ASYMPTOTIC DISTRIBUTION OF ESTIMATES FOR A
TIME-V ARYING PARAMETER IN A HARMONIC MODEL

WITH MULTIPLE FUNDAMENT ALS

RafaelA. Irizarry
Johns Hopkins University
615N. Wolfe Street,Baltimore,Maryland21205
ririzarr@ hsph. edu, 410-614-5157410-955-095&fax)
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1. Intr oduction

Considerthe signalplusnoisemodel

y=stp) +e, t=1,...,7),

wherethessignals(t; 3) is composeaf .J periodiccomponents

J
S(t’ ﬂ) = Zsj(ta 6])7 ﬂ = (ﬂla"'aﬂJ)l
7j=1

andeachcomponent;(¢; 3;) is asumof K; sinusoidacomponents

K;

Sj (t; ﬂ]) = Z{Ajvk COS(Ldj’kt) + Bj,k sin(wjykt)}
k=1

!
B = (Aj1, Bja, -, Ajkjs Bk Wi, - -+ Wik;)

thataresomehav relatedto eachother for exampleby a conditionlike (7) below.

(1)

(2)

3)
(4)
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Herethenoiseg, is a strictly stationaryrealvaluedrandomprocesswith autocowariancefunc-
tion c..(u) = Cov{erq, €} thatsatisfiesCondition1 below, andhaspower spectrum

Jee(N) = — Zcee exp(—idu), —oo < A< 00. (5)
Condition1. The noiseprocess{¢,; } is suchthatall its momentsexist, with zeromean,andwith
Ce..e(U1, - .., ur_1) thejoint cumulantfunctionof orderL for L = 2, 3, .. .. Furthermorethe
o o
Cr = Z Z |Ce..e(Ur, .. up_1)| (6)
U =—00 Ur,_1=—00

satisfyy", Cr2¥/k! < oo for z in aneighborhooaf 0.

We areinterestedn studyingthis modelwhenaharmonicrelationexistsbetweerthefrequen-
ciesw; ; in eachof the J components;(t; 3;). We assumehatthereexist J differentftundamental
frequencie® < 0; < 27, (j =1,...,J) suchthat

wjr=k0;, k=1,... K;foreachj =1,...,J. (7)

We referto K; asthenumberof harmonicsassociateavith the jth fundamentafrequeng.

We definethe paramete3® = (4%, ..., 55)' for the modelunderconstraint(7), where 35 =
(Aj1,Bjs, ..., Ajk;, Bjk;,0;) foreachj = 1,..., J. Theparametersf this modelareidentifi-
ableprovidedthefrequeny parameters; , aredifferentfrom eachother

Severalauthorshave studiedvariousforms of the modeldefinedby (1) — (6) with J = 1 and
whenno constraintfor examplelike (7), existsonthefrequencies; ;. Noticethatif noconstraint
exists,evenif J > 1, norelationexists betweerthew,x, k = 1, ..., K; andthereis no needfor
the j indexes. Thenwe canrewrite themodelas

K

s(t; ) = D> _{Ag cos(wit) + Bysin(wyt)}, 8= (A1, Bi,..., Ak, Bx,wi,...,wk)  (8)
k=1
with K = ¥7_, K,

For thismodelWalker (1971)establishesveakconsisteng andasymptoticnormality for esti-
matesthat areasymptoticallyequvalentto leastsquaresstimatesinderthe assumptiorthatthe
¢; aredistributedindependenthandidentically with meanzeroandfinite variance.For functions
s(t; ) which do not necessariljhave the form (2),(3) or (8), but which satisfy certainregularity
conditionsHannan(1971)findsestimate®f 5 by minimizing

T-1

Qr(B) =T~ ¢(N)1; (N;; )

=0
with \; =275/T, (j =0,...,T — 1), $(A) > 0 afrequeny domainweightfunction,and

2

I\ B) = (2nT)” Z{yt—stﬂ)}exp( ix)|
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theresidualperiodogramHannan(1971)provesstrongconsisteng andasymptoticnormality for
theseestimatesinderthe conditionthatthe errorprocesse, } is a purely non-deterministidinear
process.

FurthermoreHannan(1971)shawvs thattheasymptoticvarianceof the estimatess minimized
by taking ¢(\) = fZ'()). Hannan((1971),(1973)) noticesthat for s(; 8), asin (8), the reg-
ularity conditionspresentedn Hannan((1971),page768-769)are not satisfied,yet consisteng
andasymptoticnormality, for the estimatesbtainedby minimizing Qr(3), hold. Furthermore,
Hannan(1973)noticesthatfor this casethe asymptoticdistribution is independenof ¢()\), and
thusit is only necessaryo considerthe casep()) = 1, i.e. theleastsquaresstimates Hannan
(1974)extendsthis resultto the casewherethe constraint7) holdsandreports without proof, an
expressiorfor theasymptotiozarianceof theestimatesBrown (1990)findsaminor mistalkein this
expressiorandderivesa correctone by computinga first-orderTaylor expansionof the gradient
of Q(5). Brown (1990)doesnot take advantageof the fact that the asymptoticvariancedoes
not dependon ¢()\); however, by computingthe resultfor ¢(\) = f='(\), he givesthe correct
expressiorfor theasymptoticvariance.

The harmonicregressiorsignalplus noisemodelis widely used,for examplefor the studyof
biologicalrhythmdata(Greenhousd{ass& Tsay (1987))andsoundanalysiqIrizarry (1998)).In
thelatterexample modelswith multiplefundamentalrequencieganbeusedo studyreverberated
soundsignals.Becausehe harmonicparametersnay be time-varyingwe presenthe asymptotic
distribution of window-basedestimatedelow.

2. WeightedLeast Squares

In someapplicationsit maybeusefulto fit modelsin orderto obtainestimate®f parametefunc-

tionsthatdependontime. For thesecasesit is only naturalto considemwindow-basedestimates.
Giventhatwe have T' obsenationsfor which we approximatehetime-varyingparametewith

aconstant?, theweightedleastsquaresnethodconsistsof choosing@ to minimizethecriterion

T
t
Sr(8) = > w() {we — s(t: )} ©)
t=1
with w(s) a weight function. Someof the resultsregardingthe asymptoticbehaior of these
estimatesequirethatthe weightfunctionsatisfythefollowing condition.
Condition2. Thefunctionw(s) is non-n@ative, bounded pf boundedvariation,hassupport
[0,1], Wy > 0, andW2 — Wy W, # 0 where

1
W :/ s"w(s) ds. (10)
0
We areinterestedn finding theasymptotigoropertieof theweightedeastsquare®stimateof

the paramete® of the modeldefinedby (1) — (7). To do this we extendthe resultdevelopedby
Hannan(1973)for the asymptotidoehaior of theweightedlieastsquare®stimatedor this model
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but without constraint(7) andunderthe assumptiorthatthe error processs a linear process.In
this paperwe extendthis to the moregenerakonditionfor the errorprocesslefinedby (6).

As mentionedthe modeldefinedby (1)—(6) canberewritten asmodel(8). Becausehisis the
modelconsideredy Hannan(1973),for simplicity we considermodel (8) for the remainderof
this section.

We defineweightedversionsof the estimateslefinedby Hannan(1973):fork = 1,..., K,

T
Apr = ZZw )y COS wth/Zw (11)
t=1 t=1
N T T
Byr = ZZw )y sin wth/Zw (12)
t=1 t=1
where,if wewrite w = (wy, .. .,wg) andar = (o117, ..., &k 1), @r is suchthat
qr(@r) = max ¢r(w) (13)
andgr is definedby:
K 2
gr(w) = Z -1 Z yt exp(itwy)| . (14)
k=1

We npticetpattheseestimatesareasymptotlcallyequvalentto the weightedleastsquareses-
timatesAy », By r andaw,r for £ = 1,..., K, the valuesthat minimize (9). This resultis best
understoody first consideringhe caseof onesinusoidaktomponen{K = 1)

s(t; Bo) = Ag cos(wot) + By sin(wyt) (15)

with 3y = (Ao, Bo,wp)’, andthengeneralizingo the caseof severalsinusoidaktomponents.
As donein Walker (1971)for theunweighteccase we noticethatif we define

Rr(B) = Zw(%)yf + %(A2 + B?) Zw —)—2 Z w yt{A cos(wt) + Bsin(wt)}  (16)
with 3 = (A, B,w), then
Sp(8) — Re(8) = % S w(R){(A? ~ B) cos(2wt) + 24B sin(2u1)}. (17)

HereSr () is theweightedresidualsumof square®f (9). Thedifferencein (17)is deterministic
and,usingLemmal (AppendixC), we canshow it is boundedasT — oo if 0 < w < 7.

By takingderwativesandsettingto 0, we seethatthew thatmaximizeshe periodogranof the
taperediataw(t/T")y, alsominimizesRz(3). Thisand(17) maybeusedo shaw thattheestimates
in (11),(12),and(14) areasymptoticallyequialentto theweightedeastsquare®stimates.
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For the caseof morethanonefrequeny we usethe previousresultasdonein Walker (1971).
Thefunctioncorrespondingp (16),whoseminimizationyieldsapproximateveightedeastsquares
estimatorshecomes

T t 1 K T t
Rr(B) = Zw(f)yf t3 > (A7 + BY) Zw(f) (18)

t=1 k=1 t=1

K T
t .
23N w(T)yt{Ak cos(wgt) + By sin(wyt)}.
k=1t=1
In this case}o obtain(18) from (9) we needtermsof theform
It It
AgAY w(T) cos(wyt) cos(w;t) andBy B, > w(T) sin(wgt) sin(w;t)
t=1 t=1
to beboundedsincethey areincludedin Sr(5) — Rr(3). Someconditionsneedto beimposedo
avoid having thew,,’stoo closetogetherthuspreventingthe estimatorsf two or morefrequencies
from corvergingin probabilityto thesamevalue.An appropriateonditionis limy_, o, ming(7'|@r—
wi|) = oo. Walker (1971)proposesnaximizinggr(w) subjectto

1

I}gﬁ{l(\u}k —w|)=T"2. (19)

We redefinethe estimate®f thew’s asthosethatmaximize(13) but underconstrain{19).

We now canprove Theoreml, in away similarto Walker (1971)or Hannan(1973),by using
estimateghat are asymptoticallyequivalentto the weightedleastsquaresestimatesf interest.
AppendixC hasa sketchof the proof containingthe key differencedor theweightedcase.

THEOREM 1. Let 3 betheweightedleastsquareestimatef 3 for the modeldefinedin (8)
obtainedby minimizing equation(9), with w(s) satisfyingCondition2. Then Br is a consistent
estimateof 3 andfork = 1,.. ., K, thevectors{T= (Ay.r — Ay), T* (B — Bi), T? (0 — wi)
corverge in distribution to mutually independenhormalvectorswith zero meanand covariance

matrices ) )
A+ B —c3ALB —cuB
47 f.. C1 Ay 2D 3 Ak Dy 4D}
Vk = /;fi((;k;) —CgAkBk CQA% + C1B]% C4Ak (20)
k + k —C4Bk C4Ak Co
Herecy, ..., c, areconstantgdlependingon the weight functionw(s) andare definedat (34) in
AppendixA.

REMARK 1. If w(s) = 1 for all s, theconstantabovereducetoc; =1,c, =4,¢3=3,¢c4, =6
andcy = 12, andthe covariancematrix reducedo thatobtainedin the equallyweightedcaseby,
for example,Walker (1971).

3. Harmonic Model with Multiple Fundamentals

In this sectionwe presentesultsdescribingheasymptotiqropertieof theweightedeastsquares
estimategor theparametep© of themodeldefinedin (1)—(7). As mentionedabove, Brown (1990)
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findstheasymptotiddistribution of leastsquare®stimatesy (s) = 1, for thecaseJ = 1, by com-

putingafirst-orderTaylor expansiorof thegradientVQ+(5). Thisrequiregediouscomputations,
especiallyif we considerJ > 1. Using Theoreml, anda techniquesimilar to the one usedby

Brillinger (1980)to estimatea bifrequeng, aresultfor theweightedleastsquaresvhenJ > 1 is

obtainedn a simplermanner Computationshaving how this resultis obtainedarein Appendix
D.

COROLLARY 1. LetB;’T be the weightedleastsquaresstimateof 3; for the modeldefined
by (1) — (7). Foreachj = 1,...,J, let N;(T) bea (2K; + 1) x (2K; + 1) diagonalmatrix
whosefirst 2K; diagonalentriesareT'/? andwhose(2K; + 1)St diagonalentryis T3/2. Then
for eachj = 1,...,J, if w(s) satisfiesCondition 2, B;’T is a consistenestimateof 57 andthe
N;(T)( A;-,T — B5) converge in distribution to mutually independentultivariatenormal vectors
with zeromeanandcovariancematrix

K; -1 -1
~ 120 42 2 D;+c, E;E. E;
4m {;k (Aj,k+Bj,k)/fee(k9j)} ( ! E ]j cg (21)
wherethe matricesD; andE; aredefinedat(36), (37),and(38)in AppendixB.
REMARK 2. Corollary 1 providesa usefulapproximationof the varianceof the estimatef
thefundamentafrequencies

K; -1
Var(;r) = 4mcy T3 {Z k? (Aik + B]?,k)/f“(kej)} (22)
k=1

wherec, is asin (34). Notice thatthe denominatoin (22) is a sumof weightedsignal-to-noise
ratios. This implies that the precisionof the estimateincreasewith the total magnitudeof the
respectre harmoniccomponents.

REMARK 3. In someinstancest might be usefulto find estimategor the amplitudesof the
harmoniccomponentslefinedby p;x = (43, + B},)'/2. UsingCorollary 1, it is easyto verify
thatthe amplitudeestimateslefinedby p, , r = (Aik,T + B]?,k,T)% areconsistenestimate®f the
pj.'S, andare asymptoticallymutually independenthormal. We may approximatethe variance
with Var(p; x 1) =~ 4we; T~ f(k6;) wherec; is asin (34).

4. Model Selection

Whenconsideringhemodeldefinedby (1)—(7),thenumberof fundamentafrequencies/, aswell
asthenumberof harmonicdor eachfundamentafrequeny, K, ..., K, canbeconsideredo be
unknavn parametersin practicewe mustmake a decisionon how mary to includein the model
we fit to thedata.

For modelsdefinedby (8), He (1984) suggestsa simple intuitive procedureto estimatethe
numberof periodiccomponentds, andprovestheprocedurdo bestronglyconsistenundersome



TIME-VARYING PARAMETER ESTIMATESIN A HARMONIC MODEL 7

conditions.Quinn (1989)suggestsn Akaike informationcriteria (AIC) type estimatorfor K and
provesstrongconsisteng whenthe noiseprocesss a certainkind of white noise. Wang(1991)
extendstheseresultsunderassumption$ik e thatof Condition2. In this sectionwe extendWang's
criterionin orderto useit whenweight estimatesare beingconsideredthenwe extendit to the
caseof modelswith multiple fundamentals.

Considethemodeldefinedby (8) with K sinusoidatomponentsWe will considerk to bethe
true numberof sinusoidacomponentsTo estimate/X” whenit is unknovn considerthe following
scheme.

Let; = (0,7) andlet w;, bethe maX|mump0|ntof qT w) = ‘T Y1 w( )y exp(itw)
Foril > 1, giventhat(2, ; andw, ; aredefined)et, = O 1 \ (&1 — up, &1 + ur) andw, be
thevalueof w € Q; thatmaximizesyr(w).

One canrepeatthis procedureuntil (0, 7) is exhausted. The &;'s will be referredto asthe
maximumperiodogranfrequencies.

Define

|2

Ar(A) = QZw(; )y cos(At) /t_zlw

T
Br(X) :QZw(; )y sin(At) /Zw
=1

and,forary k =1,2,...let

1z 2

== >y = > _{Ar(@y) cos(@nt) + Br(@) sin(@it) }

t=1 =1

Noticethato? is asymptoticallyequivalentto the residualmeansquaresf we werefitting model
(8). Noticealsothato?(k;) < o%(ko) for all k; > ky, thuso?. is notanappropriatecriterion for
estimatingk .

As doneby Wang(1991)we let BICy (k) = T logoz(k) + brk (bestinformationcriterion)
with the sequencd b, } satisfyingb; /T — 0 asT — oo. An AIC type estimatorfor K canbe
definedby

K = min{k : BIC,(k) < BIC;(k +1)}. (23)
FromTheorem4.5.1in Brillinger (1981)we have thatfor ¢; satisfyingCondition1,
71im sup |dr(A)| (T log T)fl/2 < 2{27U, sup f“(/\)}% (24)
—00 )\ A
with probability 1, where
T
t :
dr(A) =] w(f)et exp(it) (25)

t=1
is thediscreteFouriertransformof thetaperederrorsandl, is definedby (35) in AppendixA.
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Thisimpliesthatby choosinghesequence$br} and{ur} sothat

A
l' . f T < 4 Sup)\ fee(
o logT — Go (2m) 1 [T, fee(A) dA

andur — 0 with (T log T)'/?ur — oo (noticethatif we use(19)thisis satisfiedwe have thatthe
amountwe minimizetheBIC whenk > K, BIC(K) — BICy(k), is asymptoticallycorrectecby
the quantitybr(k — K). Similarly, for £ < K thepenaltybr (K — k) is asymptoticallynegligible
comparedo theamountwe minimizethe BIC by addingK — k parametersln factwe canshav
thatfor large enoughr’,

Kr=K (26)

with probability 1. SeeWang(1991)for thedetails.

Now we turn our attentionto estimatingthe numberof fundamentals,/, andtheir respectre
numberof periodicities, K, . .., K;, whenconsideringhe modeldefinedby (1)—(7). To do this
we usetheresultjust describedor model(8).

First we find an estimateKX of the total numberof sinusoidalcomponentsk’ = Z‘j]:1 K

in the model definedby (1)—(7). From (26) we know that for large enoughT we have K =
ijl K; with probability 1. To estimatethe numberof fundamentals/, let My = {Ou), k =

1,...,f(} be the setof orderedmaximumperiodogramfrequencies. Considerw,; = @) to
be an estimateof what we considerto be the first fundamental. The frequenciesM; = {w €
My : |jw — ko] < T-'/2 forsomek = 1,2,...} areconsideredo be the setcontainingthe
harmonicselatedo @, ;. Giventhatwe havedefinedundamentals, . . ., j—1 andtheirrespectie
harmonics,containedin the setsiM, ..., M;_,, definethe jth fundamentalv; ; asthe smallest
frequeng in My \ U/ My andM; = {w € My \ UIZ/ My : |01 — k1| < T/ for somek =
1,2,...}. Continuethis processesintil all K maximumperiodogranfrequenciesare exhausted.
The numberof fundamentafrequenciesound will be the estimateJ of J and the numberof

elementsn M; will betheestlmateK of K, for eachj =1, . .
Theoreml impliesthat,since K7 = K with probability 1 for large enought’, J andK; area
consistenestimate®f J and K foreachj =1,...,J.

5. Estimating time-varying parameters

In someapplicationsthe parameter®f the harmonicstructuremay be time-varying. For exam-
ple, in the caseof signalsstudiedin musicalsoundanalysisthe performergenerallychangeghe
soundbeingproduceddy theinstrument Examplesherearechange®f noteor pitch, vibrato,and
tremolo,to mentionafew. For this reasorthe modeldefinedby (1) — (7) maynot beappropriate.
Insteada versionwith time-varyingparameterseedso be considered.

In signalprocessingn generaljt is commonthatthe samplerate(obsenationstaken perunit
time) is large. For the caseof soundsignalsthe harmonicparametergappearo changeslowly in
time. This motivatesestimationproceduresvherethefundamentafrequeng, andotherharmonic
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parametersareassumedixedwithin segmentsof shortduration. Theasymptotidheorypresented
in Theoreml1 and Corollary 1 may be usedto give approximatedistributionsfor estimatesob-
tainedthis way. To usethis asymptotictheorywe needthe samplingrateto be large so thatthe
shortsegmentsconsideredor the estimationcontainenoughobsenrations. Furthermorefor the
asymptoticgo make sensewe needthefundamentafrequeng, or frequenciesto belargeenough
sothatwithin smallsegmentsthe signalstill containsharmonic-typeébehaior. For soundsignals,
the applicationof interestin this paper we have boththeseproperties.In this sectionwe present
theseheuristicagumentsn atheoreticaframework.

Considerthefollowing sequencef processethatareequivalentto the modeldefinedby (1)-
(7), but with time-varyingparameters

n n
Yo = S{N,ﬁg(ﬁ)} tennforn=1,...,Nx D,N>1. 27)

Heres {t; 5(t)} = S71 5;{t: Biw (1)}, 5 (1) = {Bun(®),.... Brx(D)Y, t € 0, D], whereeach
components;{¢; 8, n(t)} is a sumof K; sinusoidalcomponentswith time-varying parameters
Sj{t; ﬂj’N(t)} = EkKél [Ak(t) COS{k Hj,N(t) t} + Bk(t) sin{k Hj,N(t) t}] forj = 1, ceey J. Thedu-
rationof thesignalis assumedavithoutlossof generalittobe D = 1, and3; n(t) = {Aj,l(t), Bji(t),...,Ajk;(t)
whencefor eachk = 1,...,K;,j = 1,...,J, A;x(t) and B, ;(t) arecontinuousboundedunc-
tionsfor t € [0,1]. We malke surethat eachone of the time-varying fundamentafrequencies
9;n,j =1,...,J islargewith respecto thesamplingrate N' by usingthefollowing assumption.

ConDITION 3. Foreachj = 1,...,J, thereexists a continuousfunction 6;(¢) with 0 <
8;(t) < 2w fort € [0, 1], suchthatthesequencef functionsf; y (t) — N0;(t) corvergesuniformly
toOfort € [0, 1].

The sequencef stochastigrocessess definedby consideringfor eachN > 1, {¢, n,n =
1,...,N} tobe N obsenationsof astationaryprocessese, } satisfyingCondition1.

We mustnoticethatthe signals{t, 35 (¢)} is differentfor eachN. In fact,if 65 (t) = Oy is
constanin time for eachV, thenthe numberof cyclesperunit time N6y tendsto infinity with
N. Therefore we mustnot interpretthe asymptoticeashaving a fixed signalfrom which we can
obtainbetterestimategswe increasehe samplerate V.

A morereasonablénterpretationof the asymptoticss the following: as N increasesve ob-
sene signalsfor which the size (in units of time) of segmentscontaining,say H obsenations
becomesmaller thusthe time-varying parametersrecloserto constant.Condition3 assureshat
instantaneoutundamentafrequenciesrelarge enoughso that within suchsegmentswe have a
modelthatapproximateshe harmonicmodeldefinedby (1)—(7).

To seethis moreclearly, for ary ¢, € (0,1) considera small enoughestimationsegmentor
estimatiorwindow sizeh sothatwe canactasif thefunctionalparameterareconstanin time,
i.e. Bn(t) = By(to) for ¢ in thesegment(ty — hy/2,to + hn/2).

Letting Hy = |hnyN| we have thatwithin the estimationwindow the signal s{¢; 3% ()} is
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approximately

S [Ayulte) cos{k O, (o) (o — /2 + n/N)}+

j=1lk=1

Bjk(tO) sin{ijN(to)(to—hN/2~|—n/N)}] n = 1 HN (28)

If N is large, then Condition 3 suggestghat =-%5= N(t" ~ 0;(to) with 0 < 0,(ty) < 2x for each
j =1,. J Lettmg& 0 = 0 (to) Ay,k:,O = 61,414]7 (to) andBLk,o CBBJ’k(t()) for all j, k, an
approximation‘or (28)is E}-]:1 ZkKil{A]-,k,o cos(kbyn) + Bjosin(kfyn)} n = 1,... Hy with
constants”’, andCpg notdependingpn n thatcorrectfor the phaseandareeasilyobtainedusing
trigonometricidentities. If Hy — oo asN — oo, theseapproximationsmply that within the
estimationrsggmentwe have amodelthatapproximateshe harmonicmodeldefinedin (1)-(7) with
alarge numberof obserationsHy. Therefore we shouldbe ableto obtainreasonablestimates
of 5% (to) for large valuesof N. Now we will make this asymptotictheory precise but first we
needanassumptiomegardingthe smoothnessf thetime-varyingparametergs, (¢).

CONDITION 4. ThereexistsanM suchthatforeachk = 1,..., Kj,5 = 1,...,J,sup,cjo 17 |4 4 (t)], Subsepo 1)
areall boundedoy M for all N.

Intuitively this assumptiorpreventsthelocal behaior of the function s{¢; 3% (¢)} from being
too differentfrom a sumof sinusoidsandtherebypreservingsomesort of local harmonicstruc-
ture known to be presentin soundsignals. We cannow definean estimateof the time-varying
parameters.

For eacht, € (0,1) definethe local weightedleastsquareestimateusing spanhy in the
followingway. Let Hy = |hy X N|,ng = [to X N|,andl = ny — Hy /2, u = ny + Hy /2, then

N v n—1
Ajen(to) = 2 D w(——) Yn,ncos{jrnn}/ Z (29)
n=I[+1 H N
A “ n—1
Bjrn(t) = 2 Z w(7 ) Yo v sin{@jp v 0}/ Z (30)
n=Il+ N N
where,if wewrite w = (w11, - .. ,wKJ,J) andoy = (W1,1,n, - - -, WK, ,7N), @y IS suchthat
gn(w) = Jnax. an(w), (31)
wheregy (w) is now definedby:
K; Hy n 2
w) =33 |(Hn)™ D w(——) Yngn explinw;i}| - (32)
j=1k=1 n=1 Hy

We obtainestimated),  (t,) from the; , »’susingthemethodpresentedh theproofof Corollary
1, namely
Zk 1 kWi, N{A] kv (to) + B3y v (to)}

Zkil k2 {Aj,k,N( 0) + Bgz,k,N(tO)}

)\ n(to) = (33)
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foreachj =1,...,J.

COROLLARY 2. Foraryt, € (0,1) let thesequencef sgmentsizes{hy, N > 1} besuch
thathy | 0 andHy = |hy x N| — oo asN — oo. Thenif Condition4 holdswe have for each
k=1,....K;,j =1,....J, Ajx n(to) andB; n(ty) areconsistenestimatesof A;(to) and
B, x(to) respectiely, andlimy_,, Hy|6; x(to) — 8;(to)| = 0 in probabilityfor eachj = 1,...,.J
wherethe estimatesaredefinedby equationg29) - (33). Furthermorefor eachj = 1,...,.J, let
H;n bea(2K; + 1) x (2K, + 1) diagonalmatrix whosefirst 2K diagonalentriesareH,/> and
whose(2K; + 1)Stdiagonalentryis H3/”. ThenthevectorsH; x{8;.x (to) — B;(t0)}, i = 1,-..,J
corvergein distribution to mutually independeniultivariatenormalvectorswith zeromeanand
variancematrixasin (21)in Corollary1, but with harmonigparameterghetime-varyingparameter
functionsevaluatedatt,.

The proof of Corollary2 is in AppendixE. As donefor Theoreml, the estimatesonsidered
in this Corollarymay beshownn to be equialentto theweightedleastsquare®stimates.

Remark4. Noticethatin Corollary 2 the weightfunctionw(s) may be definedto be equally
weighted,w(s) = 1,0 < s < 1. Theasymptoticawvork sincefor the local estimatesonly Hy
pointsaregiven positive weightregardlesf the shapeof the weightfunctionw(s). In practice,
functionsthatgive moreweightto pointsnearthe middle of the estimatiorwindow areusedsince
thereis anapriori beliefthatthereis moreinformationaboutthe time-varyingparametefunction
evaluatedat ¢y, in pointsneart,. Exploringhow differentwindow functionsmay provide more
“efficient” estimate$rom atheoreticapointof view is of interestbut will notbediscussedurther
in this paper

6. Applicationsin SoundAnalysis

Thestudyof musicalsoundhasbecomeapopularresearctield within signalprocessingStochas-
tic harmonicregressiormodelshave beenusedto analyzesoundwavesproducedoy musicalin-
strumentgseefor example,Rodet(1997)).Leastsquaregstimatiorprovidesa way to obtainuse-
ful parametriarepresentationsef soundsignals(Irizarry (1998)). Harmonicparametersn sound
analysismodelsare consideredo be time-varying (Rodet(1997)), thusit is usefulto consider
window-basedestimatesvhenperformingestimation.

The soundstudiedin this exampleis a pipe organplaying two consecutie notes,F't (funda-
mentalfrequeng of about368Hz.) and E (fundamentafrequeng of about325Hz.), for a total
durationof two secondsTheroomwheretherecordingvasmade HertzHall in U.C. Berkeley, is
aconcerthall characterizedshaving quiteabit of echo.Whenthe secondhoteis played thefirst
notecanstill beheard.Thisis calledreverberation.

During the recordingof the organsound,441000bsenationsof the air wave pressurevere
recordedoersecondFigurelashavsatime seriegplot of thesound.Noticethatafter1l.1seconds
or sothereappeardo beanabruptchangegdueto the notechange.

In Figure 1b we seea spectrogranof the data. To obtainthe spectrogramthe datawas di-
videdinto 300overlappingsegmentsegachwith 2647obsenations(segmentsof approximately60
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a) Pipe Organ Signal b) Data Spectrogram
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Figurel: Time seriesplot of a soundwith reverberationproducedby a pipe organplaying two
consecutre notes,F followed by E andrespectre spectrogran{in the spectrogranthe vertical
line is atthenotechange)two segmentsaroundtime ¢, = 0.115.
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. b) Residual Spectrogram
a) Fundamental Frequency Estimate
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Figure2: Estimatedundamentafrequeng with maginal &= 2 standarcerrorslimits, whenfitting
a modelwith onefundamentalresidualspectrogranior this fit; estimatedundamentafrequen-
cieswhenfitting a modelwith multiple fundamentalsresidualspectrunfor this fit; andthe low
frequeny componenfundamentafrequeng estimate.
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millisecondsduration).For eachsegment,the periodogranof the datais computedandplottedin
animageplot, with darker shade®f grey representindnighervalues.Whenthe datahasperiodic
componentst certainfrequenciesthe periodogranwill shov peaksatthesefrequenciesthusthe
spectrogranof a soundwave will shav dark horizontallines at the frequenciesorrespondingo
the fundamentafrequeng beingplayed,andcorrespondindnarmonics.In this spectrogramye
canseethatafter1.1second®r sothe seconchotebegins. Theverticalline is atthenotechange.
In this figure we can seethe frequeng componentrelatedto the main fundamentafrequeng
changeto a smallervalueafter1.1 secondsfrom about368Hz. to about325Hz. We alsonotice
thatfrequeny componentsf thefirst noteremainduringtheplayingof theseconchote.As well,
thereis arelatively darkhorizontalline arounda low frequeng of 50 Hz.

The spectrogranseenin Figure 1b seemdo suggesthatfitting harmonicmodelsto this data
maybeappropriateBy lookingatFigurela,it is apparenthatwhenlookingattheentiresignalthe
total amplitudeis slowly varying. It seemsappropriaté¢o usethe windowedestimationprocedure
describedn Section5.

An analysidik e the onestypically foundin this literature(Rodet(1997))would considersey-
mentsof smallduration(lessthan20 milliseconds)andfit amodellik e (8) with large valuesof K
to thedatacontainedn suchsegments.This analysiswould fail to identify differentfundamental
frequencieandtheir respectre harmonicstructure Analyseshatdefineafundamentafrequeng
usuallydefineonly one. If we consider368Hz. and325Hz. to be the fundamentafrequencies
for the first and secondpartsof the signal, the time-varying parametersvithin segmentsof 20
milliseconddurationappearto be usefully constant.As an example,in Figurelc we shov a 20
millisecondsegmentaroundtime ¢, = 0.115 seconds.

Figure2ashaws the estimateof the fundamentafrequeng whenthe modeldefinedby (1)—
(7), with J = 1 and K; = 12, is fitted to each20 millisecondsegment. The spectrogranof
the residualsobtainedfrom fitting this modelcanbe seenin Figure2b. Notice thatin the part
of the spectrograntorrespondingo the partof the signalwherethe reverberationvasoccurring,
the harmonicstructureproducedby the echoof the previous notecanbe seenaswell asthe low
frequeny componenbtbsenedin the spectrogranof the original data. This modeldoesnot seem
to provide anappropriatdit.

The fit is greatlyimproved by fitting a multi-fundamentaimodelas describedn this paper
Thelocationof thedark horizontallinesin the spectrogramseemsdo suggesthatfor the part of
the signalcorrespondingdo the first note,a modeldefinedwith two fundamentalgJ = 2), one
correspondingo the note being played (368 Hz.) andone correspondingo the low frequeny
componentat 50 Hz. may be appropriate. For the secondpart of the signal correspondingo
the secondnote, the spectrogranin Figure 1b suggestshatwe fit a modelwith 3 fundamentals
(J = 3), onecorrespondingo the notebeingplayed(325Hz.), onecorrespondingo the echoof
thefirst note,andonecorrespondingo thelow frequeng at 50 Hz.

Beforefitting themodelwe mustdecideonthesizeof thesegmentsve consider As mentioned
in the discussionn Section5, we needto choosesegmentsizessuchthatthe harmonicparame-
tersareapproximatelyconstanwithin the segments.For the analysesn this paperwe chosethe
segmentsizesin a heuristicfashion.In Figurel we seetwo segmentsaroundtime 0.115 seconds,
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thefirst with 20 milliseconddurationandthe secondwith 60 millisecondduration. The harmonic
parametersappearo be usefully constanin the first segment. However, whenexaminingmary
consecutie sggmentswe seethatthetotal amplitudeseemgo follow a sinusoidabatternof about
50Hz. Thisis in agreementvith theappearancef adarkhorizontalline in boththe spectrograms
of the original signalandthe residualsafter fitting the one fundamentafrequeng model. The
harmonicparameter$or the secondsegment,if we considerthereto be afundamentafrequeny
around368 Hz. andanotherat 50 Hz., appearto be usefully constant.If we considersegments
of durationdongerthan60 millisecondsthenthe slowly varyingamplitudephenomenorseenin
Figurela,beginsto beapparentNoticethatsegmentsof 60 millisecondcontain2650datapoints.
For thesesggmentswe have around20 oscillationsrelatedto thefundamentafrequeng associated
with the notebeingplayedand3 oscillationsassociateavith the lower frequeng of 50 Hz. Using
theasymptoticapproximationglescribedn Section5 seemsappropriate.

We usethe BIC describedn Section4 to verify the choicefor the numberof fundamental$or
the two partsof the soundandto choosethe numberof harmonicdor eachfundamental For the
sgmentdgn thefirst partof the soundsignalwe fit aharmonicmodel(1)—(7)with J = 2, K, =7
and K, = 3. For thesggmentsn thesecondoartwe fit amodelwith J = 3, K; = 7, K, = 6, and
K3 = 3. In Figure2c we seethe estimate®btainedor the fundamentafrequencieselatedto the
notebeingplayed,andthe echoof thefirst notefor the secondpartof thesignal. In Figure2ewe
seethe estimateof thefundamentafrequeng relatedto thelow frequeng component.

Using Corollary 2, the varianceof the estimatesnay be approximatedMarginal +-2 standard
errorsaroundthe estimatesare includedin Figures2a, 2c, and 2e. Notice that the difference
betweenthe two estimatesappearsighly significant. Furthermore notice that the approximate
standarderrorsare larger for the estimaterelatedto the reverberatechote (£'4). This is dueto
the fact that the signal-to-noiseatio is smallerfor the part of the soundrelatedto the echoor
reverberationthanfor the partof the soundcurrentlybeingproducedoy theinstrument E).

By looking at the residualspectrogramn Figure 2d we seethe effect of reverberationn the
residualsandthelow frequeny componenhave beenremoved by the additionof the secondand
third fundamentalsn themodel.

7. Discussionand Extensions

We have presentedh usefulmethodfor decomposing soundsignalinto harmoniccomponents
producedy differentfundamentafrequenciesandnoise.Theoreticaresultsneededo justify the
approximationgor the standarderrorsof our estimatedave beenpresented.

Furthermorewe have introduceda criterion usefulfor choosingthe numberof fundamentals
andharmonidrequencieso beincludedin themodelsbeingfit. However, theresultspresentedor
this criterionareasymptotic.Iln practicewe needto choosehe valueof the penaltymultiplier b,
somevhatarbitrarily (for example,the asymptoticsstill hold if we multiply b7 by a constantiand
formalmethodsof selectinghis parametem practicalsituationss a subjectof futurework. In the
presentvork by waschoserto belog WyT' andtheresultingestimatesverein agreementvith the
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spectrogramsandwith whatwe hearwhenlisteningto the original signals,to make appropriate
choicedor our models.

In the examplepresentedn this paperthe segmentsizeswere chosenin a heuristicfashion.
Much work wasputinto choosingwindow sizesthatprovide reasonabléts. Fitting modelsusing
differentwindow sizesand comparingthe spectrogramsf the residualsmay be usedas a way
to verify that our choiceis reasonable.The residualsmay also be playedand heard. Residual
analysisby earis a usefultool for detectingack of fit. For example whenlisteningto theresidual
obtainedvhenignoringthefundamentatelatedto thelow frequeng componenat50Hz.,asound
characteristiof wind goingthroughpipesis heardsuggestinghatanimportantcomponentf the
soundhasnot beenincludedin the model. Studyingthe usefulnes®f methodsfor choosingthe
window sizesautomaticallyis animportantsubjectfor futurework.

Thesoundsassociatewith theanalysepresentedh this papercanbeheardoy visiting ademo
ontheauthors homepageat:
http://bi osun0l. bi ostat. j hsph. edu/ ~ririzarr/Deno/index. htmn.
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Appendix

A Definition of constantsreferredto in Theorem 1

Theconstantaredefinedby:

co = apby, 1 =UgWy?, ¢ = agh
Cy3 = a0W1W072(W02W1U2 - W13U0 — 2W02W2U1 + 2WOW1W2U0)
Cq4 = CLQ(W()WlUQ — W12U1 — WOW2U1 + W1W2U()) (34)

where

ag = (W()W2 — W12)72, ap = (U()U2 — U12), a9 = W()Q(W()Ul — W1U0)2
by = W2Uy + Wit (Wi Uy — 2W,UL) ,n =0, 1.

HereW,, Wi, andWW, aredefinedby (10) andU,, U; andU, aredefinedby

U, = /01 s"w(s)? ds. (35)
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B Definition of matricesreferredto in Corollary 1

The matricesneededo definethe asymptoticvariancein Theorem2 aregivenin the following
way:
D;isa2K; x 2K; matrix:

X, D;. )
D; = (Z kQ(Aik + B]?,k)/fee(kej)) R : ) (36)
k=1 O ... Djg,
where , ,
Dy — fee(k0;) < c1bo A%y + a1 B3, GQ,QAj,kB'yk ) ) (37)
by (A?’k + BJQ,C) asA; xBjk a1 A + aboBj
and

!
Ei=cq (_Bj,l, Ajiyees —K;Bjk;, KJ'AJ"K:') ' (38)

C Proofof Theorem1l1

Beforeproving Theorentl weneedo proveafew simpleresults.SetAT(\) = Y, w(£)t™ exp(iAt).
We needthefollowing result.
LEMMA 1. If w(t) satisfiesCondition2 thenwe haveforn = 0,1, ...,

lim T-"DAT(\) = W, for A =0, 27, (39)

T—00

AT(\) = O(T™), for 0 < \ < 2, (40)

with W,, definedby (10).
PROOF OF LEMMA 1. Fix n. To prove (39) noticethatfor A = 0, 27 we have, from the bounded-
nessandboundedvariationof w(s),

It t,,1 L
. —(n4+1) AT 1 SN (SN2 — n =W
Jim T AL (V) _qlgﬂotzzl(T) w(z)(7) _/0 uhw(u) du = Wa.
To prove (40), let 0 < X < 27 anddefineA’(\) = ¥!_; exp(iAs), with the corventionthat

A°(X\) = 0. Letting h(u) = v"w(u) andusingsummatiorby partswe have

AT()) =T lh(l)AT(A) + z {h(%) _ h(%)} At()\)] |

Notice that if w(¢) is boundedand hasboundedvariationon [0, 1], so doesh(s). Let M be
sup, |h(s)| andV bethetotal variationof 4(s). Thenwe have

AT <17 [M|AT()\)\ +V max |At(A)|] .

1<t<T
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We know, seefor exampleBrillinger (1981),that|Af(A)| < L = 1/|sin(3)| for all ¢. Noticethat

L depend®n A, but given0 < A < 2 it is constanfor all ¢, abd‘Ag()\) <T"L(M + V). This
completegheproofof theLemma.

To prove consisteng andasymptoticnormalityfor theweightedleastsquarespr equivalently
the estimateglefinedby (11)—(14),we needa resultconcerninghe behaior of the periodogram
of the noiseandits derivativeswith respecto w.

LEMMA 2. Letthestationarynoiseprocesqe;} satisfyCondition1 andlet theweightfunction
w(s) satisfyCondition2. Thenif

T
t
pr(w) =T w(T)t”et exp(—itw)
t=1

onehasforn =0,1,..., limr . Supy<, <, Pr(w) = 0, in probability

REMARK 1. Lemma2 hasbeenshavn to betrue underdifferentassumptiongor the equally
weightedcasew(s) = 1. In mostcasesheresultfor the weightedcasefollows similarly. Walker
(1971) provesthe Lemmafor white noisewith finite variance. Hannan(1973) provesit under
ergodic and purely non-deterministicconditions. Brillinger (1986) provesa versionfor spatial
point processes.Under Conditions1 and 2, Lemma2 follows directly from Theorem4.5.1in
Brillinger ((1981),page98).

UsingLemmasl and2 we prove consisteng in away similar way Walker (1971)or Hannan
(2973).

Consideffirst the onesinusoidakaseasdefinedby (15). We startby proving

Tll_{n T|&r — we| = 0, in probability (41)

Thisis strongerthanordinaryconsisteny, but is neededo prove the consisteng of theremaining
two estimateandasymptoticnormality.

Letting Dy = (A, — iB,) we have

ar() = [T7drw)[ + T {DoAY (wo +w) + DoAY (wo — w)} | (42)
+ 2R ([T7'dr(w)] [T DA (wo + w) + DoAf (wo — w)}])

with ¢r(w) definedin (13) anddr(w) definedby (25). By Lemmal we have, for 0 < w < ,
T'Af (wo +w) = o(1) and

STy )= Woo o w=w
T™ Ag (wo w)—{o(l) . otherwise.

Lemma2 impliesthatfor 0 < w < 7, T~ !|dr(w)| = 0,(1), sothat

1 2 1
ar(w) = 70 [T A7 (0 = wo)|” +0p(1) and gr(wo) = 7pAWs + 0p(1).
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To prove (41),for ary b > 0, define
Pr(b) = {w: T|w — wy| > b}. (43)

Noticethat
Pr (T'|&o7 — wo| > b) < Pr ( sup ¢r(w) > qT(w0)> Pr < sup ‘T Al (w — wo)‘ > Wy + o0p(1 ))
wEPT(b) wGPT(b

andthat,usinga Riemannintegrationagumentwe canshow that

sup ‘T 'AY (w — wo ‘ = ‘/ s) exp{iT (w — wy)s} ds| + o(1).

w€EPp b)

Let w* besuchthat

‘/ s) exp{iT (w* — wp)s} ds| =

sup
w€Pr(b)

/01 w(s) exp{iT(w — wy)s} ds| .

Letb* = T'|w* — wp| > b > 0. Then,by thedefinitionof P, (b) givenat (43), we have

hm Pr (T|&or — wo| > b) < l1m Pr (‘/ s) exp(ib*s) ds| + o(1) > Wy + 0,,(1)) :

SincelW, > 0 is adeterministicconstantaindbd* > 0
/ s)ds| = / lw(s) exp(ib*s)| ds > ‘/ s)exp(ib*s) ds
0
andwe have (41).

To prove consisteng for A; andBy, letr(t, §) = {DO exp(iwgt) + Dy exp(—z‘wot)} andL =

-1 .
2{>7, w(4)} . By Lemmal andthe MeanValueTheoremwe have that,for somewy- satisfy-
ing |wT — (U()‘ S |(DT — u)()‘,

Wy =

T

| Ay — Ao +i(Br — Bo)| = ‘L Zw(%)r(t; B)it exp(iwrt) (@ — wo)

t=1

+ o(1).

Thefirsttermin theright handsideof theabove equatioris smallerthanL 37, w(L)|r (¢; B)|t|@r—
wo| < po Ty — wo| = 0,(1) andthus|(Ay — Ag) + i(Br — By)| = 0,(1). Becauséoththereal
andimaginarypartscorvergein probabilityto 0, consisteng for theonesinusoidakases proven.
Thegenerakase for variousharmoniccomponentsfollows in the sameway. Seelrizarry (1998)
for detalils.

To shav asymptotionormality, consideffirst the onesinusoidakaseasdefinedby (15). Using
Theoremd4.4.2in Brillinger ((1981) pag®5) we have thatthevectoru, with components

w = T3 > w( et cos(wot) , =72 Z et sin(wot)

us = T"Z ettcos wot) , ug =T"2 Z ettsm (wot) (44)
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is asymptoticallymultivariatenormalwith zeromeanandvariancematrix

Uy 0 U 0
omsri| & 4 8 Y
0 Uy 0 U
Expandingy,(w) aboutw,, we canwrite:
T2 g (wo) = =T%(@r = wo) T 767 @r), [@r = wo| < |@r = wol- (45)

Noticethatcalculatingthe derivative andby repeatediseof Lemmasl and2 we canshaw
T_%Q}(wo) = _WIBOul + WlA()UQ + W()B()U;; - W()A()’LL4 + Op(l). (46)

SinceT|wr — wy| corvergesto zeroin probability, taking the secondderivative and by repeated
useof Lemmasl and?2 yields

1
T *qr(wr) = §(A§ + By) (Wi — WoWa) + 0,(1). (47)

Using (45), (46) and(47) we canexpressthe vectorof standardize@stimatesasa linear combi-
nationof the vectoru, definedby equation(44), plus a quantity corverging to O in probability:

{T% (AT — Ao), T% (BT - B0)7 T%(J)T - wO)}, = Au+ OP(1)7 with

2 2
B2W, + Ag(W22— Wi s 2 —B2W, AgByW,;
A= s AZWy + B (Wy — JiE) AgBoWy  —AZW,
—B()W1 A()Wl B()W() —A()W()

By Condition2 we know thatall thedenominatoren thecomponent®f A arenotO. Thisimplies
that Au is asymptoticallymultivariatenormalwith variancematrix AUA’. By computingAUA’
we obtainthe varianceexpression(20). This provesTheoreml for theonesinusoidakase.

Takingderivativesof ¢r(w) we noticethedgr (w) /0wy, doesnotdependnw; whenl # k. Fur
thermoreundercondition(19),the®;’sareasymptoticallyindependenseefor exampleBrillinger
(1981).Theoreml now follows for thegenerakasek > 1.

D Proof of Corollary 1

As mentionedaborve, if we do notimposeconstraint(7) on the model,thenwe canrewrite it as
mOdel(s) with K = Z‘jjzl KJ ForthismOde”etBT = (AI,T; BI,T7 ceey AK,T, BK,T; (:)LT, . ;(:)K,T)
betheestimate®f 3, the parameteof themodeldefinedby (1)—(6),asdefinedby (11)—(14). No-
tice thatfrom Theoreml we know the asymptoticdistribution of 3r.
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Withoutlossof generalityassumehew; 's arein ascendingrdetr Now definew, ; » = @1 r
and,for eachl < [ < K, definew, ; r to bethe &, r thatminimizes|&,r — &y 1,7]. Letdg 1
bethesmallestof the (K — K;) termsw; 1 thatarenot usedto definethe o, ; r's, andfind &y ; 1
forl = 2,..., K, asdonefor j = 1. Repeatthis proceduréfor j = 3,...,J. Now for each
j = 1, ceey J defineﬁj,T = (Aj,l,T; Bj,l,Ta (’Dj,l,T7 ceey Aj,Kj,T, Bj,Kj,T, (I)j,Kj,T) with the Aj,k,T’S
andBjyk,T’s definedasthecorrespondingstimateso thew, ;, r using(11) and(12), respectiely.

As donein Brillinger (1980),for the caseof estimatinga bifrequeng, we noticethatfinding
the weightedleastsquaresestimateof ¢ is asymptoticallyequivalentto estimatings© via the
following regressiormodel:

Bur
| =X+,
Brr
whereX is ablock diagonalmatrix with j-th entry
X ... 0 1X, 10 0
Do, : ,whereX; = 0 1 [ andX,=1| 0 |,
0 ... Xy KXo 00 1

andthevectors hasmean0 andvariancematrix V' definedoy ablockdiagonamatrixwith matrices
V; r» definedin (20),inits (k — 1 + >, Ki)th diagonalentry,

Consisteng and asymptoticnormality follow from the fact that the estimatesbtainedfrom
theregressiomarelinearcombinationf the estimateknown to be consistenandjointly asymp-
totically normalfrom Theoreml. To find thecovariancematrix, we applyweightedregressiorand
seethatthe new estimatedhave covariancematrix equalto (X'V ~' X)~!. Usingtheresultin Rao
((1973),page33), we candirectly compute( X'V -1 X)~! to obtainthe desiredresult.

E Proofof Corollary 2

For this proofwe assumall sumsareover1, ..., Hy, unlessotherwisespecified Withoutlossof
generalityassumehat H y is even.
Similarto the proof of Theoreml we let

A = Yl

N

yn* exp{iAn}. (48)

Next we developa parallelresultto thatof Lemmal for the quantityin (48).
LEMMA 3. If Hy isasequencef integerssuchthat Hy — oc, then

lim Hy*AEN ()\) = W, for A =0, 2r, (49)

Hy—o00

ATV () = O(HE), for0 < X < 2m, (50)
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with W}, definedby (10)for £ = 0, 1, 2.
Thisfollowsby noticingthatA;™ () = Y w(n/Hy)n* exp{iAn} is asubsequenaef >_, w(n/N)n* exp{i
Thenfrom the proof of Lemmal, (49) and(50) hold.
Noticethattheequialentresultto Lemma2, thatthequantitydefinedoy p (A | ~(k+1) Zw( )nkem
is suchthat
lim sup pn(A) =0, in probability (51)
N—=00 g<A<r
follows,since{Hy, N > 1} isasubsequencef {N, N > 1}.
We first shov consisteng and asymptoticnormality for the caseJ = 1, K; = 1. Because
J =1andK; = 1 wesuppressheindexes; andk for simplicity. We startby noticingthat

2

o) = |Hyt T w5) v expline}
+\HNIZw< [”*%(””)] expfins)|
42 (Hg' () ensiy explina} ) x
(H&l > w(— i [” = g l)] exp{mw})] : (52)

Asin Theoreml (51) impliesthatthefirst expressioron theright goesto O in probability.
By the MeanValueTheoremwe have

s{t; Bn(t)} = {A(to) + Mi(t —to)} cos [{On(to) + Ms(t — t0) }1]
+ {B(to) + My(t — to)} sin [{8 (to) + M (t — to)}4]. (53)

By Condition4, the constants\/;, M, and M3 arebounded.Sincesin(t) andcos(t) arebounded
functionswe canwrite (53) as

S{t; ﬁN(t)} = A(to) COS{HN (to)t+ Mgt(t — t())} + B(t()) Sin{@N(to)t + Mgt(t — t())} + M4(t — t()),
(54)

wherel, isaboundedtonstantNoticethatby Condition3 andapplyingtheMeanValueTheorem
to thefirsttermontheright of equation(54) we have cos{fx (to)t + Mst(t —to)} = cos{NO(to)t+
o(1) t+ Mst(t—1o)} = cos{NO(to)t}+ Ms{o(1) t+ Mst(t—ty)} whereMs isaboundedtonstant.
We mayfind a similar expressiorfor the secondermon theright sideof equation(54).

Let Ay = A(to), Bo = B(to), 0o = 0(to) andsuppressinthe N, 5, = By (o). Thensince|t| <
1 we have thatby the continuityof A(t), B(t), andf(t), s {%; ﬂN(%)} =7r(n, Bo) + Ms "5 +
o(1), with Mg boundedandr(n, 8y) = Ag cos(6yn)+ By sin(fyn). Now notlce‘HN > %N/Z exp{wn}‘ <
Hn42 — o(1). Sincew(t) is boundedandof boundedvariation,a summationby partsargument

4N
like thatin the proof of Lemmal, gives|Hy' ¥ w(4) “52/2 exp{ifin}| = o(1). Now we can




TIME-VARYING PARAMETER ESTIMATESIN A HARMONIC MODEL 23

write thesecondermin equation(52) as

HY S w( [””,w””)] exp{ion}| =

‘H LS r(n+1,8) exp{ifn} + o(1 )‘

andr(n +1,5) = (Do exp{ihyn} + Dy exp{—iﬁon}) exp{ifol}, whereDy = $(Ay — iB,) as
before.Next noticethat

_ n n +1 — _
Hy S w(H—N) ,60) exp{ifn} = Hy' [DoAJ™ 8y + 0) + Do AJ™ (6 — )] exp{ifol}.

By Lemma3 we have that,for 0 < 6 < m, Hy'A™ (8 + 0) = o(1) andthat

WO . 0:00

—1 A Hn _ _
Hy Ag™ (6o 9)_{ o(1) : otherwise.

Usingthis factand(51), we have thatthethird termin (52) corvergesto 0 in probability gy (6) =
[ Hy' [DoAG™ (80 + ) + Do Ag™ (60 — )] exp{ifl} + 0p(1)| +0,(1) = (A5 + B3) [Hy' g™ (6 —
00)|? + 0,(1). Therefore
1
qn (6o) = Z(A% + By)Wg + 0p(1). (55)
Finally, for any b > 0, define
Py(b) = {6 : Hx|0 — 0| > b}. (56)

Noticethatasin theproofof Theoremtl, Pr(Hy |0y (to)—0(to)| > b) < Pr(suppepy v) ((Hy)TATY (8,
0)| > Wo+o,(1)) andthat Hy Al (0—6y) = Hy' w(go)nexp{i(f—bo)n} = X w(g-) (75 ) exp{eHn(0—
00) -} Again,asin Theoreml we have

sup |H]§1A£{N (0 —6y)| = sup
6ePy(b) 8€ Py (b)

| " w(s) exp{iHx (0 — 60)s} ds| + o(1)

andthuslimy .. Px (Hy |0y (to) — 8(to)| > b) = 0.

Now wewill proveconsisteng for Ay (t,) andBN(to) As above,let 3y = B (to), Ao = A(to)
andB, = B(ty). Thenwehave Ay (t,) = 2(WHN) St w(ih) [s{% 8(2)} + enn] cos{fy(to) n},
with [ = ng — Hy/2,u = no + Hy/2 andWy™™ = ¥ w(-). As beforewe usethe MeanValue
Theorento obtain

) 3w s {2 60} costin (to) n} =

n—1

(WOHN)—I Z w( e )r(n, Bo) cos{éN(to) n} +o(1).
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ThenAy (t) = (Wy™) '8, w(HN) {r(n, Bo) + enn} cos{Ox(to) n} +0(1). Inthesame
way we obtainBy (t) = (W) 1 v 11 W l) {r(n, Bo) + €nn} sin{fx(to) n} + o(1). Since
theparametep, is constanbvertlmetheresultncw follows astheproof of Theoreml.

To prove asymptotlcnormallty we seethat expandingqy, (#) a Taylor seriesaboutf(t,) we

canwrite HN nvi0(to)} = —HN{HN(tO) — 0(to) YHN2q"% {0 (to)} for some|fx (to)| suchthat
|0 (t0) — 0(to)| < |0 (t0) — 6(t0)|-

Using (55), Lemma3, and the agumentto obtain (51) we can proceedasin the proof of
Theoremdl andCorollary1 to arrive atthedesiredresultfor thegenerakase.
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