberof fundamentalsfor
thetwo partsof thesoundandto choosethenumberof harmonicsfor eachfundamental.For the
segmentsin thefirst partof thesoundsignalwe fit a harmonicmodel(1)–(7)with % � U , 3 , �76
and 3 � ��k . For thesegmentsin thesecondpartwefit a modelwith % �Ök , 3 , �86 , 3 � �½Í , and3 È �»k . In Figure2cwe seetheestimatesobtainedfor thefundamentalfrequenciesrelatedto the
notebeingplayed,andtheechoof thefirst notefor thesecondpartof thesignal. In Figure2ewe
seetheestimateof thefundamentalfrequency relatedto thelow frequency component.

UsingCorollary2, thevarianceof theestimatesmaybeapproximated.Marginal 5 U standard
errorsaroundthe estimatesare includedin Figures2a, 2c, and 2e. Notice that the difference
betweenthe two estimatesappearshighly significant. Furthermore,noticethat the approximate
standarderrorsare larger for the estimaterelatedto the reverberatednote ( *,+ ). This is dueto
the fact that the signal-to-noiseratio is smallerfor the part of the soundrelatedto the echoor
reverberation,thanfor thepartof thesoundcurrentlybeingproducedby theinstrument( á ).

By looking at the residualspectrogramin Figure2d we seethe effect of reverberationin the
residualsandthelow frequency componenthave beenremovedby theadditionof thesecondand
third fundamentalsin themodel.

7. Discussionand Extensions

We have presenteda usefulmethodfor decomposinga soundsignal into harmoniccomponents
producedby differentfundamentalfrequenciesandnoise.Theoreticalresultsneededto justify the
approximationsfor thestandarderrorsof ourestimateshavebeenpresented.

Furthermore,we have introduceda criterionusefulfor choosingthenumberof fundamentals
andharmonicfrequenciesto beincludedin themodelsbeingfit. However, theresultspresentedfor
this criterionareasymptotic.In practicewe needto choosethevalueof thepenaltymultiplier ô �
somewhatarbitrarily (for example,theasymptoticsstill hold if we multiply ô � by a constant)and
formalmethodsof selectingthisparameterin practicalsituationsis asubjectof futurework. In the
presentwork ô � waschosento be ¸ =�ó ¢ �  andtheresultingestimateswerein agreementwith the
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spectrograms,andwith whatwe hearwhenlisteningto theoriginal signals,to make appropriate
choicesfor ourmodels.

In the examplepresentedin this paperthe segmentsizeswerechosenin a heuristicfashion.
Muchwork wasput into choosingwindow sizesthatprovidereasonablefits. Fitting modelsusing
differentwindow sizesandcomparingthe spectrogramsof the residualsmay be usedasa way
to verify that our choiceis reasonable.The residualsmay alsobe playedandheard. Residual
analysisby earis ausefultool for detectinglackof fit. For example,whenlisteningto theresidual
obtainedwhenignoringthefundamentalrelatedto thelow frequency componentat50Hz.,asound
characteristicof wind goingthroughpipesis heardsuggestingthatanimportantcomponentof the
soundhasnot beenincludedin themodel. Studyingthe usefulnessof methodsfor choosingthe
window sizesautomaticallyis animportantsubjectfor futurework.

Thesoundsassociatedwith theanalysespresentedin thispapercanbeheardby visiting ademo
on theauthor’shomepageat:
http://biosun01.biostat.jhsph.edu/ 9 ririzarr/Demo/index.html.
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Appendix

A Definition of constantsreferred to in Theorem1

Theconstantsaredefinedby:I � � : � ô � � I , � ù � ¢ i �� � I � �;: � ô ,I#È � : � ¢ , ¢ i �� � ¢ �� ¢ , ù � \ ¢ È, ù � \ U ¢ �� ¢ � ù , � U ¢ � ¢ , ¢ � ù � �I�É � : � � ¢ � ¢ , ù � \ ¢ �, ù , \ ¢ � ¢ � ù , � ¢ , ¢ � ù � � (34)

where : � �0� ¢ � ¢ � \ ¢ �, � i � �<: , ��� ù � ù � \ ù �, ���$: � � ¢ �� � ¢ � ù , \ ¢ , ù � � �ô ¤ � ¢ �¤ ù � � ¢�¤ M , � ¢¥¤ M , ù � \ U ¢�¤ ù , � ,
� � y �>���

Here ¢ � , ¢ , , and ¢ � aredefinedby (10)and
ù � , ù , and

ù � aredefinedbyù ¤ ��¦ ,� � ¤ � �e��� � §���� (35)
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B Definition of matrices referred to in Corollary 1

The matricesneededto definethe asymptoticvariancein Theorem2 aregiven in the following
way:à ) is a

U 3 ) Ò U 3 ) matrix:à ) � ÅÇ 4.6(7 *-, w � � 9 �)�; 7 ��A �)�; 7 � v Q JKJ � w z ) � ÊÌ ÅÆÆÇ à )�;G, ����� =
...

...
...= ����� à )�; 4.6

Ê ËËÌ � (36)

where à )�; 7 � Q JKJ � w z ) �ô � � 9 �)�; 7 ��A �)�; 7 � Þ I , ô � 9 �)�; 7 �>: , A �)�; 7 : � 9 )�; 7 A )�; 7: � 9 )�; 7 A )�; 7 : , 9 �)�; 7 � I , ô � A �)�; 7 â (37)

and á ) � IHÉ@? \"A )�;G, � 9 )�;G, �����>�>��\ 3 ) A )�; 4.6 � 3 ) 9 )�; 4.6BA 1 � (38)

C Proof of Theorem1

BeforeprovingTheorem1weneedtoproveafew simpleresults.SetC � ¤ �SRT��� t � � *-, � � �� ��	 ¤ X#Y[Z �f]±R.	+���
Weneedthefollowing result.
LEMMA 1. If � �
	+� satisfiesCondition2 thenwehave for

� � y ����������� ,¸ C «�P¹ n  i.ý ¤ M , þ C � ¤ �SRT��� ¢�¤ � for R � y � U�V � (39)C � ¤ �eR-���D= �& ¤ �#� for y abRca U�V � (40)

with ¢¥¤ definedby (10).
PROOF OF LEMMA 1. Fix

�
. To prove (39)noticethatfor Rc� y � U�V we have, from thebounded-

nessandboundedvariationof � �S�:� ,¸ C «�P¹ n  i.ý ¤ M , þ C � ¤ �SRT� � ¸ C «�P¹ n �(� *-, � 	 � ¤ � � 	 ��� � ���»¦ ,� L ¤ � �&LB��§�L�� ¢�¤ �
To prove (40), let y a²R a U:V

and define C � �SRT�c� t � E *-, X�YPZ �&]2RT�:�#� with the convention thatC � �SRT��� y . Letting � �&L-���ÖL ¤ � �fL-� andusingsummationby partswehave

C � ¤ �SRT� �� ¤ ï � ���p� C � �SRT��� � i ,(� *-, � � � 	 ��\ � � 	��½� � � C � �eR-� ð �
Notice that if � �&	+� is boundedand hasboundedvariation on

  y ����¡ , so does � �S�:� . Let ü be?!÷ Z E s � �e��� s and

Â
bethetotal variationof � �e��� . Thenwehave��� C � ¤ �SRT� ��� ñ{ ¤GF ü s C � �SRT� s � Â « ¬ Y,2­ � ­ � s C � �eR-� s H �
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Weknow, seefor exampleBrillinger (1981),that
s C � �SRT� s ñ j ��� v s ?!CED � ,� R-� s for all 	 . Noticethatj dependson R , but given y aÖR¥a U�V it is constantfor all 	 , abd ��� C � ¤ �SRT� ��� ñ½ ¤ j � ü � Â �#� This

completestheproofof theLemma.
To proveconsistency andasymptoticnormalityfor theweightedleastsquares,or equivalently

theestimatesdefinedby (11)–(14),we needa resultconcerningthebehavior of theperiodogram
of thenoiseandits derivativeswith respectto @ .

LEMMA 2. Let thestationarynoiseprocess8 �+�2F satisfyCondition1 andlet theweightfunction� �e�:� satisfyCondition2. Thenif

I � �
@°��� �����  i.ý ¤ M , þ �(� *-,�� � 	 �2	 ¤ ��� X�YPZ ��\ê]f	±@°� �����
onehasfor

� � y �������>��� , ¸ C « ��¹ n ?!÷ Z �!­�®$­$¯ I � �
@°��� y � in probability.
REMARK 1. Lemma2 hasbeenshown to betrueunderdifferentassumptionsfor theequally

weightedcase,� �S�:���0� . In mostcasestheresultfor theweightedcasefollowssimilarly. Walker
(1971)proves the Lemmafor white noisewith finite variance. Hannan(1973)proves it under
ergodic andpurely non-deterministicconditions. Brillinger (1986)provesa versionfor spatial
point processes.UnderConditions1 and2, Lemma2 follows directly from Theorem4.5.1 in
Brillinger ((1981),page98).

UsingLemmas1 and2 we prove consistency in a way similar way Walker (1971)or Hannan
(1973).

Considerfirst theonesinusoidalcaseasdefinedby (15). Westartby proving¸ C «�P¹ n  s ¨@ � \¼@ � s � y , in probability. (41)

This is strongerthanordinaryconsistency, but is neededto prove theconsistency of theremaining
two estimatesandasymptoticnormality.

Letting
à � � ,� � 9 � \ ]SA � � wehaveª � �
@°�5� ���  i , § � �K@°� ��� � � ���  i , 8 à � C � � �
@ � �©@°�B� à � C � � �
@ � \ @°��F ��� � (42)� U�J ?LK  i , § � �
@°�NM K  i , 8 à � C � � �K@ � � @°��� à � C � � �K@ � \¼@°�HFOM A

with ª � �K@°� definedin (13) and § � �K@°� definedby (25). By Lemma1 we have, for y a @�a V
, i , C � � �
@ � �©@°���QP[���p� and i , C � � �K@ � \ @°���SR ¢ � õ @©��@ �PP���:� õ

otherwise.

Lemma2 impliesthatfor y a�@¶a V ,  i , s § � �
@°� s �QPUT����:� , sothatª � �
@°��� �Ã å �� ���  i , C � � �K@¼\ @ � � ��� � �>PVT����:� and ª � �
@ � ��� �Ã å �� ¢ �� �WPUT$���:�#�
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To prove(41), for any ô �{y , defineX � �eô#��� 8 @ õ  s @¼\¼@ � s Ð ô�F$� (43)

NoticethatY[Z �& s ¨@ � \ @ � s Ð ô#��ñ Y[Z Þ ?!÷ Z® �]\_^[ýa` þ ª � �
@°� Ð ª � �
@ � � â � Y[Z Þ ?+÷ Z® �]\_^[ýb` þ ���  i , C � � �K@ \¼@ � � ��� Ð½¢ � �WPUT$���p� â
andthat,usingaRiemannintegrationargument,wecanshow that?+÷ Z® �]\ ^ ýb` þ ���  i , C � � �K@ \¼@ � � ��� � ���� ¦ ,� � �S�:� X�YPZ 8 ]e ��
@¼\ @ � �!��F�§�� ���� �WP[���:���

Let @dc besuchthat���� ¦ ,� � �e��� X�Y[Z 8 ]e ��
@ c \¼@ � �+��F´§�� ���� � ?!÷ Z® �]\_^[ýa` þ ���� ¦ ,� � �S�:� X#Y[Z 8 ]f ~�K@¼\ @ � �!��F´§�� ���� �
Let ô c �½ s @ c \ @ � s Ð ô �¶y . Then,by thedefinitionof

X � �eô#� givenat (43),wehave¸ C «�P¹ n YeZ �
 s ¨@ � \ @ � s Ð ô#�ßñ ¸ C «�P¹ n Y[Z�f ���� ¦ ,� � �S�:� X�YPZ �f]±ô c �:��§�� ���� �WP[���:� Ð½¢ � �WPUT����:�hg��
Since¢ � ��y is adeterministicconstantand ôUc �¶y¢ � � ���� ¦ ,� � �S�:��§�� ���� ��¦ ,� s � �S�:� X�YPZ �f]±ô c �:� s §�� � ���� ¦ ,� � �S�:� X#Y[Z �&]±ô c �:��§[� ����
andwehave(41).

To proveconsistency for
¨9 � and

¨A � , let i �&	���
���� � à � X#Y[Z �&]f@ � 	+��� à � X�Y[Z ��\^]f@ � 	+�]j and j �U � t � � *-, � � �� � j i , � By Lemma1 andtheMeanValueTheoremwehave that,for some@ � satisfy-
ing

s @ � \ @ � s ñ s ¨@ � \ @ � s ,s ¨9 � \ 9 � ��]H� ¨A � \�A � � s � ����� j �(� *-, � � 	 � i �&	���
���]f	 X�Y[Z �f] @ � 	+�>� ¨@ � \ @ � � ����� �>PP���:�#�
Thefirst termin therighthandsideof theaboveequationissmallerthanj t � � *-, � � �� � s i �
	���
�� s 	 s ¨@ � \@ � s ñ å �  s ¨@ � \¼@ � s �;PUT$���:� andthus

s � ¨9 � \ 9 � ����]H� ¨A � \ A � � s �;PUT$���:� . Becauseboththereal
andimaginarypartsconvergein probabilityto 0, consistency for theonesinusoidalcaseis proven.
Thegeneralcase,for variousharmoniccomponents,follows in thesameway. SeeIrizarry (1998)
for details.

To show asymptoticnormality, considerfirst theonesinusoidalcaseasdefinedby (15). Using
Theorem4.4.2in Brillinger ((1981),page95)wehave thatthevector k , with componentsL , �  i o¾ ( � � 	 ���+� <>=�? �K@ � 	+���ØL � �b i o¾ ( � � 	 ���+� ?!CED �
@ � 	+�L È �  i À ¾ ( � � 	 ���+��	 <�=�? �K@ � 	+���^L É �b i À¾ ( � � 	 �+�+��	 ?!CWD �
@ � 	+� (44)
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is asymptoticallymultivariatenormalwith zeromeanandvariancematrix

l � V Q JWJ �
@ � � ÅÆÆÆÇ ù � y ù , yy ù � y ù ,ù , y ù � yy ù , y ù �
Ê�ËËËÌ �

Expandingª 1� �
@°� about@ � , wecanwrite: i o¾ ª:1� �K@ � ����\^ À¾ � ¨@ � \ @ � �2 i � ª�1 1� � @ � �#� s @ � \¼@ � s ñ s ¨@ � \¼@ � s � (45)

Noticethatcalculatingthederivativeandby repeateduseof Lemmas1 and2 wecanshow i o¾ ª:1� �
@ � ����\ ¢ , A � L , � ¢ , 9 � L � � ¢ � A � L È \ ¢ � 9 � L É �WPUT$���:�#� (46)

Since  s ¨@ � \�@ � s convergesto zeroin probability, taking the secondderivative andby repeated
useof Lemmas1 and2 yields i � ª 1 1� � @ � ��� �U � 9 �� ��A �� ��� ¢ �, \ ¢ � ¢ � ���>PVT$���:�#� (47)

Using(45), (46) and(47) we canexpressthevectorof standardizedestimatesasa linearcombi-
nationof the vector k , definedby equation(44), plus a quantityconverging to 0 in probability:�� o¾ � ¨9 � \ 9 � �#�! o¾ � ¨A � \�A � �#�+ À¾ � ¨@ � \ @ � � j 1 �;m k �>noT$���:�#� with

m�� ÅÆÆÇ A �� ¢ � � 9 �� � ¢ � \8p , ¾p � � \ � � � � p ¾op � \êA �� ¢ , 9 � A � ¢ ,\ � � � � p ¾op � 9 �� ¢ � ��A �� � ¢ � \ p ¾op � � 9 � A � ¢ , \ 9 �� ¢ ,\"A � ¢ , 9 � ¢ , A � ¢ � \ 9 � ¢ �
Ê�ËËÌ �

By Condition2 weknow thatall thedenominatorsin thecomponentsof m arenot0. This implies
that m k is asymptoticallymultivariatenormalwith variancematrix m l m 1 . By computingm l m 1
weobtainthevarianceexpression(20). ThisprovesTheorem1 for theonesinusoidalcase.

Takingderivativesof ª � �
@°� wenoticethe q ª � �K@°� v q @ 7 doesnotdependon @ · when ë £� w . Fur-
thermore,undercondition(19),the

¨@ ) ’sareasymptoticallyindependent,seefor exampleBrillinger
(1981).Theorem1 now followsfor thegeneralcase3²� � .
D Proof of Corollary 1

As mentionedabove, if we do not imposeconstraint(7) on the model,thenwe canrewrite it as
model(8)with 3 � t ')+*-, 3 ) . For thismodellet

¨
 � ��� ¨9 ,2; � � ¨A ,2; � �����>�>� ¨9 4 ; � � ¨A 4 ; � � ¨@ ,2; � ���>���>� ¨@ 4 ; � �betheestimatesof 
 , theparameterof themodeldefinedby (1)–(6),asdefinedby (11)– (14). No-
tice thatfrom Theorem1 weknow theasymptoticdistributionof

¨
 � .
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Without lossof generality, assumethe
¨@ 7 ; � ’sarein ascendingorder. Now define �@ ,2;G,2; � � ¨@ ,2; �

and,for each � a ë ñ 3 , , define �@ ,2; · ; � to bethe
¨@ 7 ; � thatminimizes

s ¨@ 7 ; � \ ë �@ ,2;G,2; � s . Let �@ � ;G,2; �
bethesmallestof the � 3 \ 3 , � terms

¨@ )�; � thatarenot usedto definethe �@ ,2; 7 ; � ’s, andfind �@ � ; · ; �
for ë � U ��������� 3 � , asdonefor }�� � . Repeatthis procedurefor }��5kP�������#� % . Now for each}{� ���������#� % define �
 )�; � � � �9 )�;G,2; � � �A )�;G,2; � � �@ )�;G,2; � �>�����#� �9 )�; 4.6 ; � � �A )�; 4.6 ; � � �@ )�; 4.6 ; � � with the �9 )�; 7 ; � ’s
and �A )�; 7 ; � ’sdefinedasthecorrespondingestimatesto the �@ )�; 7 ; � using(11)and(12), respectively.

As donein Brillinger (1980),for thecaseof estimatinga bifrequency, we noticethatfinding
the weightedleastsquaresestimateof 
�� is asymptoticallyequivalent to estimating
�� via the
following regressionmodel: ÅÆÆÇ �
 ,2; �

...�
 ' ; �
Ê�ËËÌ �sr¥
 � �>tp�

wherer is ablockdiagonalmatrixwith } -th entryÅÆÆÇ r , ����� y
...

...
...y �����8r , �]r �

...3 ) r �
Ê ËËÌ � wherer , � ÅÆÇ � yy �y y Ê ËÌ and r � � ÅÆÇ yy � Ê ËÌ �

andthevectort hasmean0andvariancematrix

Â
definedbyablockdiagonalmatrixwith matrices

Â )�; 7 , definedin (20), in its � w \�� � t ) u *-, 3 u � th diagonalentry.
Consistency andasymptoticnormality follow from the fact that the estimatesobtainedfrom

theregressionarelinearcombinationsof theestimatesknown to beconsistentandjointly asymp-
totically normalfrom Theorem1. To find thecovariancematrix,weapplyweightedregressionand
seethat thenew estimateshave covariancematrix equalto �vr 1 Â i , r � i , . Usingtheresultin Rao
((1973),page33),wecandirectlycompute�vr 1 Â i , r � i , to obtainthedesiredresult.

E Proof of Corollary 2

For thisproofweassumeall sumsareover ���>�����>� 
 � , unlessotherwisespecified.Without lossof
generalityassumethat 
 � is even.

Similar to theproofof Theorem1 we letC # �7 �SRT��� ( � � �
 � � � 7 X#Y[Z 8 ]2R � F$� (48)

Next wedevelopa parallelresultto thatof Lemma1 for thequantityin (48).
LEMMA 3. If 
 � is asequenceof integerssuchthat 
 � µ ` , then¸ C «# � ¹ n 
 i.ý 7 M , þ� C # �7 �SRT��� ¢ 7 � for Rö� y � U�V � (49)C # �7 �SRT� �D= � 
 7� �#� for y a{Rãa U�V � (50)
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with ¢ 7 definedby (10) for
w � y ����� U .

Thisfollowsbynoticingthat C # �7 �SRT��� t � � � v 
 � � � 7 X#Y[Z 8 ]±R � F is asubsequenceof t �¤ *-, � � � v Ñ � � 7 X#Y[Z 8 ]
Thenfrom theproofof Lemma1, (49)and(50)hold.

NoticethattheequivalentresulttoLemma2, thatthequantitydefinedby I � �SRT��� ��� � 
 � � i.ý 7 M , þ t � � ¤# � � � 7 � ¤ Mis suchthat ¸ C «� ¹ n ?+÷ Z�!­ ø ­$¯ I � �eR-��� y , in probability (51)

follows,since 8 
 � � ÑÿÐ ��F is asubsequenceof 8 Ñ � ÑÿÐ ��F .
We first show consistency andasymptoticnormality for the case % � ��� 3 , � � . Because% ��� and 3 , ��� wesuppresstheindexes} and

w
for simplicity. Westartby noticingthatª � �
@°�´� ���� 
 i ,� ( � � �
 � ��� ¤ M · ; � X#Y[Z 8 ] � @�F ���� �� ����� 
 i ,� ( � � �
 � �.� ï � � ëÑ ��
 � � � � ëÑ �Sð X#Y[Z 8 ] � @�F ����� �� U�J F f 
 i ,� ( � � �
 � ��� ¤ M · ; � X#Y[Z 8 ] � @�F_g¥ÒÞ 
 i ,� ( � � �
 � �.� ï � � ëÑ ��
 � � � � ëÑ �±ð X�Y[Z 8 ] � @�F â ðê� (52)

As in Theorem1 (51) impliesthatthefirst expressionon theright goesto 0 in probability.
By theMeanValueTheoremwehave� 8 	���
 � �&	+�HF � 8:9 �&	 � ��� ü , �&	�\ 	 � ��F <>=�?   8 z � �&	 � ��� ü È �&	�\ 	 � ��Fp	2¡� 8 Aö�
	 � ��� ü � �
	�\ 	 � ��F ?!CWD   8 z � �
	 � ��� ü È �&	�\ 	 � ��Fp	2¡�� (53)

By Condition4, theconstantsü , � ü � and ü¼È arebounded.Since ?!CED �&	+� and <>=�? �
	+� arebounded
functionswecanwrite (53)as� 8 	���
 � �&	+��F�� 9 �&	 � � <>=�? 8 z � �
	 � ��	�� ü¼È 	��
	�\ 	 � ��F�� Aö�&	 � � ?+CWD 8 z � �&	 � �2	$� ü È 	��&	�\ 	 � �HF�� ü É �
	�\ 	 � �#�

(54)
whereü/É is aboundedconstant.Noticethatby Condition3andapplyingtheMeanValueTheorem
to thefirst termontheright of equation(54)wehave <>=�? 8 z � �
	 � ��	�� ü¼È 	��&	�\m	 � ��F�� <>=�? 8 Ñ zP�&	 � ��	��P[���:�[	p� ü¼È 	��
	�\~	 � ��F�� <�=�? 8 Ñ zP�&	 � �2	HFh� üxw 8 P[���p�[	:� ü¼È 	��&	�\~	 � �HF whereüxw is aboundedconstant.
Wemayfind asimilarexpressionfor thesecondtermon theright sideof equation(54).

Let 9 � � 9 �&	 � � , A � �ÖA �&	 � � , z � �Öz��
	 � � andsuppressingthe Ñ , 
 � �½
 � �&	 � � . Thensince
s 	 s a� we have thatby thecontinuityof 9 �&	+� , Aö�
	+� , and zP�&	+� , � � ¤� ��
 � � ¤� �yj�� i � � ��
 � �|� üxz ¤ i ¤ �� �P[���:��� with üxz boundedandi � � ��
 � � � 9 � <>=�? �ez � � �!��A � ?!CED �ez � � �#� Now notice ��� 
 i ,� t ¤ i # � Ô �� X#Y[Z 8 ]±z � F ��� ñ# � M �É � �{P[���:��� Since � �&	+� is boundedandof boundedvariation,a summationby partsargument

like that in theproof of Lemma1, gives
s 
 i ,� t � � ¤# � � ¤ i # � Ô �� X#Y[Z 8 ]±z � F s �|PP���:�#� Now we can
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write thesecondtermin equation(52)as����� 
 i ,� ( � � �
 � �.� ï � � ëÑ ��
 � � � � ëÑ �Sð X#Y[Z 8 ]±z � F ����� ����� 
 i ,� ( � � �
 � � i � � � ë �!
 � � X#Y[Z 8 ]±z � F �WP[���:� ����
and i � � � ë ��
 � ��� ? à � X#Y[Z 8 ]Sz � � Fß� à � X#Y[Z 8 \^]±z � � F A X�Y[Z 8 ]±z � ë F$� where

à � � ,� � 9 � \{]±A � � as
before.Next noticethat
 i ,� ( � � �
 � � i � � � ëÑ �!
 � � X#Y[Z 8 ]±z � F�� 
 i ,�   à � C # �� �ez � ��z���� à � C # �� �ez � \�z��2¡ X#Y[Z 8 ]Sz � ë F$�
By Lemma3 wehave that,for y a¶z a V , 
 i ,� C # �� �fz � ��z����QP[���p� andthat


 i ,� C # �� �ez � \�z����|R ¢ � õ zÓ��z �PP���:� õ
otherwise.

Usingthis factand(51),we have thatthethird termin (52) convergesto 0 in probability ª � �ez��°�s 
 i ,�   à � C # �� �fz � ��z���� à � C # �� �ez � \ z���¡ X�Y[Z 8 ]±z � ë F|�}PUT$���:� s �}PUT$���:��� ,É � 9 �� ��A �� � s 
 i ,� C # �� �ez \z � � s � �WPUT����:��� Therefore ª � �ez � � � �Ã � 9 �� ��A �� � ¢ �� �WPUT$���:�#� (55)

Finally, for any ô �{y , define X � �eô#��� 8 z õ 
 � s z�\©z � s Ð ô�F$� (56)

Noticethatasin theproofof Theorem1,
YeZ � 
 � s �z � �
	 � �#\êz��
	 � � s Ð ô#�ßñ YeZ � ?+÷ Z � ��\ � ýa` þ s � 
 � � i , C # �� �fz � \z�� s ÐÖ¢ � �~PUT����:�+� andthat 
 i ,� C # �� �ez[\êz � ��� 
 i ,� t � � ¤# � � � X#Y[Z 8 ]H�fz[\êz � � � F�� t � � ¤# � �>� ¤# � � X#Y[Z 8 ] 
 � �ez�\z � � ¤# � F$� Again,asin Theorem1 wehave?!÷ Z� �]\ � ýb` þ s 
 i ,� C # �� �fz�\©z � � s � ?+÷ Z� ��\ � ýa` þ ���� ¦ ,� � �e�:� X#Y[Z 8 ] 
 � �ez�\�z � �+��F�§�� ���� �WP[���:�

andthus ¸ C « � ¹ n Y[Z ? 
 � s �z � �
	 � ��\©z��
	 � � s Ð ô A � y �
Now wewill proveconsistency for �9 � �&	 � � and �A � �&	 � � . As above,let 
 � �Ö
 � �&	 � � , 9 � � 9 �
	 � �

andA � ��A �&	 � � . Thenwehave �9 � �
	 � ��� U � ¢ # �� � i , t O¤ * · M , � � ¤ i ·# � � K �@� ¤� ��
 � ¤� � j ��� ¤ ; � M <�=�? 8 �z � �&	 � � � F$�with ë � � � \ 
 � v U , L�� � � � 
 � v U and ¢ # �� � t � � ¤# � �#� As beforewe usetheMeanValue
Theoremto obtain � ¢ # �� � i , O(¤ * · M , � � � \ ë
 � �.� � �Ñ ��
 � �Ñ � � <>=�? 8 �z � �&	 � � � F��� ¢ # �� � i , O(¤ * · M , � � � \ ë
 � � i � � ��
 � � <>=�? 8 �z � �
	 � � � F¿�>PP���:�#�
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Then �9 � �
	 � ����� ¢ # �� � i , t O¤ * · M , � � ¤ i ·# � � 8 i � � �!
 � ����� ¤ ; � F <>=�? 8 �z � �
	 � � � F���P[���:��� In thesame

wayweobtain �A � �
	 � ���0� ¢ # �� � i , t O¤ * · M , � � ¤ i ·# � � 8 i � � �!
 � ����� ¤ ; � F ?!CED 8 �z � �&	 � � � F���PP���:�#� Since
theparameter
 � is constantover time theresultnow followsastheproofof Theorem1.

To prove asymptoticnormality, we seethat expanding ª 1� �ez�� a Taylor seriesabout z��
	 � � we

canwrite 
 i o¾� ª 1� 8 zP�&	 � �HF/� \ 
 À ¾� 8 �z � �&	 � � \½z��&	 � ��F 
 i �� ª 1 1� 8 ¨z � �&	 � �HF for some
s ¨z � �
	 � � s suchthats ¨z � �
	 � ��\©z��
	 � � s ñ s �z � �&	 � ��\ z��&	 � � s .

Using (55), Lemma3, and the argumentto obtain (51) we can proceedas in the proof of
Theorems1 andCorollary1 to arriveat thedesiredresultfor thegeneralcase.
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